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Introduction
A function f(z) which is normalized and analytic in the open unit disk around the origin, non-

vanishing outside the origin and is of the form f(z) = z + ¥%_,a, z" can take the form %

where g(z) has Taylor coefficientsb,,’s in unit disk U.
Sufficient condition for functions of the form
z b, # 0

1+byz+-+bpz’
(1)

to be univalent in U was obtained by Mitrinovic [2]

. Z - . -
Theorem[2] The function f(z) = TS b isin S if
Z;{):Z(n - 1)|bn| <1 and Z?:llbnl <1

Different subclasses of univalent rational functions were introduced by Reade et al. [5]. Also
obtained sufficient conditions for f(z) € S to be in those subclasses.
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Spacek [8] defined another interesting subclass of univalent functions, the class of spiral-like
functions and proved that a function f(z) is A-spiral-like if it satisfies

[el}\fizf)(z)] > 0 for some real A (IAI < g) and forall z in U.
The class of A-spiral-like functions is denoted by SP* or S*.
A function f(z) analytic on open unit disk U with the usual normalization is called A-spiral-
like of order «, if the inequality
o [e“‘ zf'(2)
f(z)
holds for some real a, A (0 <a<l1, Al < )and forallz inU.
This class is known as the class of A-spiral-like functions of order a and is denoted by SP?(«)
or S* ()
And note that  SP*(a) < SP?, SP%(a) = S*(a)and SP°(0) = S*.

] > o CcosA

Ahuja and Jain [1] proved the following sufficient condition on b,,'s for the function f(z) of
the form (1) to be A — Robertson function of order a:

Z

Theorem : Let f(z) = T332 bt
n=1%n

is said to be A — Robertson function of order «a if the coefficients b,,’s satisfy
3+(1—-a) cosA (k=1)(3k+(1—a) cos )
(1—-a) cosA by + Xnzs (1-a)cosA Iby| < 1.
Ahuja and Jain [1] studied the properties of spiral-likeness of rational functions.

and a, A beconstants 0 S a < 1, =< A< 7. ()

Obradovi“c and Ponnusamy [4] introduced a subclass of rational univalent functions S, as the
subclass of functions of Swhich can be expressed in the form

f( ) b1Z+Zn 1)\1’11: (Z)
)

for some sequence {A,}p=; of non-negative real numbers with >.0°_; A, = 1 and obtained
necessary and sufficient conditions for functions of Sto beinS,.

Theorem [4] Let f € A Thenf € S, if and only if f can take the form
=bz+ Yo A

f(z) nE (7 (z)
for some sequence {A, }a=, of non-negative real numbers with 2>, A,, = 1 and
, 1, forn=1
fo@ |1+—z" forn=23,..
n-1

This paper introduces spiral-like subclasses of generalized rational univalent functions for
which this type of characterization could be derived.

Now, we define two subclasses of S, by fixing b; and obtain characterization for these
subclasses similar to that in [4] for S,.
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Section 1
Ahuja and Jain [1] obtained a condition on the coefficients {b,};~; that ensures spiral-

likeness of a class of functions of the form f(z) = z . The condition is as follows:
VA

1+Y5 byz?

Theorem([1] Let f(z) = 5=~ and a, A be constants such that 0 < a < 1, — <A<
n=10nZ",
>+ Ifthe coefficients {b,}7; satisfy

Yo n+ {n? — 41 — a)(n + a — 1)cos?A}/?] |by| < 2(1 — ) cosA
then fis A — spiral-like of order o in the unit disk U around the origin.

By imposing this condition, this section introduces a subclass SP}(b,, «) of rational univalent
functions by fixing b; of g(z). And studies coefficient characterization, growth and distortion
bounds for the subclass SP} (b, ).

Definition 1.1
Letb; € C,0<|by| <1 befixed and0 <a< 1.

SPM(by, ) = {f(z) €S : f( s =1+X0byz", z€U
Yo n+ {n? —4(1 — o) (n + a — 1)cos?A}/?]b, < 2(1 — «) cos, forb, >0,
0<a<l, _Z—T[<7\<g for n > 2}.

