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The idea of this paper we introduce the operator y is nano ideal topological
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1. Introduction

An ideal 7 on a topological space (X, t) is a collection of subsets of X which satisfies the
following two properties: (1) He J and T € H implies T € 7 (heredity) and (2) H € 7 and
TeJ implies HUT €7 (finite additivity).Let p(X) denotes the power set of X. Given a
topological space (X, t) and an ideal 7 on X, a set operator (-) * (,1): P(X) — P(X), called
the local function of 7 with respect to t in [11] is defined as follows:For H € X, (H) *
@, )={xeX:VnH¢Jforeveryve W(x)} where Nk ={VerxeV}]. A
Kuratowski’s closure operator cl* for a topology t*(J) finer with t is defined as follows:
cl*(H) = H € (H)*(J, 1) [11].When there is no chance for confusion, we will simply write
H* for H*(J,1). A basis (7, ) for T (7) can be described as follows: B(,t) ={V—-L:v €
7,1 € 7}. When there is no chance for confusion, we will write $ for (7, t).The notion of a
nano topological space was introduced by Lellis Thivagar and Richard [2] which was
defined in terms of approximation and boundary region of a subsets of an universe using
equivalence relation on it and also they defined nano closed sets, nano interior and nano
closure. The notion of a nano ideal topological space was introduced by Parimala et al. [7].
They studied its properties and characterizations.

In what follows, (X, t,7) will denote a topological space (X, T) and an ideal 7 on X with no
separation properties assumed. For H € X, c£(H) and Int(H) will respectively denote the
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closure and interior of H with respect to t.cl*(H) and Int*(H) will denote the closure and
interior of H with respect to t* (7).

2. Preliminaries

Definition 2.1. [5] .Let U be a non-empty finite set of objects called the universe and R be an
equivalence relation on U named as indiscernibility relation. Then U is divided into disjoint
equivalence classes. Elements belonging to the same equivalence class are said to be
indiscernible with one another. The pair (U, R) is said to be the approximation space.Let X <
U, then.

1) The lower approximation of X with respect to R is the set of all objects which can be
for certain classified as X with respect to R and is denoted by Lr(X). Lr(X)=
U{R(x): R(x) € X, x € U} where R(X) denotes the equivalence class determined by x € U.

2) The upper approximation of X with respect to R is set of all objects can be possibly
classified as X with respect to R and is denoted by Ug(X). Ur(X) = U{R(x):R(x) N X #
@,x € U}

3) The boundary region of X with respect to R is the set of all objects which can be
classified neither as X nor as not X with respect to R and it is denoted by Bg(X). BR(X) =

Ur(X) — Lr(X)

Property 2.2. [5].1f (U, R) is an approximation space and X,Y € U, then
1) Lr(X) € X € UR(X)

2) Lr(¢) = Ur(d) = ¢

3) Lr(U) = Ur(U) =U

4) UrXUY) 2 Ug(X) U Ugr(Y)

5) Ur(XNY) € Ug(X) N UR(Y)

6) LRXUY) 2 Lg(X) U Lg(Y)

7) LrXNY) = Lg(X) N Ur(Y)

8) Lr(X) € Lg(Y) and Ug(X) < Ug(Y) wheneverX € Y
9) Ur(X®) = [Lr(¥)]€ and Lg (X©) = [Ur(X)]°

10)  Ur[Ur(X)] = Lr[Ur(X)] = Ur(X)

11)  Lr[LrX)] = Ur[Lr(X)] = Lr(X)

Definition 2.3. [5]. Let U be the universe R be an equivalence relation on U and tz(X) =
{U, b, Lp(X), Ur(X), BR(X)} where X < U. Then tx(X) satisfies the following axioms:

1) U and ¢ € tx(X) 2) The union of the elements of any sub-collection of tg (X) is in Tg(X).

3) The intersection of the elements of any finite sub collection of Tz (X) is in Tr(X).
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Then tr(X) is a topology on U called the nano topology on U with respect to X
(U, tr(X)) is called the nano topological space. Elements of the nano topology are known as
nano open sets in U. Elements of [t (X)]¢ being called dual nano topology of tg (X).

Definition 2.4.Let (U,t,7) be a nano ideal topological space, then H € U is called nano-
regular open if H = Int(cf(H)).

Definition 2.5.Let (U, t,7) be a nano ideal topological space then H < U is called nano semi-
open if H € Int(cf(H)).

