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In this scenario, we consider a compact Hausdorff space X and an unceasing map f: X — X. We
examine the space K(X), comprising all compact subsets of X with the Hausdorff metric H. A
mapping ¢ : K(X) — K(X)) is defined as ¢(K) = f(K). We explore the relationship between the orbit
of ¢ and the orbit of f. Assuming the transitivity of ¢, we demonstrate the connection between these
orbits, shedding light on the dynamics of the system under consideration. We show that X contains
a cantor set C with orb(¢,C) is dense in K(X). Also we discuss some interesting properties of this
Cantor set in K(X).
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1. Introduction

In mathematical analysis, particularly in the research of dynamical systems, understanding the
behavior of a hyperspace within a compact metric space is crucial. Researchers typically
investigate this by examining a dynamical system characterized by a continuous map.

f: X — X, where X represents the compact metric space. This map f describes how points in
X evolve under certain transformations or iterations. Additionally, researchers consider the
induced map ¢: K(X) —K(X), where K represents compact subsets of X. This induced map ¢
describes how compact sets within the hyperspace K(X) evolve under the action of f. By
analyzing the behavior of these maps, researchers gain insights into the intricate dynamics and
geometric properties of the hyperspace within the compact metric space.

In this article, researchers demonstrate a unique phenomenon where a Cantor set C exists
within a space X, which is nowhere dense in X but has an orbit that is dense in space K(X).
This suggests a surprising lack of correlation between individual and collective confusion. The
properties of this Cantor are set within K(X). are also examined, shedding light on the intricate
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dynamics of confusion within different contexts. This discovery challenges traditional
perceptions of confusion, revealing its intricate dynamics at both individual and collective
levels. It sheds light on the nuanced relationship between chaos and order within systems,
highlighting their interplay. This insight suggests that confusion is not merely disorderly but
rather an integral part of organizational functioning, influencing how individuals and groups
navigate complexities and maintain equilibrium.

2. Main results
1 Hyperspace and Induced Map

In this mathematical context, X denotes a compact Hausdorff metric space devoid of
inaccessible points, characterized by a metric function d. The function f maps points from X
to X continuously. Here, H represents the Hausdorff metric on K(X), the collection of all
compact subsets of X, determined by the metric d. The function ¢ operates on compact subsets
of X, denoted as K, and assigns them to their images under the mapping f. Essentially, ¢(K) =
f(K) transforms each compact subset K of X into its corresponding image under the continuous
mapping f. This framework refers to the study of dynamical systems and chaos theory,
focusing on the behavior of trajectories subjected to continuous mappings on compact spaces.
It allows for the analysis of how these trajectories evolve over time, offering valuable insights
into the long-term behavior and stability of complex systems. By examining how systems
change and interact within defined boundaries, researchers can better understand the intricate
dynamics and potential for chaos within these systems. This approach provides a foundation
for predicting and interpreting the behavior of dynamic systems across various disciplines,
from physics and biology to economics and engineering.

Definition 2.1. The w-limit of a point x below a dynamical system f is the collection of all limit
points of the orbit generated by repeatedly applying f to x. It represents the long-term behavior
of the system starting from x and is denoted as o(x, f).

Definition 2.2. A subset S of set X is invariant under function f if every element of S, when
operated on by f, remains within S. If f(S) equals S, S is strongly invariant under f, implying
that every element of S is mapped back to itself by f.

Definition 2.3. If A = {Au}ueis a collection of non-empty subsections of X, then mesh(A) =
sup{diam(A,),u € T}.

In [2] it is proved that (K(X),H) is compact. In [4] it is proved that (X, f) is closed. We state
these results as lemmas.

Lemma 2.4. (K(X),H) is compact.
Proof.
see[2]

Lemma 2.5. In a compact space X, for every point X, the accumulation points of the orbit of x
under a map f are guaranteed to exist, forming a non-empty set that is closed within X.
Furthermore, this set remains invariant under the action of f, implying that as the map f iterates
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over the space X, the set of accumulation points remains consistent and unaltered. This
property highlights the stability and predictability of the behavior of orbits under continuous
maps within compact spaces, a fundamental concept in dynamical systems theory.

