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Incidence graphs can be used to simulate some non-deterministic intercommunication networks
with extra node-edge interactions. The bipolar fuzzy graph is a tool for bipolarity or thinking from
two opposing perspectives. It may be used to handle many real-world problems more successfully.
The matrix structure and comprehension of the m-BPFIG are proposed in this paper. Numerous
properties are included in the definition of the m-BPFISG. Incidence pairings, paths, and
connectivities among pairs are displayed in m-BPFIGs. We study the properties of different kinds
of cut and strong pairs in m-BPFIGs.
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1. Introduction

A brief discussion of the fundamental concepts of routes, circuits, complete and strong fuzzy
graph, and their applications may be found in [3]. Generalized fuzzy graphs strong arcs and
pathways, together with their practical uses, are provided in [4]. Fuzzy incidence graphs were
initially presented by Dinesh [1]. Numerous node kinds and fuzzy incidence graph
characteristics have been covered in [5, 6]. Poulik and Ghorai [2]studied connectivity concepts
in bipolar graphs. We have only used recognized terms and concepts in this work. Readers are
led to other symbols, language, and usage not included in the research [7-12].

Certain non-deterministic intercommunication networks with additional node-edge
interactions can be simulated using incidence graphs. Numerous issues in the actual world may
be handled more skillfully using it. This study proposes the matrix structure and understanding
of the m-BPFIG. The m-BPFISG specification includes a large number of attributes. m-
BPFIGs show incidence pairings, pathways, and connectivities between pairs. We examine
the characteristics of various types of strong and cut pairings in m-BPFIGs.
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2. Preliminaries
Here are a few fundamental definitions and characteristics.

Definition 2.1: An m-BPFG of a graph & = (N,E) is a pair &= (N,Q,R) where Q =
([Pro¥q, Phowg];“:1>,PhoLP5:N - [0,1] and PLoWy:N - [-1,0] an m-BPFS is an m-

BPFS on Nand R = ([P,oWg, PLoWx IiL,), PhoWs: NZ - [0, 1] and PoWq: NZ — [~1,0]
in an m-BPFS in N2 such that

PhoW (gr) < min{P,o¥§ (@), Pho¥d (0},

PLoWr (qr) = max{Ph o¥q (@), Pho¥q (r)}

forall gr € NZ,h=1,2,-, mand P,oWgr (qr) = PLoWgr (qr) = 0 forallgr € N? —E.
Definition 2.2: An m-BPFG & = (N*, Q% R*) is called an m-BPFSG of an m-BPFG of € =
(N,Q,R) if N*CN,E*CEsuch that PpoWg(f) =Pho¥3-(f), PhoWq(f) =
Phok}’& (f), vf e N* and Pholpﬂ'* (ef) = Pho‘}’g(ef), Pholplg* (ef) = Ppo%Yr (Ef), h =
1,2,---,m, Vef € &".

Definition 2.3: Let £ = (N,Q,R) beanm-BPFGande,f € N.

> A path L:e =1, 13,--+,1._4,1. = f in € is a sequence of different nodes such that
[(ProWg (1i_11;) > 0,PLoWR (i_11;)) < 0) ]fL,,i = 1,2,---,r and the length of the path is .
> If Lie=1y, 1y, 1,_1,1, =f be a path of length r between e and f, then

([PhoWg (eDIIL)" and ([PhoWr(eDIfL,)" are defined as ([Pho¥g (eN]L,)" =
sup{[Pno¥g (el;) A ProWg (I;13) A -+ A ProWg (I._; H]1L, } and

([PhoWi (eDIHL )" = inf{[PhoWr (ely) V ProWg (Li1) V -+ V PhoWi (—1 DI, .
(([PLo%i (eD]L D, ([ProWg (eN]L,)™) is called to be the energy of connectedness
between two nodes e and f in & where ([P,oWg (eN)]fL,)® = Supren{([Pho¥g (eH)]FL,)"}
and ([PnoWg (ef)]pz1)” = infren{([PhoWg (eD)]pz,)}.
> [PLoWg (eDIfL, = ([PhoWg (eHIFL,)® and [PhoWgr (eD]pz; <
([ProWR (ef)]iL,)® then the arc ef in € is called to be a strong arc. A path e — fis strong path
if all arcs on the path are strong.

