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Let G= (V, E) be a finite, simple and undirected graph. An equitable dominating set 

S in G is called a pendant equitable dominating set if ⟨S⟩ contains atleast one pendant 

equitable vertex. A subset S of V is a pitchfork pendant equitable dominating set if 

every vertex v∈S dominates atleast j and atmost k vertices of 

V −S, where j and k are non-negative integers.The pitchfork pendant equitable 

domination number γpfpee (G) is the minimum cardinality of a pitchfork pendant 

equitable dominating set of G. In this article pitchfork pendant equitable domination 

when j =1 and k =2 is studied. Some bounds onγpfpee(G)related to order, size 

,minimum and maximum degree of a graph and some properties are given. Pitchfork 

pendant equitable domination is determined for some known and new modified graphs. 

Keywords: Equitable dominating Set (EDS), Pendant equitable dominating 

Set(PEDS), Pitchfork Pendant equitable dominating Set (PFPEEDS). 
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1 Introduction 

Let G = (V, E) be any graph with |V (G)|=n v e r t i c e s  and |E(G)|=m edges. Then n, 

m are respectively called the order and the size of G. The minimum and maximum of the 

degree among the vertices of G is denoted by δ(G) and ∆(G) respectively. A graph G is 

said to be regular if δ(G) = ∆(G). A vertex of degree zero is called an isolated vertex 

and a vertex of degree one is called a pendant vertex. An edge incident to a pendant 

vertex is called a pendant edge. The lollipop graph Lm,n is obtained by joining a vertex 

of Km to Pn by edge. Tadpole graph Tm,n is obtained by joining a vertex of Cm to Pn by 

edge. The daisy graph Dm,n is obtained by joining two cycles Cm to Cn by a common 

node. The graph denoted by (H1×H2) is the Cartesian product of two graphs H1 and H2 

with (H1× H2)=V (H1) × V (H2) (where × denotes the Cartesian product of sets) and 

two vertices u = (u1,u2) and v= (v1,v2) in V (G1×G2) whenever [u1=v1 and 

http://www.nano-ntp.com/


4604 

                                                                  Pitchfork Pendant Equitable.... Deepak B P et al. 4604   

Nanotechnology Perceptions 20 No. 7 (2024) 4603-4611 

(u2,v2)∈E(G2)] or [u2=v2 and (u1,v1)∈E(G1)]. If each G1 and G2 is a path Pm and Pn then 

we call (Pm×Pn), a m ×n grid graph for our convenience we refer (Pm×Pn) by Pm,n for 

graph terminology, we refer to [1],[2],[3]. 

Definition1.1.[4] A subset S of V(G)is a dominating set of G if each vertex 

u∈V−Sis adjacent to a vertex in S. The least cardinality of a dominating set in G is 

called the domination number of G and is usually denoted by γ(G). 

 

Definition1.2.[5] A dominating set S in G is called a pendant dominating set if ⟨S⟩ 
contains at least one pendant vertex .The minimum cardinality of a pendant dominating 

set is called the pendant domination number denoted by γpe(G). 

Definition 1.3. [7] A subset S of V(G) is called an EDS if for every v ∈ (V−S) there 

exists a vertex u ∈ S such that uv ∈ E(G) and |deg(u)−deg(v)| ≤ 1.The minimum 

cardinality of such an equitable dominating set is called equitable domination number of G 

and is denoted by γe(G) 

If u ∈ V such that |deg(u) −deg(v)| ≥ 2 for every v ∈ N(u) then u is in every 

equitable dominating set such points are called equitable isolates. Ie denotes the set of all 

equitable isolates. The equitable neighborhood of u denoted by Ne(u) is defined as Ne(u) 

= {v ∈ V: |v ∈ N(u),|deg(u)−deg(v)| ≤ 1}.The maximum and minimum equitable degree 

of a point in G are denoted by ∆e(G) and δe(G) that is ∆e(G) = maxu∈V(G)|Ne(u)| and δe(G) 

= minu∈V(G)|Ne(u)|.The open equitable neighborhood and closed equitable neighborhood 

of v are denoted by Ne(v) and Ne[v] = Ne(v)∪{v} respectively. If S ⊆ V then Ne(S) = 

∪v∈SNe(v) and Ne[S] = Ne(S)∪S. For a detailed treatment of the pendant domination, 

equitable domination and pitchfork  domination  reader may referred to [4], [5], [6],[7]. 