3. y operator
Definition 3.1.An operator : P(X) — t as follows:
For every H € U; y(H)={x: there exist V. € W, such that V—H € 7}. i.e, y(H) =X — (X —
H)".
Example 3.2.
LetU = [a,b,c,d}, X ={a,b},
UIR = {{a}, {c},{b,d}}, T" = {U, d,{a},{a,b,d}}
w®RX) = {U, ¢, {a},{b,d},{a,b,d}}, and T = {¢, {c}.
Let H = {a, c}, then Yy(H) = {a}. Also

(X —H)* = {b,c,d}. This implies X — (X — H)* = {a}.Several basic facts concerning the
behaviour of the operator  are includes in the following:

Theorem 3.3.Let (U, T, 7) be a nano topological space.
Q) If H € U, then Y(H) is open.

(i) If H S T, then ¢(H) < Y(T).

(i) IfHTePX), then y(HNT) = Y(H) n Y(T).
(iv) IfH € %, then H € Y(H).

(V) If H € U, then y(H) < Yy(Y(H)).

(vi) If H € U, then y(H) € Yy(Y(H)) iff (U—-H)" = (U—-H)™.
(vii) IfHeJ theny(H)=U-U".

(viii) IfH < U,then HNy(H) = Int*(H).

(ix) IfH< U, I€3,theny(H—-1I)=vy(H).

(x) IfHC U, I€3 thenyp(HUI) =y(H)

(xi) If(H—T)U (T —H) € J,theny(H) = ¢Y(T).
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Proof.Proof of (i) and (ii) are trivial.
(ii) HNT < H. Thisimpliesy(HNT) <€ Y(H).
HNT < H. Thisimpliesy(HNT) € Y(T).
This implies,
YHNT) € P(H) NYP(B)

Let x € Y(H) N Y(T). Then there exist a U; € NV (x), such that U; — H € 3 and
there exist U, € NV (x), suchthat U — H € 3. Let U3 = U; N U,, we have U3 — H € J and
U;—TeJ. ThusU; —(HNT)= Uz —H)UU3—T)€eJandhencex e p(HNT).

e, y(H)NY(T)SPY(HNT)

From (1) and (2)

YHNT) =yH) nP(T).
(iv) If H € %, then U — H is tv"-closed. This implies (U — H)* € U — H.
ThisimpliesH € U — (U — H)" = Y(H).
(V) ¥(H) is open, Y(H) € 7". By using (iv) Y (H) S P(P(H)).
(vi)p(H) =U—- (U —-H)"
Y((H)) = U — (U - H)™. This implies Y (H) = Y (¥ (H))
iff (U—-H)"=U-H)"

(vii) Let H € 3. This implies (U — H)* = U*. By using (ii), This impliesp(H) = U — (U —
H)'=U-U".

(viii) Let x € HNny(H). There exist a V, € NM(x), such that V,, — H € 3. This implies
V,— (V,—H) is t"-open neighbourhood of x and x € Int*(H). Conversely, if x €
Int*(H), there exist t"-open neighbourhood V, — I of x, I € J such that x e V,, — I € H.
This implies V,—H < I and hence V,—H€J. ie, x€ Y(H). Hence HNnyY(H) =
Int*(H).

X)) YH-DH=U-U—-MH-D)=U-(U-H)uUuD*=U-(U-H)". Since (TU
D*=T"=vyY(H).

QYHUD=U-U~H-D) =U~(U-H) -1 =U~-U-A) =ypH).

(xi) Assume that (H—T)U(T—H)eJ and let H—T=1and T-H=]. Also T =
(H—I)u]. Therefore y(T) =yY(H-T)U]) =yY(H — DY (H).

The above theorem explained the following example.

Example 3.4.1f H < X, Y (H) is open, see example (1).

(i) H ={a,c},T={ab,c}, Y(H) = {a},
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Y(T) ={a}.ie. if H c T thenyp(H) < P(T)

(i) HNT={ac}, p(HNT)={a} Thisimpliesyp(H) N Y(T) =(HNT).
(i) LetH ={a,b} €T, Y(H)={b,d}, H< Y(H).

(ivy  H={ac}, Y(H) = {a}. This implies (P (H)) = {a}.

This implies Y(H) = Y(Y(H)).

(v) H={ac}, (H) =y(Y(H)). X — H = {b,d}. This

implies (X — H)" = (b,d)" = {a, b, c,d}. Also

(X — H)* = {a,b, c,d}. Therefore Yy(H) = P(P(H))

iff X—H)=X-A4)".

(vi) LetH={c} €9, Y(H)=0,U—-U"={ab,c,d}—{a,b,c,d} = 0.
This implies H € 3. This impliesyp(H) = U — U".