Definition 2.4: For an m-BPFG ¢, if [P,oWg(eN)]hr, = ([Pho¥g (eH]f,)® and
[PhoWr (e, < ([PhoWg (ef)]fL,)™, then the edge ef is called to be a strong edge of &,

3. m-Bipolar Fuzzy Incidence Graph

We defined m-BPFIG and its matrix form in this part. Examples are provided to illustrate the
properties of m-BPFISGs.

Definition 3.1: Let £ = (N, Q,R) be an m-BPFG. Let y = ([Proy*, Phoy~]iL,), Phoy*: N x
E - [0,1] and P,oy™:N X E — [—1, 0] such that
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Phoy*(q,qr) < min{PLo¥§ (q), PhoWd (ar)},
PLoy~(q,qr) = max{P,o¥q (q), PLo¥g (qr)},

forallg €N, qr€ E,h=1,2,---,m. Then vy is said to be an m-BPFI of the m-BPFG of £ and
£ = (N,Q R, y) is said to be an m-BPFIG.

Example 3.2: Consider an m-BPFG & = (N, Q,R) is shown in Figure 1. Here N = {l;,1,,15,1,}
and N2 = {1115, 1113, 1114, 1515, 1514}

L{[04,~03],[0.5,~0.4]) ,{[0.3,-0.4],[0-4, 0.5
= {[0-2. 0.3}, [0.3, ~0.4]} * .
j‘" /0.\? 0|r
=3 i ~o g
= 7 &
T /0'?\0 2
g, 7 |2
([0.3, -0.2],]0.4, —0.3]) o
’;([0-4= -0.5],]05, —0.6]> A ([0.5, -02].[06. —0.3})

Figure 1. m-BPFG

Now, From Figure 2., we get
Proy* (I, 111,) < min{Pho‘Pa' 1y, Phokpl-{ (1112)}:

Phoy~(I4,1113) = maX{PhOlP(i (14), PhoWr (14, 1112)},

foralll; €N, I11, €E h=1,2,---,m. Hence £ = (N,Q,R,y) is an m-BPFIG.

Figure 2: m-BPFIG £ of the m-BPFG &
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Definition 3.3: Let £ = (N, Q,R,y) be a m-BPFIG and y be the m-BPFI £ Consider € has n
nodes 1;,1,,13,+++,1,, and m edges ky, k,, K3, -+, k. The matrix form of the m-BPFI y of £ is
represented as [yi]-]nxm and is defined as

[Yij]nxm = kq kp ks - kp
i 1v11 Y1z Y13 7 Yim
l, |Y21 Y22 Y23 Yom
ln Yn1 Yn2 Vn3 <« ¥Ynm

where Yij = ([PhOY+ (li' 111]), Phoy_ (li' lll])]hm=1>

Definition 3.4: An m-BPFIG H = (N*,Q*, R*,y*) is called to be an m-BPFIPSG of an m-
BPFIGE = (N,QR,y) if P,oWg-(e) < PhoW§(e), PhoWg:(e) = PpoWq (e), PhoWg(ef) <
PhoWy (ef), PhoWg- (ef) = PpoWy (ef), Phoy* ™ (e, ef) < Phoy* (e ef) and Proy* (e, ef) =
Pyoy (e ef),Ve € Nefe EEh=1,2,--,m.

Again, H is called to be a m-BPFISG of an m-BPFIG Zif N*C N,E*CEy" C
Y, Pho¥g-(e) = Pro¥d(e), PhoWq-(e) = PhoWq (e), PhoWg-(ef) = PhoWg (ef),
PhoWg-(ef) = PyoWx(ef),  Phoy**(eef) = Phoy*(e,ef)  and  Phoy™ (eef) =
Pyoy (e ef),Vee N efe EEh=1,2,--,m.

The consequences of deleting a node or an edge from a m-BPFIG are started in the following
assertions.

Proposition 3.5: An m-BPFISG of a m-BPFIG £ must be a m-BPFIPSG of £,

Proof: Let H be an m-BPFISG of an m-BPFIG £. By the definitions, we get H holds all the
properties to be an m-BPFIPSG of the m-BPFIG €. Thus, H is an m-BPFISG of the m-BPFIG
£

Proposition 3.6: If H be an m-BPFISG of an m-BPFIG &, then an m-BPFG H is an m-BPFSG
of an m-BPFG &.

