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Here in this research article we introduce the concept of generalized semi-ideal in a ternary I'-
semirings.Here we gave several examples to maintain the relationship between the quasi-ideals,bi-
ideals, ideals and generalized semi-ideals were introduced. Here a criterion of a commutative
ternary I'-semiring without any zero divisors to a ternary T'-divison semiring was given.
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1. Introduction

In the year 1971 Lister investigated on ternary rings and their structures. Especially Lister [4]
generalized those additive subgroups of rings these are closed under the triple product. Later
T.K.Dutta and S.Kar [3] were introduced in the year 2003 the notion of ternary semi rings as
a generalization of a ternaryring. In 2005 they were also introduced the notions of left,lateral
and right ideals of a ternary semirings and also characterized the regular ternary semirings.
After that S.Kar introduced the notions of bi-ideals and quasi-ideals in a ternary semirings.In
the same year T.K.Dutta generalized the notion of semi-ideals in a ring has been introduced.
Later in the year of 2015 D.Madhusudana rao and sajani lavanya introduced the notion of
ternary I' —semirings. The earlier works of D. Madhusudhana Rao and M. Sajani Lavanya on
Ternary I'-Semirings may be found in [5, 6, 7, 8]. In 2007, T. K. Dutta and M. L. Das [2]
introduced and studied right strongly prime Semirings.

In this research article we developed the notion of generalized I'-semi ideals in a ternary
I'-semiring and study the properties of them. We also introduce an affinity between the I'-
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ideals ,bi- T'-ideals, T'- semi ideals etc in a ternary I'-semirings. In that similar way we also
study some of the characteristics of a generalized I'- semi ideals in a ternary I'-semirings.

2. Preliminaries: For the preliminaries we will refer [1],[2] & [3]
Definition 2.1:Let S be a commutative semigroup along with a ternary multiplication denoted
by [ ] is known as ternary I' — semiring TSy if
i.[[paqprlysst] = [palqBrys]st] = [paqB[rysst]
ii. [(p + @)arBs] = [parfs] + [qparps]
iii. [pa(q + r)Bs] = [pagPs] + [parps]
iv. [paqB(r + s)] = [paqPr] + [paqgps],
Vp,q,r,s € TSgand o, B,y,6 €T

Throughout of this research article TSy will denote a ternary I' — semiring unless otherwise
stated.

Definition 2.2: Let TSy be a ternary T' — semiring if there exist an element 0 € TSg such that
0+p=pand [0apBq] = [pagB0] = [paOBq] = 0,Vp,q € TSg.then 0 is said to be zero
element of TS;.Here in this case we said that TSg. is aternary I' — semiring with zero element.

Definition 2.3: Let TSg. be a ternary T' — semiring is said to be a commutative ternary T' —
semiring if

[prql'r] = [qI'tTa] = [rT'pl'q] = [qI'pIl'r] = [rI'ql'p] = [pI'tTq],¥p,q,r € TSg.

Definition 2.4:An additive subsemigroup T of TSg. is called a ternary I' — subsemiring TSSg
of TSg. if [tyat,Bt3] €T,V tyt,,t; € Tand o, B € T.

Definition 2.5: An element ain TSg is said to be a regular element if there exist an element
x in TSgsuch that [aaxBa] = a. TSy is called regular if all of its elements are to be regular.

Definition 2.6:A ternary I' — semiring TSg. is said to be zero divisor free(ZDF) if for x,y,z €
TSR, [xayBz] = 0 which implies that either x = 0 or y= 0 or z= 0.

Definition 2.7: A ternary T' — semiring TSgwith |TSg| = 2is said to be a ternary division T’ —
semiring if for each non zero element x in TSg,there exist s non zero element y in TS such
that [xayBa] = [yaxBa] = [aaxBy] = [aayBx]| = a,Va € TSg.