Let S be an EDS in G. Then S is called a PEDS, if ⟨S⟩ contains at least one pendant 

vertex. The pendant equitable dominating set of minimum cardinality is called the 

pendant equitable domination number denoted b γpee(G).Any PEDS of cardinality γpee(G) is 

called a γpee−set.[8] 

Definition1.4.An equitable dominating set S in G is a PFPEEDS if every vertex v in 

S dominates maximum two vertices of V −S and <S >contains pendant vertex. The 

set S is a minimum PFPEEDS, if it has no proper pitchfork pendant equitable dominating 

set. The minimum cardinality over all PFPEEDS in G is called pitchfork pendant 

equitable domination number of G denoted by  γpfpee(G) 

Example 1.1.Consider a graph as shown in the Fig (a).Then, the set S ={ u1 , u2,u4} 

is a minimumγpe-set of G and the set S′={u1 ,u2 ,u3 ,u4}is a minimum pitchfork 

pendant equitable dominating set of G. 
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The new domination parameter is defined for all non-trivial connected graphs of order atleast 

three. Hence, throughout the paper, we assume that by a graph we mean a connected  graph 

of order at least  three. 

 

Proposition1.1.Let G be a graph having maximum degree ∆e(G)≤2, then 

γpee(G)=γpfpee(G). 

Proof. Let S be a minimum PEDS in G with equitable domination number γpee(G). 

Since each vertex in S is adjacent to one or two vertices of V−S, the S is a γpfpee− set 

Observation1.1.Let G be a graph having a pitchfork pendant equitable domination 

γpfpee(G),then 

(i)     |V(G)|≥2 

(ii)   δe(G)≥1 and ∆e(G)≥1 

(iii)  γpfpee(G)≥2 

(iv)  γpfpee(G)=2 iff G=P3 or P4 or C3 or C4 or k1,2 

Observation1.2.If  Pn  and Cn are path and cycle graph then, we have 

(1) γpe(Pn)=γpfpee(Pn) 

(2) γpe(Cn)=γpfpee(Cn) 

Theorem 1.1. Let G be a graph of size m having a pitchfork pendant equitable 

domination number γpfpee(G), then 

γpfpee(G) ≤ m ≤ (
n

2
) + γ2pfpee(G) + (2 − n)γpfpee(G) 

Proof. Let set S be a  γpfpee−set of a graph G, then 

Case1:By the definition of the pitchfork pendant equitable domination, there exist at least 

one edge from S to V−S, γpfpee(G) ≤ m which is the lower bound. 

Case 2: To prove the upper bound, suppose that G[S] and G[V −S] are two complete 

subgraphs to be G have maximum number of edges where the number of edges of S and 

V−S equal to m1 and m2 respectively, then 

m1 =
|S||S − 1|

2
=
γpfpee(γpfpee − 1)

2
 

m2 =
|V − S||V − S − 1|

2
=
(n − γpfpee)(n − γpfpee − 1)

2
 

Now by the definition of pitchfork pendant equitable domination, there exist at most two 

edges from every vertex of S to V−S, then the number of edges from S to V−S is atmost or 

equal to 2|D| = 2γpfpee = m3, then the number of edges of G equals to 

m=m1+m2+m3  
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=
1

2
(γpfpee
2 − γpfpee) +

1

2
(n2 − nγpfpee − n − nγpfpee + γpfpee

2 + γpfpee) + 2γpfpee

= γpfpee
2 − nγpfpee + 2γpfpee +

n2 − n

2
 

which is the upper bound in general. 

 

Theorem1.1.Let G be a graph with pitchfork pendant equitable domination number 

γpfpee(G) ,then. ⌈
n

3
⌉ ≤  γpfpee(G) ≤ n − 1. 

Proof. First we have to prove that lower bound , let S be a γpfpee set of G and vi , vj 

∈ S where vi  ≠ vj, then we have two cases, 

Case1: If Ne(vi)∩Ne(vj)∩(V−D) =ϕ then every vertex in V−S is dominated by 

exactly one vertex of S. Since S is a    𝛾𝑝𝑓𝑝𝑒𝑒(𝐺)−set, then every vertex in S 

dominates at least one vertex of V –S  so    𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) =
𝑛

2
. And every vertex in S 

dominates at most two vertices of V−S, then we get the result. 

Case 2:  If Ne(vi)∩Ne(vj)∩(V−D)≠ϕ, then there exist one or more vertice s in V−S 

which is dominated by the two vertices vi and vj of S together , then 

   𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

3
⌉.  Therefore we get lower bound,   ⌈

𝑛

3
⌉ ≤  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺). 

The upper bound proved as follows : since every vertex in S dominates atleast one 

vertex and atmost two vertices of V−S, then G must contain atleast one vertex in 

V−S that is dominated by all the other n−1 vertices of G which will be belonging to 

S. Therefore  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≤ 𝑛 − 1. 

Theorem 1.2.Let G be a connected graph with pitchfork pendant equitable domination 

then ,  𝛾𝑒(𝐺) ≤ 𝛾𝑝𝑒𝑒(𝐺) ≤ 𝛾𝑝𝑓𝑝𝑒𝑒(𝐺). 