Proof: Let H be an m-BPFISG of an m-BPFIG & By the definitions, we get the corresponding
H holds all the properties to be an m-BPFSG of an m-BPFG . Thus, H is an m-BPFSG of an
m-BPFG &.

Definition 3.7: An m-BPFIG £=(N,QR,y) is called to be complete m-BPFIG if
Phoy*(q,qr) = min{P,o¥g (q), PLoWs (qr)},
Proy™(q, qr) = max{P,o¥q (q), P,oWg (qr)},

forallgeN, qreE,h=1,2,--,m.

Definition 3.8: An m-BPFIG &= (N,QR,y) is called to be strong m-BPFIG if
Proy* (g, qr) = min{Pyo¥§ (q), PLoWg (qn)},
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Phoy~ (g, qr) = max{P,0%5 (q), PhoWx (ar)},
for all pairs (q,qr)in&h=1,2,---, m.
If £ = (N, Q,R,Y) is a complete m-BPFIG and the nodes g, r are adjacent to the edge qr, then
Phoy* (q,qr) = min{P,o¥g (), Phog (ar)} = Phot (ar) =
min{Pyo¥§ (), PhoWg (qr)} = Proy™ (r,qr) and PLoy (q,qr) =

max{PholPa (@), Pho¥r (qr)} = ProWr (qr) = max{Pho‘PQ (), Pho¥r (qn)} =
Phoy™ (r, qr).

0
0.1,
6,02

k\O

4{f08.-05}[09,-09)

Figure 3: Complete m-BPFIG £ and also a strong m-BPFIG
Theorem 3.9: A complete m-BPFIG is a strong m-BPFIG.

Proof: Let & = (N,Q,R,y) be a complete m-BPFIG and (q,qr) be a pair in & Then
Pnoy*(q,qr) = min{P,o¥}{(q), PLo¥5(qr)} and

Phoy~(q,qr) = max{P,o¥4(q), PLo¥z(qr)},

for all qEN, qre EEh=1,2,---,m. Hence, Phoy*t(q,.qr) =
min{P,o¥}(q), PLo¥%(qr)} and

Pnoy~(q,qr) = max{P,o¥4(q), P,o¥x(qr)}, for all pairs (q,qr)in§,h=1,2,--,m.
Therefore & is a strong m-BPFIG.
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4, Paths and Connectivities

Here, we used examples to describe various incidence paths in m-BPFIGs. A few theorems
are presented.

Definition 4.1: Let x = 3,15, -, l,_q = y,1; = z are the k nodes in an m-BPFIG &. Then

L, (I3, 11, L, (I, L 1), L, -+, y, (y,¥2), yz, (2, yz) is said to be an incidence path in &.
The incidence energy of the path is represented as [Proy™ (x, yz), Proy~ (x,yz)]h-, and is
defined as Proy*(x,yz) = Proy* (11, lLily) A Proy™ (L, Lily) A - A Proy* (y,y2) A
Poy*(z,yz) and Proy™ (x,yz) = Proy™ (14, Lily) vV Proy™ (I, lyly) vV -V
Proy™(y,yz) V Proy™ (z,yz).

The incidence energy of connected between x and yz in & is IECON M¢(x,yz) =

m
[(P,,oIECON M} (x,yz), P,olECON M (x, yz))]h_l, where P,oIECON M (x,yz) =
max{P,oy*(x,yz)}and P,olECON My (x,yz) = min{P oy~ (x,yz)}.
Example 4.2: Take the connected m-BPFIG & shown in the Figure 4.
m _ m
I(—|ere [PLOIECON M} (1, 1112)]11=1 = (0.3,0.2), [P,olECON M (14, 1112)]h=1 =
—-0.3,-0.2).

72,

/3([0.8, —0.9}, [0.7, —0.6])

Figure 4: An m-BPFIG &

Definition 4.3: Let xy be an edge of an m-BPFIG E=(N,QRY).If Phoy*(q,qr) >0,
Pyoy*(r,qr) >0, Proy (q,qr) <0 and Ppoy (r,qr) <0,h=1,2,---,m, then
(q,qr) and (r, gqr) are called pairs. If there is an incidence path connecting each pair, then
& is said to be paired.
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Theorem 4.4: Let & = (N, Q, R, y¥) be an m-BPFIG and H = (N*, Q*, R*,¥*) be an m-BPFISG
of &. Then for any pair (g, qr) in & P,olECON M{(q,qr) = P,olECON Mj(q,qr) and
PLolECON M;(q,qr) < PLolECON My(q,qr), h=1,2,---,m.