Definition 2.8: A ternary I' — semiring TSg,A left(right/lateral) ideal I of TSy is an additive
subsemigroup of TSgsuch that [s;as,Bi] € I([ias;Bs,] € I/([s1aifs,] € 1) for all i€
land Vsq,s, € TSy if 1isa left,aright and a lateral I' —ideal of TSg,then I is said to be an
I' —ideal of TSg.

Definition 2.9: A ternary I' — semiring TSk and Q be a additive subsemigroup of TSgis said to
be a quasi [-ideal of TSgif [QITSRI'TSR] N [TSRI'Q T TSR] +
[TSRI' TSRI' QT TSRI' TSg] N[TSgI TSR Q] € Q.
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Definition 2.10: A ternary I' — semiring TSg, B is a ternary gamma subsemiring of TS is said
to be bi- I' —ideal of TSy if [BT TSk’ BT TSI B] S B.

3. Generalised T -Semi ideals in ternary T — semirings

Basically T.K.Dutta was introduced the concept of generalized semi-ideals in semirings. In
the year 2011, V.R.Daddvi & Y.S.Pawar defined the same concept in ternary semiring. Now
as a generalization we define generalized semi gamma ideals in ternary I' — semirings.

Definition 3.1: Let TSy be a ternary I' — semiring and a non empty subset A of TSgsatisfying
the condition x +y € A, Vx,y € Ais said to be

i) Generalized left T'- semi ideal of TSy if [[acaBalayx] € A,Vx € A,a € TSy, o, B,Y €
r
i) Generalized right I'- semi ideal of TSy if[[xaxafalaya] € A,Vx € A,a € TSy, o, B,Y €
r

iii) Generalized lateral T'- semi ideal of TSy if [[acaPx]aya] € A,Vx€ A,a€
TSr, o, B, YET

iv) Generalized I' — semi ideal of TSy if itis a generalized left I'-semi ideal, a generalized
right I'-semi ideal and a generalized lateral I'-semi ideal of TSg.

Example 3.2: Let T= M,(Zy) and ' =M, (z*) then T is TSy of the set of all 2X2 square
a o b O
matrices over Z; . Let G :{(O Oj/a €Z,}and I' :{(O O)/b € Z"} then G is a TSSg

of T, but not a generalized TI'-semi ideal of T.

Remark 3.3: The concepts of generalized I'-semi ideal of a ternary T' — subsemiring are
independent in TSk. This means that is every ternary I' — subsemiring of TSk need not be a
generalized ' — semi ideal of TSy and every generalized I'- semi ideal of TSg need not be a
ternary subsemiring of TSg. For this consider the following examples.

Example 3.4: Let TSy = M,(Z,) be a ternary T' — semiring of the set of all 2 x 2 square
matrices over Zg, the set of all non-positive integers.

And let T = {(’5 8) /X €Zy}. Tis a ternary I' — subsemiring of TSg. but it is not a
generalized T'-semi ideal of TSg.

Example 3.5: Let TSy = {...... —2i,—i,0,i,2i....} and TSg =T, then TSy be a ternary ' —
semiring with respect to addition and complex triple multiplication. Let
A={... —8i,—41,0,4i,8i...}, A is a generalized I'-semi ideal of TSg,but not a ternary

subsemiring of TSg.

Remark 3.6:Every I' —ideal of TSy is a generalized I'-semi ideal of TSg.but the converse need
not be true.

Nanotechnology Perceptions Vol. 20 No. S10 (2024)



Generalised I'- Semiideals in Ternary... K. Maha lakshmi et al. 46

Example 3.7:Every quasi I' —ideal need not be a generalized I'-semi ideal of TS and every
generalized T'-semi ideal need not be a quasi I' —ideal TSg.(in example 3.4) T is a quasi
[' —ideal of TSg, but it is not a generalized TI'-semi ideal of TSg.In Example 3.5 A is a
generalized I'-semi ideal of TSy but it is not a quasi I' —ideal of TSg.