©)) The following result gives coefficient characterization for the class
SPA(by, ):
Theorem 1.2
Let f(z) €Sforze U and f(z) = 1+Z°0ﬁand b, € C, 0 < |by| < 1 be fixed.
n=1%"n

Then f(z) € SP{(by,a) for 0 <a<1 ifand only if f(z) has the form
blz + Zn 1.unf (Z)

f( )
(4)
for some sequence {u,}n=; Of non-negative real numbers with »'>°_; u, = 1 and
Z 1, for n=1
@ |1+ 2(1-a)cos A z",  for n=23,..

n+ {n2—-4(1-a)(n+a—-1)cos21}1/2

Proof : Suppose f(z) €S has the form =bz+ Y%, “nfL(z) for some sequence

Z_
f(2)
{31 of non-negative real numbers with }7_; u,, = 1.

Now, to prove that the function f(z) € SP(b;, a) rewrite the function ? as

blz +Zn 1/"‘77.]: (Z)
=biz+py + Xn=2 Un [1 +

f()

2(1—a)cos A n]
n+ {n2—-4(1-a)(n+a-1)cos21}1/2
(by the definition of 7 ( )

2(1—a)cos A Zn]
n+ {n2—-4(1—-a)(n+a-1)cos21}1/2

)

= b1z + py + Y=z iy + Xn=2 lin [
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—_ © 2(1-a)cos A n
=1+b1z+ Ynz i [n+ {n2—-4(1-a)(n+a—1)cos21}1/2 z ]

=1+ byz+ Y-, b, z™ where

_ 2(1-a)cos A
bp = i [n+ {nz—4(1—a)(n+a—1)cosz/1}1/2] z0forn > 2.
Choosing u; € R such that
2(1—a)cos A
Ib1| < [1+{1—4(1—a)(a)coszl}1/2] ps T,

This gives Yooy [n+ (n? =41 - a)(n+ a — D)cos?A}2]b,
=[1+ {1 -4 - a)(a)cos?2}/?]|b,|
+ Y02 [n+ {n? —4(1 — a)(n + a — 1)cos?2}/%]b,
< [2(1 — a) cos Ay + Xr—2[2(1 — @) cos Ay,
=[2(1 - a)cos AJ(uy + Ln=zn ) =2(1 —a)cos A
Thus f(z) satisfies (3).
This shows that f(z) € SP{(by, @)
Conversely, suppose f(z) € SP{(by, ).
Then by the definition of SP(b,, )
Yoy [n+ {(n? =41 - a)(n+ a — Dcos?3?]|b,| < 2(1 —a)cos A
Now, taking
_n+ {nz—4(1—a)(n+a—1)coszl}1/2
n - 2(1—a)cos A
and u; =1- Z%}:Z HUn
then the function takes the form
%= 1+biz+ Y0, b, 2"

=1+ Xl + b1z + X5 o iy
=byz+ iy + Tip |1+

— oo Z
- blz + Zn=1 Un fn(2)
Hence the theorem is proved.

b, for n=2,3, ...,

2(1—a)cos A 4N
n+ {n2—4(1-a)(n+a—1)cos21}1/2
2(1—a)cos A 4N
n+ {n2-4(1-a)(n+a—1)cos21}1/2

Next results give growth and distortion bounds for the functions of subclass SP£(b;, @)

Theorem 1.3
If f(z) € SP}(by,a),z€U, for 0<a<1and 0<|b| <1, zl=7r<1, then

_ _ -2 2 _z
max {0' 1 |b1|T 1+ {1-(1—-a?)cos2A}1/2 } = f(2)
< 1+ |bylr+ 1-a) 2

1+ {1-(1—a?)cos2A}1/2
Proof:  Since f(z) € SP{(by,a), z € U,
by Theorem 1.2,

z

— 0 Z
Tz) - blz + anl luTl fn(Z)
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0 o0 2(1-a)cos A n
= bzt + Zn=2 Hn + Zn:Z Hn n+ {n2-4(1-a)(n+a—1)cos21}1/2 z
2(1-a)cos A n
n+ {n2—4(1—-a)(n+a-1)cos21}1/2

=1+biz+Yn-0ln
(5)

z

@

Thus

2(1-a)cos A n|
n+ {(n2—-4(1-a)(n+a-1)cos21}1/2 z

2 2(1-a)cos A
1 + |b1 | |Z| + |Z| |Z7O‘Lo=2 .un n+ {n2—4(1—a)(n+a—1)cosz/1}1/2

< 1+ |byz| + |Z7O10=2 Un

IA

(1—(1) 2 _
1+ |bylr + T (aycosniz | for [z =r < 1.