Proof: Take H is an m-BPFISG of & By the definition of an m-BPFISG, we get
Pyoy*"(q,qr) = Proy*(q,qr) and Proy*™ (q,qr) = Proy™(q,qr), for all pair (q,qr)
in H. But,

PLolECON M:{(q, qr), PLolECON Mj;(q,qr) and
PLolECON Mg(q, qr), PLolECON My(q,qr), h = 1,2,---,m lies on same incidence pair
of H and H or lies on distinct pairs of H and H.

Here, two cases are appeared.

Case i. Assume P,olECON M (q,qr), P,olECON Mj(q,qr) and
PLolECON M;(q,qr), PLolECON My(q,qr), h = 1,2,---,m lies on same pair (g, qr)
of H and &. Then by the definition of an m-BPFISG, we get Proy* " (q,qr) = Proy*(q, qr)
and Pnoy* (q,qr) = PLoy (q,qr). Then
P,olECON M;(q, qr), PLolECON Mj;(q,qr) and
P,oIECON M;(q,qr), PLolECON My(q,qr),h =1,2,--,m.

Case ii. Assume PLoIECON Mg (q,qr), PLolECON Mj;(q,qr)  and
P,olECON M;(q,qr), PLolECON My(q,qr), h=1,2,--,m lies on the pairs
(q1,q171) in & and (g2, qo73 ) in H. This means both the pairs (g4, q171) and (qz, q272)

are the pairs of & If Phoy*(qi,qim1) =Phoy*(qz.q2r2) and Phoy™(q1,q171)
=PnLoy~ (qz,q,1>), then P,olECON Mg(q, qr) = PLolECON Mj(q, qr) and

PLolECON M;(q,qr) = PLolECON Mjy(q, qr). If Proy*(q1,q171) #
Pyoy*(qz2.qz12) 0of  Proy (q1.9171)  # Proy(q2,qzr2) or  both,  then
PLolECON M;!(q, qr) > PLolECON Mj;(q,qr) or PLoIECON M;(q,qr) <

PLolECON My(q,qr), h =1,2,---,m or both.

Thus in any case PLolECON M'{ (q,qr) = PLolECON M},(q, qr) or
P,olECON M;(q,qr) < PLolECON My(q,qr), h=1,2,--,m.

5. Strong Pair and Cut Pair in an m-BPFIG

Here are definitions and examples for Strong pair and Cut pair in m-BPFIG. Additionally,
several associated theorems are provided.

Definition 5.1: A pair (q,qr) in &= (N,Q,R,y) is strong pair if P,oy*(q,qr) >
P,oIECON M{(q,qr) and Proy*(q,qr) < P,olECON M{(q,qr).

Theorem 5.2: Let & = (N,Q,R,y) be an m-BPFIG and a pair (g,qr) in & such that
(IProy™(q,qr), Proy™(q,qr)lpz1) = (v {Proy™ (a,ab)}, A{Proy™(a,ab)}), for all
pairs (a, ab) in &. Then the pair (g, qr) is a strong pair.
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Proof: Let (q, qr) be a pair in an m-BPFIG &. If there is a unique pair (q, qr) in & such that
Phoy*(q,qr) =V {Pyoy*(a,ab)} and Proy (q,qr) =A{Pyoy (a ab)}, for all
(a,ab)in ,

thus, the energy of all the pathways without (g, qr) must have a positive portion that is smaller
than Proy* (q, qr) and a negative part that is bigger than Ppoy™* (q, qr). Then, a strong pair
is (q, qr).

Again, if there are more than one pair (q,qr) in & such that Phoy*(q,qr) =V
{P,oy*(a,ab)} and Pnoy (q,qr) =A{Pnoy (a,ab)}, for all (a,ab)in §& then
Phoy*(q,qr) = Pyoy*(a,ab) and P,oy (q, qr) = P,oy ™ (a,ab) for all pair (a,ab)in & —
{(9,qr)} . Now by the definition, we get P,oy*(q,qr) = P,,0lECON Mg' (a,ab) and
Pnoy™ (r, qr) < P,oIECON Mg (a,ab) for all the pair (a, ab) in € So (q, gr) is a strong pair.