Proof.From the definition of pitchfork pendant equitable domination, every PFPEEDS is a 

PEEDS and every PEDS is an EDS. 

Corollary1.1.Let G be a graph having a pitchfork pendant equitable domination number 

then: 

(I) 𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

𝛿𝑒+2
⌉ 

(𝐼𝐼)  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

∆𝑒+2
⌉ 
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3 

(𝐼𝐼𝐼)  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

𝛿𝑒+∆𝑒+2
⌉ 

(IV)  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

𝛿𝑒
𝑛+2

⌉ 

(V)   𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

∆𝑒
𝑛+2

⌉ 

(𝑉𝐼)  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

𝛿𝑒∆𝑒+2
⌉ 

(𝑉𝐼𝐼)  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥ ⌈
𝑛

∆𝑒
𝛿𝑒
+2
⌉ 

2 Pitchfork pendant equitable domination of some families of Graphs 

Here, the pitchfork pendant equitable domination is determined for several known and 

modified  families of graphs. 

Theorem2.1.  Let G be a path or cycle graph with n vertices. Then, 

𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) =

{
 
 

 
 
𝑛

3
+ 1     𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑3)

⌈
𝑛

3
⌉ ,        𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑3)

⌈
𝑛

3
⌉ + 1 𝑖𝑓 𝑛 ≡ 2(𝑚𝑜𝑑3)

 

Proof. Let G be a path or cycle graph and let V(G) = {v1,v2,...,vn}. We consider the 

following possible cases here: 

 

Case1: Suppose n≡0(mod3).Then n=3k, for some integer k>0. Then the set 

S={v2,v3i|1≤i≤k} will be a pitchfork pendant equitable dominating set of G and each 

vertex in G dominates atmost two vertices of G. Hence, 𝛾𝑝𝑓𝑝𝑒𝑒(𝐺)≤|S|. 

i.e., 𝛾𝑝𝑓𝑝𝑒𝑒(𝐺)=
𝑛

3
+1. On the other hand , we have  𝛾𝑒(𝐺) = 

𝑛

3
  and any least 

dominating set of G contains only vertices of degree zero. 
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Thus 𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) ≥
𝑛

3
+1. Therefore, 𝛾𝑝𝑓𝑝𝑒𝑒(𝐺)= 

 𝑛

 3
+1. 

 

        Case 2: Suppose  n ≡ 1(mod 3). Then it is easy to check that any 𝛾𝑒 −set in G 

contains a pendant vertex and each vertex in 𝛾𝑒 set dominates atmost two vertices inG. 

Hence any 𝛾𝑒 −set in G itself a pitchfork pendant equitable dominating set in G.  

    Therefore ,  𝛾𝑝𝑓𝑝𝑒𝑒(𝐺) = 𝛾𝑒(𝐺) = ⌈
𝑛

3
⌉. 

Case3: Proof of this case is analogous to Case 1. 

Observation2.1. For a path graph Pn and cycle graph Cn , we have 

(1)   𝛾𝑝𝑒𝑒(𝑃𝑛) = 𝛾𝑝𝑓𝑝𝑒𝑒(𝑃𝑛) 

(2)    𝛾𝑝𝑒𝑒(𝐶𝑛) = 𝛾𝑝𝑓𝑝𝑒𝑒(𝐶𝑛) 

Theorem2.2.Let G be the tadpole graph Tm,n where(m≥4) and (n≥3). Then, 

𝛾𝑝𝑓𝑝𝑒𝑒(𝑇𝑚,𝑛) =

{
 
 

 
 
𝑚

3
+ ⌈
𝑛 − 1

3
⌉ + 1     𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑3)

⌈
𝑚

3
⌉ + ⌈

𝑛 − 1

3
⌉ ,        𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑3)

⌈
𝑚

3
⌉ + ⌈

𝑛 − 1

3
⌉ + 1 𝑖𝑓 𝑛 ≡ 2(𝑚𝑜𝑑3)

 

Proof. The tadpole graph contains a cycle Cm joined by a bridge to a path graph Pn 

then it contains m+n number of vertices and edges .The vertices of Cm can be 

labeled as {uj ; j=1,2,...,,m} and also the vertices of Pn as {vi ; i = 1,2,...,,n} such 

that the vertex u1∈Cm is adjacent with the vertex vn ∈ Pn and the vertex u1 dominates 

nth vertex of Pn and deg(u1) =3. Let the pitchfork pendant equitable dominating 

S=S1∪S2 where S1 is a pendant equitable dominating set of Cm and S2 is the equitable 

dominating set of Pn−1. According to m we have three cases. 