(vii)  H={ac}, p(H) ={a}, HNP(H) = {a}.

int*(H) = {a}. Thisimplies H N Y(H) = int*(H).

(viii) LetH={a,c},I1={c},H—1I={a}.

Y(H - I) = [a} = P(H).

(ix)  HUI=H.Thisimpliesy(HUI)=4(H) = {a}.

(x) LetH={a,c},T={c}, H-T)U(T—H) = {c}

This implies Yy (H) = Y (T) = {a}.

Definition 3.5.Define the ideal 7 is to be compatible with t denoted by 7 ~ t if the following
hold: For every subset H < U. If for every x € H, there exist v € N'(x), such that V' n
H €7, thenHE]J.

Theorem 3.6.Let (U, ,J) be a nano ideal topological space. Then 3 ~ T iff Yy(H) — H € 7,
for every subset H € X.

Proof.Assume that 7 ~ T and let H € X. Let x € Y (H) — H. This implies x ¢ H and x &
(U — H)*. This implies there exist V,, € N (x) such that V, — H € 3. This implies x €
V,—He€J. Now, for each x eyp(H)—H and V, e N(x), V,n (Y(H)—H) €I, by
heredity. So that (H) — H € J, by assumption.

Conversely, let H € X and each x € H, there exist V, € ¥ (x), such that V, nH € 7.
Observe that Y(U - H) — (U — H) = {x : there exist V, € N(x), such that x e V, N H €
3} Wehave HC Y(U—H)—(U—H)€JandhenceH € 3.

Corollary 3.7.Let (U,7,9) be a nano ideal topological space with T ~ 7. Then (¥ (H)) =
Y(H) forevery H C U.

Proof.Clearly ¥ (H) < ¥ (y(H)) by theorem 3.6. Since 7 ~ 7, Y(H) = HU I, for some I €
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7 and hence Y(Y(H)) = Y(H U I) = Pp(H).

Definition 3.8.Define an ideal 7 on a nano ideal topological space (U, ,J) to be t-boundary
ifInty={0}

Example 3.9.Let U = {a, b, c,d}, with U|R = {{a, c},{b},{d}} and X = {a, b}, then 7 =
{U,0,{b},{a,b,c},{a,c}}, I = {0,{d}}.

Theorem 3.10.Let (U, T, 7) be a nano ideal topological space. Then
MyYyH)=U{MeT:M—HEJT}
iyW)y=u{MetM-V)UV-M)et},Ver

Proof. (1) is trivial from the definition.

(i) Take p'(H) =u{M eT:(M—H)U (H—M) € 7}

By heredity, Y'(H) < ¥(H), forevery H C U.

Assume that V € T, x € (V). Then there exist M € T
Suchthatx e M —V eE€J. LetN=MUV,thenN €T
andxe(N—-V)UWV-N)=M-Vup=M-V)€e7.

Thenx € ¥’ (V) and hence (V) =¢'(V) ifV € 7.

Theorem 3.11. Let (U, 7, 9) be a ideal topological space. The following are equivalent.
(i) J is t-boundary

i) yv@=0

(iii) If H< X isclosed, theny(H) —H =0

(iv) If H c X, then int(cl(H)) = Y (int(cl(H))

(V) If H is regular open, then H = ¥ (H).

(viy IfVerthenyp(V) < int(cl(V)) c U*

(vii) IfI€d, thenyp(I) =9

Proof. (i) = (il Yp@)=u{MetM-QeT}=U{MeT-MeT}=0.

(if) = (iii) If x € Y(H) — H, then there exist V. € M (x) suchthatx e V- H € J. ButV —
H € {M € t: M € 3} which implies ¥(@) # @. Hence Yy(H) — H = Q.

(iii) = (iv) We know that int(cl(H)) € (intcl(H)). By (i) P(cl(H)) S cl(H). This
implies Y (cl(H)) = int(P(cl(H)) S int(cl(H)). Since P(cl(H)) is open. Now

y (int(cl(H))) € Y(cl(H)) < int(cl(H)). This implies int(cl(H)) = ¥ (int(cl(H)))
(iv) = (v) If H is regular open, then H = int(cl(H)) we get, H = ¥ (H), by (iv).
V)= ()0 =¢(@) =y(r € 7). Thisimplies T N I = @. This implies 7 is t-boundary.
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(V) = (vi) Let V € . This implies V € V* and V* is closed. This implies cl(V) € V*.
Now V € int(cl(V)) € V*. This implies (V) € ¢ (int(cz(V))) = int(cl(V)) € V",
(vij)=> (@) IfVeInt, thenwehave VS (V) S V' =@and hence I nt = Q.