Remark 3.8:Every quasi T —ideal is a bi- T —ideal in TSg[6]. Hence the bi-I' —ideal and
generalized T'-semi ideal in TSy are independent concepts.The flow-chart of the relation
between I' —ideals, bi- I' —ideals, quasi I' —ideals, ternary I' — subsemiring and generalized I'-
semi ideal in a ternary T' — semiring is given below

[' —idesgls

F Y

Quasi [' —ideals Generalized F‘-'js:lfl_nj ideal “Z | bi- T —ideals

hJ ..
ternary [' — subsemiring

4. Properties of Generalized I'-semi ideal

Let {Gq}qen be the arbitrary collection of generalized I' —semi ideals of a ternary I' —
semiring TSy then the arbitrary intersection of these generalized T' —semi ideals is again
generalized T' —semi ideal of TSg. But the union of two generalized I' —semi ideals of TSg
may not be a generalized I' —semi ideal of TSg. This we establish in following example.

LetTSg = {... ... ... ....—21,—1,0,1, 21 ... .... } be a ternary I' — semiring with respect to the
operations addition and complex triple multiplication. Then P=
{or oev oo —16i,—8i,0,8i,16i, ... ...} and Q = {......— 15i,—5i,0,5i,15i,.......} are two

generalized I' —semi ideal of TSy but the union P U Q is not a generalized I' —semi ideal of
TSk

Theorem 4.1:Let TSy be a ternary I' —semiring and let A be a generalized I' —semi ideal of
TSg and let T be a ternary I' — subsemiring of TSg.If ANT # @,then AN T is a generalized

I' —semi ideal of TSg. Proof:
Assume that TSy be a ternary I' —semiring and let x,y € AN T.then x +y € An T.For any
aeT and x€ANT we have [[aTara]lalx] € ANT,[[xTala]lala] € AN

T,[[alal'x]Tal'a] € A N T.Hence A N T is a generalized I' —semi ideal of TSg.

Theorem 4.2: Let TSy be aternary I' —semiring and if Pand Q are any two generalized I' —semi
ideals of TSgthen P + Q = {x+y/x € P,y € Q } is a generalized I' —semi ideal of TSg.

Proof: Assume that TSy be a ternary I' —semiring also let Pand Q are any two generalized
I —semi ideals of TSg,then defineP+ Q = {x+y,x € P,y€ Q}.  Let p,q € P+ Q,hence
p=a+bqg=c+dforanyaceP and bdeQ. Then p+q=(@a+b)+(c+d)=
(@a+c)+(Mb+d)eP+Qand lets e TSgandp e P+ Q hencep=a+b
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forsome a€Pand b e Q.Now S eTSg,a€ P and P is a generalized I' —semi ideal
= [[sI'sI's] I'sTa] € P, [sT[[sIsI's]l's] € P,[al'sI[sI's's]| € P

therefore [[sI'sTs\I'sp| = [[sI'sTsIIsT(a + b)| = [[sI'sI's]I'sT'a] +
[[sI'sT'sII'sT'b] € P + Q.

In this similar way we will prove that
[[sr'sp] I'sI's]= [[sI'sT'(a + b)I'sT's| = [s'sa]l'sI's] + [sT'sT'b]I'sT's] € P + Q. and
[[prsrs] I'srs] =[ [(at+b)rsrs] I'srs)=[[aI'sI's] I'sT's]+ [[bI'sI's] I'sT's] €
P+Q

Therefore P + Q is a generalized I' —semi ideal of TSp.

Theorem 4.3:Let TSy be a ternary I' —semiring with zero. And let Pand @ are any two
generalized I' —semi ideals of TSy containing zero.Then P + @ is the smallest generalized
I' —semi ideal of TSy containing both Pand Q.

Proof: By the above Theorem 4.2 P 4+ Q is a generalized I' —semi ideal of TSg. Since 0 €
P,0eQwewillget0eP+Qandforanype P,p=p+0€P+Q. Hence PC P+
Q,similarly @ < P + Q. Assume that | be any other generalized I' —semi ideal containing both
Pand QLetpeP +Q thenp=a+ bforsomeacPand beQHencep=a+be
Ltherfore P + Q < I thus P + Q is the smallest generalized I' —semi ideal containing both
Pand Q.