Definition 5.3: Let€ = (N, Q,R,y) be an m-BPFIG and H = (N*, Q*,R*,y*) be an m-BPFISG
of € such that for a pair (q,qr) in & H=Z%—{(q,qr)}. If P,oIECON M{(q,qr) >
P,,0IECON My;(q, gr) and P,,0IECON Mg (g, qr) < PLolECON My(q,qr), h =1,2,---, m for
some pair (g, qr) in & then the pair (q, qr) is said to be an incidence cut pair of &.

Theorem 5.4: Let (q,qr) be a pair in an m-BPFIG &= (N,QR,y) such that
Phoy*(q,qr) = min{P,0¥g (q), Pho¥s (qr)}, Phoy~(q,qr)
= max{Pho‘P(i (q), PLoWg (qr)}.

Then the pair (q, qr) is a strong pair of £,

Proof: Let H = (N*, Q*, R*,y*) be an m-BPFISG of an m-BPFIG £ = (N, Q,R,y) such that
H =% - {(q,qr) }, where (q, qr)is a pair of & If H is disconnected, then (q, qr)must be a cut
pair of €& Then P,olECON Mg(q, qr) > P,olECON My;(q,qr) and P,olECON Mg (g qr) <
P,olECON Mg(q,qr),h=1,2,---, m.

Then from the definition (q, qr) is a strong pair. If H is disconnected, then there exists a pairs
(g, gs) for some q # s, such that (q, gs) and (r, qr) lies in a incidence path from q to qr in H.
Then

P,,0IECON Mj;(q, qr) < min{P,oy*(q,gs), Phoy* (r,qr)} <

min{Py, oWg (), PhoWg (gs), PhoWg (r), PhoWr (@n} < min{PhO‘Pa' (@), Pho¥i(ar)} =
P,oy*(q,qr) and

PpolECON My (g, gr) = min{P,oy™(q, gs), Phoy™(r,qr)} =

min{P,o¥q (q), PhoWx (gs), P,oWq (1), PhoWg (qr)} = min{PnoWq (q), PhoWr(qr)} =
Phoy™(q, qr).

Thus Ppoy*(q,qr) = P,olECON M{;(q,qr) and Pyoy~(q,qr) = P,olECON Mg (q,qr).
Therefore (q, qr) is a strong pair of &.

Theorem 5.5: Every pair of a complete m-BPFIG is a strong pair.

Nanotechnology Perceptions Vol. 20 No. S10 (2024)



Path Ideas in Fuzzy Incidence Graphs... K. Rama Kishore et al. 156

Proof: Let (q,qr) be a pair in complete m-BPFIG £ = (N,Q,R,y). Then P,oy*(q,qr) =
min{Py0¥§ (q), Pho¥g (qr)}, Phoy™ (g, qr) = max{P,0¥q (q), Pho¥r (qr)}. Now from
Theorem 5.4, it can be showed that (q, qr) is a strong pair of £. Since the pair (q, qr) is
arbitrary in the complete m-BPFIG € . Then all the pairs of € are strong pair.

Example 5.6: Take the connected m-BPFISG H of &hown in the Figure 5.

Here [PLolECON M (14, 1;1) 15, = (0.2,0.1), [PLolECON Mg (3, 1)L, =
(—0.2,—0.1).

Clearly, P,oIECON Mg’(q, qr) = P,olECON Mf;(q,qr) or  P,oIlECON Mg (g qr) <
PLolECON Mg(q,qr),h=1,2,---, m.

o

//0 1,{08,-0.9],[0.7,-0.6])

1f08,-09}[07,-06)

Figure 5: An m-BPFISG Hof an m-BPFIG &

6. Conclusions:

An m-BPFG has made use of the incidence connection between nodes and edges. Firstly, the
definition and attributes of m-BPFISGs and m-BPFIG are described by examples. Again,
various occurrence routes along with their energies, connections, and characteristics. We
examine the degree of connectivity between pairs in the m-BPFISGs and m-BPFIG. In the last
section the idea of strong and cut pairs with their attributes had been explored utilizing
incidence routes and the energy of connectivity of pairs.
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