Definition 3.12.A subset H < U is closed nowhere dense in U if int(cl(H)) = 9.

Example 3.13.In Example 3.8 if H = {d} then intcl(H) = @. Hence H is nowhere dense set
inU.

Theorem 3.14.Let (U, t,9) be a nano ideal topological space with 7,,, the ideal of nowhere
dense subsets

(i) If 3, € Jand H = y(H), then H is regular open.
(i) IfJ3, S Jand I nt={0}then H = Y (H) iff H is regular open.
(iii) If7,<3,3 ~tand H < U, then Y (H) is regular open.

Proof.(i) Let H € U and assume H = ¥(H). Since H = ¥ (H), H is open. This implies H <
int(cl(H)). Let x € cl(H). This implies V—_HC cl(H)—H€J,, and V—H € J. This
implies x € Y(H). This implies Int(cl(H)) S Y (H) = H. This implies H is regular open.
(ii) is immediately from (i) as theorem. (iii) follows from (i).

Example 3.15.The converse of Theorem 3.14 (i) need not be true. In Example 3.13 I,, = {d},
I ={0,{d}}, H = {a,b,c} and so H is regular open but ys(H) # H.

Definition 3.16.I1f B is a basis for a topology on U, then y(B) is a basis for the topology
coarser than t and denoted as< (B) = t*.

Recall that the regular open sets of a space (U, t,J) form a basis for a topology coarser than
1. This topology is called the semi regularization of t and is denoted ts.

Theorem 3.17.Let (U, t,7) be a ideal topological space. If 7 n T = {@}, then 15 € ¥ S T.
Proof.If H is regular open, then H = y(H). This implies tg € ¥ c 1.

Definition 3.18.DefineH = T(mod 7) if (H—T) U (T — H) € 7.

Note:H = T(mod 7). This implies $s(H) = Y(T). But the converse need not be true.

Here (@) = Y¢(U) = @ but @ # U.

Theorem 3.19.Let (U, t,7) be a nano ideal topological space with 7nt. If M,N € t and

Y(M) = P(N)
then M = N(mod 7)

Proof.We know that M € s(M). This impliesM — N € yy(M) — N = yy(N) — N € 7.
This impliesM — N € 7. This implies M = N (mod 7).

Definition 3.20.Let (U, t,7) be a nano ideal topological space and let H € X. H is said to be
nano basis set with respect to 7 and t denoted as H € B,.(U, t,7) if there exist open set U € T
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such that H = U (mod 7).

Theorem 3.21.Let (U, t,7) be a nano ideal topological space with I nt. IfH,T € B.(U,1,7)
and y(H) = (T), then H = T (mod 7).

Proof.

Let V,Wert such that H=V (modJ) and T =W (modJ). Now Y(H) = (V) and
Y(T) = Y(W). This implies Y (V) = Yy(W). This implies V=W (mod 7) above theorem
3.19. This implies
H =T (mod 7).

Definition 3.22.Let o and t be topologies and let 7 be a fixed ideal on a set U. Define ¢ and t
are said to be *-equivalent with respect to 7, denoted as 0 = t (mod 7) if o* = t*. Define [1]
={o : o is topology on U with o* = t*} is called equivalence class for .

Theorem 3.23.1f (U,t,7) be a nano ideal topological space with 7Nt = {@} and o € [1]
then tg € o.

Proof.It is clear that cI(W) = cI*(W). For every W € t* and hence int(F) = int*(F), for
every t*-closed set F. Thus for every W € 1%, we have int*(cl*(W)) = int cI(W) and for
every V € T, we have int*(cl*(V)) = int cl(V). This implies t and t* have precisely the
same regular open sets and hence ts = 5.

If o € [t], we have ¢* = t* and o5 = og. Therefore ¢* = t*. This implies o5 = t5. This
implies o5 = tg. This implies t5 € o.

Theorem 3.24.Let (U, T, 7) be a nano ideal topological space, then (t*)* = t*.

Proof.Observe that t*(J7) = o iff every 1 € 7 is closed in 1. Since every member of 7 is
closed in ¥, it follows that (t*)* = t”.

Theorem 3.25.1f (U, 1,7) be a nano ideal topological space then T is the largest number of
[x].

Proof.By the above theorem, t* € [t]. If o € [t], then 6 € 6" = t*. This implies ¢ S t".
This implies t* is largest member of 1.
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