Note: If P, Q and R are the three subsets of TSgthen by [P I'QI'R] it means the set of all finite
sums of the form ¥[p;I'q;I'r;]where p; € P,q; € Q,7; € R.

Theorem 4.4: Let TSy be a ternary I' —semiring and P be a generalized left I' —semi ideal of
TSg.Then [PT'QI'R] is a generalized left I' —semi ideal for any non empty subsets Q and R
of TSp.

Proof:RLet TSy be aternary I' —semiring.And for x,y € [PFQI'R] Jlet x =Y} 4[p;I'q;I'r;]
and y = Y1, [p;I'q;I'r;]. Unanimously x + y is a finite sum of the form X.[p;I'q;I'r;].So
that x+y € [PTQrI'R].For any s €TSy then [[s['sT's] I'sT'x] =
[[sT'sTs] I'sT ¥i_4[pilq;I'T;]]

=Yia[[sTsTsITsTpFqilri]]

=3t [[[sl‘sl‘s]l‘sl‘pj] I"ql-l‘rl-] € [PT'QrR]. Since P is generalized left
' —semi ideal of TSg. [PT'QrIR] is a generalized left I' —semi ideal of TSp.
Corollary 4.5: Let TSk be aternary I' —semiring and P be a generalized right I' —semi ideal
of TSg.Then [P QI'R] is a generalized right I' —semi ideal for any non empty subsets Q and

R of TSp.
Proof: Similar to the proof of theorem 4.4

Corollary 4.6: Let TSy be aternary I' —semiring and P be a generalized lateral I' —semi ideal
of TSg.Then [PI'QI'R] is a generalized lateral I' —semi ideal for any non empty subsets Q
and R of TSp.
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Proof: Proof: Similar to the proof of theorem 4.4

Corollary 4.7: Let TSy be aternary I' —semiring and P be a generalized I —semi ideal, then
[PIrQI'R] is a generalized I' —semi ideal.

Proof: By the theorem 4.4 [PI'QI'R] is a generalized left I' —semi ideal ,By theorem 4.5
[PT'QrR] is a generalized right I' —semi ideal, By theorem 4.6 [PI'QI'R] is a generalized
lateral I —semi ideal.Hence [PI'QI'R] is a generalized I' —semi ideal.

Definition 4.8: Let TSy be aternary I' —semiring and P is a subset of TSy then P is said to be
duo generalized I' —semi ideal if P is a left generalized I' —semi ideal then P is also a right
generalized I' —semi ideal.

Theorem 4.9: : Let TSy be a ternary I' —semiring and P be a generalized I' —semi ideal of
TSg.Then [PT'QrIR] is a duo generalized I' —semi ideal for any non empty subsets Q and R
of TSp.

Proof: By the theorem 4.4 [PT'QI'R] is a generalized left I' —semi ideal ,By theorem 4.5
[PIrQrIR] is a generalized right I' —semi ideal. Therefore [PI'QrIR] is a duo generalized
I' —semi ideal

Theorem 4.10: Let TSy be a ternary I' —semiring.And let P be a generalized left(right)
I' —semi ideal and Q be a bi I — ideal of TSg.Then [PrQrQJ([QrQrrj) is a generalized
left(right) I' —semi ideal as well as bi I' — ideal of TS,.

Proof: Let TSr be a ternary I —semiring. x,y,z € [PIQrQJ.and let
x = Yisalpil qil'ryl,

Y = XiZnalpilqilr,
z=Y" ..lpjrqjIrj| forallp; e P, q;7; € Q.
Thus x + y is a finite sum of the form },[p;I'q;I'r;].