Proof.

see[4]

Lemma 2.6

If orb(¢p,K) = X then for individually A € orb(¢,K) and for all x € A, orb(f,x) = X
Proof.

Letn € Nand x € f(K) .

We have to demonstrate that orb(f, x) = X.

Take y € X and ¢ > 0. Since orb(¢, K) = X we have orb(¢, f*(K)) = K(X)

Let {y} € orb(d, f"(K)), then there exist j € N such that H (fi (f“(K),{y})) <e
Hence f(x) € F(f*(K)) S Be(y)

S0 B.(y) N, orb(f,x) = @

There fore , orb(f, x) = X.

For any natural number n and x in the nth iterate of the compact set K, we aim to show that
the orbit of f containing x equals the entire space X. Consider y in X and any positive €. Since
the orbit closure of ¢ over K equals K(X), it follows that the orbit closure of ¢ over the nth
iterate of K equals K(X). Therefore, orb(f, x) is dense in X.

Theorem 2.7. If ¢ is transitive, then f is transitive.

Lemma 2.8. If X is weekly mixing, then any power X x X x --- x X is ergodic.

Proof.

see[1]

Theorem 2.9. Let ¢ : K(X) — K(X) be transitive. Then there exist a cantor set C < X such that
orb(¢, C) = KX).

Proof.

Let do represent the diameter of the set X. For every positive integer n, we define a series of
finite open covers of X, denoted by V, = {Vy,1, V2, ..., Vo, } Where each V, ; is a nonempty
subset. These covers are constructed such that the size of each cover is smaller than &,. In
essence, this arrangement ensures that each element of the set X is contained within at least
one open set in the cover, and as n increases, the covers become increasingly finer, converging
towards the set's diameter.

Step 1
Nanotechnology Perceptions Vol. 20 No. S8 (2024)
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Let us assume Woand W1 to be two non-empty disjoint open sets in X and mesh({WoNW1} <
81. Let }\1 - {1,2, e "tl} X {1,2, . tl} = {(a, b)la,b S {1,2, ey tl}}

Let us take into consideration the following t2+1 collection of open sets
(Wo,W1) and {(V1a,V1p) : (a,b) € A1}

Then, by Lemma 1.4 [see 1], two closed subsets of X, C, and Cy, having the following
characteristics, exist:

¢ Each int(Cj) is nonempty and which is contained in W;for i =0,1.
Hence Coand C are disjoint.

e foreach A € (Co,C1) ={B € K(X):B c (Cy U Cy)and B N C; # @ }and for each (a,b) €
A, there exist n € N such that f'(A) € (U1,U1p).

e Also, (AN Cp) € Uraand (A N Cy) < Uy,

Let C4= (Co,C1). Then diam(C4) < &, for each A € Cq, orb(¢,A) is d1-close to F»(X),where
F2(X) = {A € K(X)\|A| <2}.

For, given any {p,q} € F2(X), there exist (a,b) € A1 such that p € U;.and g € Ul,b.

Since there exist n so that f'(A) € (U1,,,U1p). We conclude that H({p,q},f"(A)) < &1

Step 2

Let Wo,0,W1,0,Wo1.W11are 4 non-empty open subsets of X with

WooNWio=0 andWo1 "Wy, =0

WooUWyoC Coand Wy UWqq € Cyand mesh({Woo, W19, Wo1,Wys}) < 8,

Let 2= {1,2,...tz}* = {(a1,a2,a3,a4)\ai € {1,2,...t,}}. Consider the following t*, + 1 collection of
open sets

Wo0, W10, Wo1,W11){(Uz,a1,Uz,a3,Uz,a3,Uz, a4)}.

Given four non-empty open subsets of X, W o, W1, Wy 1,and W, 4, Where Wo o and W
are disjoint, as are W ; and W ;. Each pair of subsets is contained within different closed
sets, Coand €4, respectively. The mesh of these subsets is less than 82. Then, A2 consists of
all possible combinations of indices from 1 to t2. A collection of open sets is formed from the
given subsets and A2.