Case1: If m = 3k, then let S1={v1 ,v3i\1≤i≤k} and S2={u3i−1,i= 

1,2,...,⌈
𝑛−1

3
⌉}.Therefore the set S=|S1|+|S2|= 

𝑚

3
+ ⌈

𝑛−1

3
⌉ + 1 

   

Case2: If m=3k+1 ,then any equitable dominating set of Cm contains a pendant 

Equitable vertex and dominates atmost two vertices and the vertex un is dominated 

By the vertex v1∈Cm.Therefore , the set 
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3 

S = γpee(Cm) + γpeeP(n − 1) = ⌈
m

3
⌉ + ⌈

n − 1

3
⌉ 

Is a minimum PFPEEDS of  Tm,n 

Case3: Proof of this case is analogous to Case 1. 

Theorem2.3.For the lollipop graph Lm,n; m=3,4, n≥2 we have, 

γpfpee(Lm,n) = γpee(Km) + ⌈
n

3
⌉ 

Proof. All the vertices of Km can be labeled as {vi ; i=1,2,...,m} and the vertices of Pn 

as {uj ; j=1,2,...,n} , where the vertex v1 is adjacent with a vertex un. 

The set S= S′ ∪ γe(Pn)will be a minimum PFPEEDS of Lm,n where S′ is the 

PEDS of  Km.  

Therefore γpfpee(Lm,n) = |S| = γpee(Km) + ⌈
n

3
⌉ 

Proposition2.1.If  G ≅ Lm,n , m > 4 , n > 3, 

then γpfpee(Lm,n) = γpee(Pn) + ⌈
m

3
⌉ 

Theorem2.4.Let G be a wheel graph Wn where n≥6 , then 

γpfpee(Wn) = 3 + ⌈
n − 5

3
⌉ 

Proof. Let Wn be a wheel graph and let us label the vertices of Wn as : {v1,v2,,...,vn+1} where 

deg(vi)=3 for all i=1,2,...,n and deg(vn+1)=n. The set S′= {v1,v2,vn+1} is a PEDS of 

the graph Wn. Here the vertex v1 dominates two vertices v2 and vn−1  and the vertex 

vn+1 is equitable isolate.The setS={v1,v2,vn+1} ∪ {v4,v5,...,vn−4,vn−3} will be a 

PFPEEDS of Wn.  

Therefore,  γpfpee(Wn) = |S| = 3 + ⌈
n−5

3
⌉ 
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Theorem2.5. Let Dm,n be the daisy graph  ,then γpfpee(Dm,n) = γpee(Cm) + ⌈
n−2

3
⌉ 

Proof. The daisy graph contains two cycles Cm and Cn with common vertex. Let us 

label the vertices of Cm as {ui;i=1,2,...,m} so that the vertices of Cn as {vj;j= 

1,2,...,n}. The set S = S1∪S2 is a γpfpee-set of daisy graph where S1 is the PEDS of Cm 

and S2 is the EDS of Cn−2. Therefore γpfpee(Dm,n) = |S| = γpee(Cm) + ⌈
n−2

3
⌉ 

Theorem2.6. Let G∼=P2,n be a grid graph where n≥2 ,  γpfpee(P2,n) =  ⌈
2n

3
⌉ 

Proof. If n=2, then its easy to find out the pitchfork pendant equitable domination 

number of grid graph P2,2. If n ≥ 3, then a minimum PFPEEDS of P2,n(n ≥ 3) is 

presented as follows. 

Let n = 3q. Here, we split the set of columns of P2,n into blocks Bi, where Bi 
∼= P2,3 

For i=1,...,q. The vertices • enclosed within the round symbol in each of the blocks 

in the figures represent the vertices to be included for a minimal PFPEEDS D.  

  Let Pi = {X1,3i−1,X2,3i−1},i = 1,2,...,q. 

Let D =∪i=1
q

Pi Therefore |D| = 2⌊
n

3
⌋ 

Case1: n ≡ 1 (mod3) 

Consider the set D1 = D∪{X2,n} (Figure 2.2(a)). This set is a equitable dominating set 

and induced subgraph of D1 contains a pendant equitable vertex and each vertex in D1 

dominates maximum two vertices in G. Therefore , the set D1 is a minimal 

PFPEEDS of P2,n. Hence , |D1| = 2 ⌊
n

3
⌋ + 1 = ⌈

2n

3
⌉ 

Case2:  n  ≡ 2 (mod3) 

Here the set D2 = D∪{X1,n,X2,n} (Figure2.2(b)) is a minimal PFPEEDS of P2,n. 

Hence , |D2| = 2 ⌊
n

3
⌋ + 2 = ⌈

2n

3
⌉ 

  

Case3: n ≡ 0 (mod3) 

In this case ,the set D3= D ∪ {X1,n−1,X2,n−1} (Figure2.2(c)) is a minimal PFPEEDS of 

P2,n and |D3| = ⌈
2n

3
⌉ 

From all the cases , γpfpee(P2,n) =  ⌈
2n

3
⌉ 
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