Hence x+y € [PrQraQ]. And let s €TSg x =) [pilqil'T;] € [PTQrQ],
then [sI'sI's] ['sTx] = [[sT'sTs]T'sT X [piTqI'ri]]
=yn [[[srsrs]rsrp,-] I"qil"ri] € [PTQIR]Hence [PTQIR] is a  generalized left
I —semi ideal of TSg.Now [PrQrQl[PrQrQl[Proro] =

[PT[[Qr[QrPrQIrQirrrQirq]
C [Pr[QITSRIQI'TSRI'QITQ]

c [PrQraqj. (Since [QrPrQjc
TSgand Q is a bi I' — ideal). This shows that [P QI Q] is ternary subsemiring of TSg. Again
[PrQrQIITS;I'[PrQrQirTsS;r(PrQraqQj
= [Pr[Qr[QITSgI'PIrQr[QITSgI'P|IrQIrQ]
C [PTrQITSRIQITSRIQ|rQ]
< [PrQrq]

Since Q isa bi I' — ideal.Hence [PI'Qr' Q]is a bi I' — ideal of TSp.
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Theorem 4.11: Let TS, be a ternary I' —semiring.And let A and B be two ternary
I’ —subsemirings of TSgsuch that A3 = A and A is a left I' —ideal of B.and B is a generalized
left I —semi ideal of TSg.Then A is generalized left I —semi ideal of TSg.
Proof: Let TSgbe a ternary I' —semiring and let p € A, therefore p = [p1I'p,I'p3] where
P1,P2,P3 € A, Now forany s € TSy then

[[sTsrs]rsIp| = [[sTsI'sITsT[p1'p2I'p3]]
= [[[sT'sT's]T'sT'p1]I'p,I'p3 € [BI'p,I'p3] € A

(Since A is a left I' —ideal of B,p; € A c B, Bis generalized left I' —semi ideal of TS) so
that A is generalized left I' —semi ideal of TSg.

Theorem 4.12: Let TSy be aternary I' —semiring.If H is a is a generalized left I' —semi ideal
of TS; and P4, P, be any two ternary I' — subsemirings of TSy then[H TP I'P,] is a
generalized left I' —semi ideal of TSg.

Proof: Let TSk be aternary I' —semiring. For
any x,y € [HTP{I'P,], x = }i_4[hiTp;I'p2;],y = Xitns1[hi [P, TD2;] for any h; €
H,pi € P1,p, € P,  Therefore x +y is a finite sum of the form ¥[h;I'p,,I'p,], will
imply x+y € [HIP{T'P,], and let  x =X [h;Tp,,I'p;;] € [HTP,I'P;] and let
s € TSy then [sI'sT's|I'sTx] = [[sI'sTs|I'sT Yi_4[h; I'p1,I'p2;]

= Yic1[[[sT'sI's]Tsh;]['py,I'py;] € [HTP1T'P,]
Hence [HTP,I'P,] is generalized left I' —semi ideal of TSp.

Theorem 4.13: Let TSy be a ternary I' —semiring.If H is a is a generalized right I' —semi
ideal of TSy and P4, P, be any two ternary I' — subsemirings of TSy then[H FTP,I'P,] is a
generalized right I' —semi ideal of TSp.

Proof: Let TSy be a ternary I' —semiring. For

any x,y € [HTP1FP2]' X = ?=l[hi rp1irpzi] Y = Zﬁn+1[hi rplirpzi] for any hi €
H,p; € Py,p, € P,  Therefore x + y is a finite sum of the form ¥[h;I'p,,I'p,], will
imply x+y € [HIP{T'P,], and let  x =¥ [h;Tp,,I'p2;] € [HTP1I'P;] and let
s € TSy then [sI'sT's|I'sTx] = [[sI'sTs|I'sT Yi_4[h; I'p1,T'p2;]

= Z?:l[[ [SFSFS]FShi]FSFplinZi] € [HFP1FP2]
Hence [HT'P,I'P,] is generalized right I' —semi ideal of TSg.