By the same result of Lemma 1.2[see 1] there exist 4 closed sets Coo, Co,1,C1,0, C11 With the
following properties:

1. Each int(C;;) is nonempty and contained in W;;for {i,j} € {0,1} x {0,1}

Nanotechnology Perceptions Vol. 20 No. S8 (2024)



1271 Amalraj P et al. Some Properties of the Cantor Set...

2. For each A € {Co,0,C0,1,C1,0,C1,1) and for each (ai1,a2,a3,a4) € A2 there exist n € Nsuch that
fY(A) € (Uza1,Uza2,Uz:3,Uz2.4), subsets of C, namely C5 with f*(A N Ch) c Uy, a; for 1 <
i<4, where (CZ = (Co'o, CO,l) CLO' 61,1>.

Note that diam(C;) < 6;and C,c Cq let A € C, and {p1,p2,p3.ps} € Fa(X), then there exist
(a1,a2,a3,24) € A2 such that pi € Uz i

Since there exist n so that f"(A) € (Uz.a1,Uz2,a2,U2.23,U2,a4).
We conclude that H({p1,a2,as,a4},f"(A)) < 2.

So for every A €C, ,orb(¢ ,A) is 2-close to Fa(X) .
Step 3

scheme corresponds to 2" possible combinations, denoting the presence or absence of each
closed set in C,.. Each combination delineates the composition of C,. and its constituent closed
sets.

o (ujz - jr) €{0,1}7 and int(C;

11i2----1'r) and
diam(C; ) <8,

C:

is non empty,C; oy

vzdr ©
vz-Jr

e diam(C,) is less than &;and C,. contained in C,._4

e Foreach pair (jq,j2, - jr) # (L1, 15, ...., 1) in {0,1};

Ci1i2----jr

e For each A € C, and each (ty,ty, ..., tor)in A = {tq, ty, ... t,}% there exist n € N,f24 ¢
(Uy, t1,U,, ty, ..., Uy, tyr), subsets of C,. namely CL with f/(ANCL) c U, ¢, for1<i<
2T,

Then for if A € C,., then orb(¢, A) is §,. close to F,r(X).

Similarly, for C,.41.

Step 4

and Cy,y, .. 4, are disjoint.

So we get a declining order of compact subsets of X, {C,},;

Let {Cy,y,..1..(L1, Ly, ..., 1) € {0,1}7} be the 2" compact subset of X that define C,. .
0

Let € = N2V {Ciypy,.0,o U1, a0, 1) €{0,1373)

Then C is a cantor set in X .

Nanotechnology Perceptions Vol. 20 No. S8 (2024)



Some Properties of the Cantor Set... Amalraj P et al. 1272

forall r,C € C,, so orb(¢, C) = K(X).

We establish a descending sequence of compact subsets in X. Let {Cy, ;.(l1, 13, ..., 1) €

{0, 1}"} denote the 2" compact subsets defining C,.. By repeating this process infinitely, we
obtain the Cantor set C in X. For any r and C in C,., it follows that orb(¢,C) dense in K(X).
This implies that the orbit of ¢ acting on C covers the entirety of X. Therefore, C represents a
Cantor set that exhausts the space X, providing a comprehensive characterization of its
structure through the Cantor-like construction.

Theorem 2.10. Let ¢ : K(X) — K(X) be transitive. Then there exists a cantor set C < X such
that orb(f,x) = X , for every x € f'(C) and for all n € N.

Proof. clear from Theorem 2.

Theorem 2.11. Let ¢ : K(X) — K(X) be transitive. Then there exist a cantor set C < X such
that orb(f,x) = X foreachx € C

Proof. clear from lemma 2.6 and theorem 2.9 .

Theorem 2.12. if orb(¢,K) is dense in K(X), then for each A € K(X) and for each x € K, X is
not a intermittent point of f.

Proof.

for each x € K, orb(f, x) = X. ie, each point of K admits dense orbit. Hence the Theorem

For every point x belonging to set K, the orbit of f at x covers the entire space X, implying that
the orbit is dense. Therefore, the theorem holds true because it confirms that every point in K
has a dense orbit under the function f.

Theorem 2.13. Let ¢ : K(X) — K(X) be transitive. The there exist a Cantor set C < X such
that for each x € C, x is not a periodic point of f.

Proof. Clear from Theorem 2.11 and 2.12 .

Theorem 2.14. Let X be a continum, k € X and A1,Az,...,Ac € K(X). Given j € {1,2,3,... k},let
Aj={AeK(X): Aj€ A} and A = A1UAU --- U Ax. Then A is not solid in K(X).

Proof.
see[3]

Theorem 2.15. Let X be a continum. Assume that ¢ : K(X) — K(X) be transitive. Let C be the
Cantor set in K(X) with orb(¢,C) is dense in K(X). Then for every m € N U {0}, the set f"(C)
has an empty interior in X.

Proof.

The proof is grounded on the process of contradiction. So assume that there exists an s in N
such that intx(f(C)) is nonempty.

Now take V = f5(C).

Nanotechnology Perceptions Vol. 20 No. S8 (2024)



1273 Amalraj P et al. Some Properties of the Cantor Set...

Note that orb(¢,C) is dense in K(X).

Let x € inty (V) and let € > 0 such that By (x,€) S V.

Since {x} €orb(¢, C) = K(X)., we can find r € N such that H(f'(V ),{x}) <e.
Then f(V) € Bx(x,€) € V.

Sowe have f(V)c V

== f(™(v) c f'(V), foreachn € N .

Hence {f™(V )}nis declining order in K(X) so it converges to W =N;2, f™™(V)
This implies that o(¢",V ) = {W} and since o(¢',V ) is strongly invariant under ¢'.
We have

{f(W)} = ¢'(W) = ¢"(((V.97))

= o(V,¢") = {W}

That is ,f(W) =W

From this inequality we have if t > r and t = j(modr) for
j={0,12,..,r—1}f(W)cf(C)

this implies orb(¢,{(C)) € A where A = UTZ3{F € K(X): f/(W) <€ F}

Since orb(¢,f'(C)) is solid in K(X), we have A is solid in K(X), a contradiction to Theorem
2.14

This proof employs the concept of contradiction, assuming the existence of a set within a
specific context. By demonstrating a series of logical deductions, it establishes the
convergence of a sequence within a certain space. The convergence implies the existence of a
stable point under repeated iterations of a function. However, the subsequent analysis reveals
a contradiction by showing that this stable point violates a fundamental theorem. This
contradiction highlights the intricacies of mathematical reasoning and underscores the
importance of rigorous proof techniques in establishing mathematical truths.

Theorem 2.16. Let X be a continum and ¢ : K(X) — K(X) be transitive.

Let C be the Cantor set in K(X) with orb(¢,C) is dense in K(X). Let V € K(X) and j € N such
that VV € fi(C). Then

1. V & f*%(C) for some k € N

2. VZf(V)andf(V) gV

Proof.

Assume on the conflicting that VV € fi*(C) for each k € N.
Let A= {W e K(X):V S W}
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Then orb(¢,(C))is dense in K(X), we have A is dense in K(X).
This is a contradiction to Theorem 2.14

This proves (1)

Now we prove (2), if we assume f(V') € V, then we have f"*}(V ) € (V) for every n € N
and this leads that {f"(\V ) }nis a declining order K(X) and it converges, in the Hausdorff metric,

to

F = Ny2, f™(V). Note that F € K(X) and that j € N is such that F < fi(C), so by (1), there is
an k in N such that F& fi*(C)

Since V € fi(C), we have f'(V ) € f*"(C) for each n € N.
Thus F € f*"(C) for every n € N.

This contradiction displays that f(V ) £ V.

Now assume that V € f(V) .

Then, f'(V) € f*(V ), foreachn € N .

Hence V ¢ fi(C), we have f(V ) € fi*"(C) for each n € N.
This implies, V c fi*"(C) for eachn € N

This contradicts (1),hence we have V & f(V)
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