Note: A necessary and sufficient condition for a commutative ternary I' —semiring TSg
without any divisors of zero to be a ternary division T' —semiring which is given the below
theorems

Theorem 4.14: Let TSk be a commutative ternary I' —semiring without any divisors of zero
which is a ternary division I' —semiring if and only if for any generalized T' —semi ideal
of A,a € TSgR\A(the complement of AinTSg)and 0 =#x€ TSg which gives
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[[xIxI'x|T'xTa] € TSg\A.

Proof: Assume that TSg be a commutative ternary I' —semiring without any divisors of zero

which is a ternary division I' —semiring. And let A be a generalized I" —semi ideal of TSg.
Select an element a € TSg\A and 0 # x € TSg. Hence 30 # y € TSy such that [x['yI'z] =
[y['x'z] = [z'x['y] = [z['yI'x] =z, for all z € TSgTherefore [x['yla] = [yI['xl'a] =
[al'xTy] = [al'yI'x] =a, This proves that [[x['x['x]['x'a] € TSg\A.Assume that
[x'xI'x]TxTa] = x*a € A. Therefore a = [[yI'xI'y]*T'al'x*] € A.(Since TSg is a commutative
ternary I' —semiring, A is a generalized ' —semi ideal of TSg) Which is a contradiction
Therefore [[x['x'x]'xT'a] € TSR\A. Conversely
suppose that for any generalized I' —semi ideal A, a € TSg\A and 0 # x € TSy implies that
[[xI'xI'x]T'xT'a] € TSg\A. Now we prove that TSy is a ternary division T —semiring.lt is
enough we show that for any 0 # x € TSg,30 # y € TSk such that [x['yI'TSg] = TSg.If
possible suppose that [x'yT'TSg] # TSg and b € TSg\A,then [xI'xI'x]TxI'b] = [x3TxI'b] =
[xI'x3 T'b] = [x['yI'b] € [x['yI'TSg],where y = x3(# 0) € TSg.Which is a contradiction
since [x3T'xI'b] € TSg\A.Hence [x'yI'TSg] = TSg.Therefore TSgis a ternary division
[' —semiring. Note: Let TSy be
a commutative ternary I' —semiring and A is generalized I' —semi ideal of TSg. Let B(A)
denote the set of all those elements afor which there exist a non zero element s € TSy such
that [[sT'sI's]T"a] € A. It is then clear that A < B(A).

Theorem 4.15: A Commutative ternary I' —semiring TSg without any divisors of zero.And if
Ais generalized T' —semi ideal of TSy then B(A) is also a generalized I' —semi ideal of TSg.

Proof: Let TSz be Commutative ternary I' —semiring and A is generalized I' —semi ideal TSg.
Let B(A) denote the set of all those elements a. Let x,y € B(A) so there exist a non zero
elementa,b € TSy such that ¢ = [[al'al'a]Talx| € A,d = [[bI'bI'b]Tbly] € A Now

1t = [[alala]Tal[bI'bI'b]TbI(x + y)]

[ [alala]Tal[bI'bI'b] I'blx] + [ [alala]Tal[bI'bI'b] ['bly]

[[bIbIb] I'bI[[alala]lalx]] + [[alala]Tal [bI'bI'b]bly]
=[[bI'bI'b]bIc| + [[alala]TxI'd € A, For any0 # z € TSg, [[z['z['z]Tzl'n] € A(since A is
generalized T —semi ideal of TSg) therefore [[[al'bI'z][al'bl'z][al'bl'z]][[albTz](x +y) €
AHence (x+y)€B(A). Foranyre€Q(A) ,[[alala]lalx] € A and let 0 # z € TSy
Hence [[aTala]lalr|[zl'zl'z][zlx]] = [[zl'z'z]Tz[[[alala]TalT]] € A. Therefore
[[z['zl'z]Tzla] € B(A) forall z € TSg.Hence B(A) generalized I' —semi ideal of TSg.
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