_ _ ) 2(1-a) n
1= 1byz| |Zn:2ﬂn n+ {n2—4(1—a)(n+a—1)coszl}1/2Z |
1— |byllz| — |2I? |55 20
— bzl = 1z | n=2Hn 77 (n2-4(1-a)(n+a—1)cos2A}1/2

IA

Z

f@

And

I\

v

_ _ (1-a) 2 _
1—|bslr OG-t z T for |z|=r<1

v

Therefore
max {O, 1—|by|r —

(1-a) 2}
1+ {1-(1—-a?)cos2A}1/2

z
@
< 1+ |bylr+ (1-a) 2

1+ {1-(1—a?)cos27}1/2

Theorem 1.4
If f(z) €SPY(by,a),z€ U, for0<a<1, 0<|by<1and |z|]=7r<1, then

2(1—-a) z Y 2(1-a)
max {0' |b1| 1 {1-(1-a?)cos2A}1/2 T} = H%} | = |b1| + 1+ {1-(1—a?)cos2A}1/2 r

Proof: Since f(z) € SP}(by, ), from (5) the function — ( ] can be expressed as
2(1—a)cos A 4N
f(z) = 1+ bz + Xnzabn n+ {n2—4(1—a)(n+a—1)00521}1/2
z ) _ - 2n(l-a)cos A n—-1
{f(z)} = byt Xnzattn n+ {n2-4(1-a)(n+a—1)cos2A}1/2 z

2n(1—-a)cos A n-1

|{f(z)} | < Iby| + |Zn 2Hn ] {n2—4(1—a)(n+a—1)coszl}1/2Z |
2n(1—-a)cos A

S |b1| + 17| |Zn=2 Hn n+ {n2-4(1-a)(n+a—1)cos21}1/2

2(1—a)

< |by| + 1+{1_(1_a2)w521}1/2r for |z =7 <1
and
. 2n(1-a)cos A n-1
|{f(z)} | z b |Zn 2Hn Y {n2-4(1-a)(n+a—1)cos21}1/2 z |
2n(l1—-a)cos A
z |bs] = 2] |Zn=2 Hn oy {n2—4(1-a)(n+a—1)cos22}1/2
2(1—a) _
> |by| - T O(—a?ycoiz | for |z| =r<1
Therefore
2(1-a) 2(1-a)
max {0' |by| = 1+ {1-(1—-a?)cos2A}1/2 T} |{f( )} | < [bi| + 1+ {1—(1—a2)cosz/1}1/2r
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Section 2
Ahuja and Jain [1] obtained coefficient bounds for Taylor coefficients b,'s of f(z) for f(z)
to bein SP(4, p).

Proposition [1]
If f(2) =

T forzinU, b,'s arecomplex, A isreal with |A| < /2 and

anl(n + |nei* —2(1 - p) cos A|)| byl < 2(1 — p) cos A
Then f(z) € SP(4,p).
Imposing this condition, next section introduces a subclass SP, (4, p) of rational univalent
functions by fixing b, and gives coefficient characterization, growth and distortion bounds
for the subclass SP. (4, p).

Definition 2.1
Leth; € C, 0<|b;] <1befixedand0 <a < 1.
Define

SP,(A4p)={f(z)eS: f(Z)_1+Z—n' zeU and b, >0 for n=>2, Ais real

with [1] <m/2 and Yoo (n+ |net —2(1 —p) cos A|)b, < 2(1 —p) cos 1}
(6)

Coefficient characterization for the subclass SP, (4, p) of S, is given by the following result:

Theorem 2.2
Let f(z) € S for z € U be of the form f(z) = 1+z—b
Then f(2) € SP(4,p) ifand onlyif f(z) has the form

z
% blz+2n 1#71]:(2)

and b; € C, |by| < 1 be fixed.

(7)
For some sequence {u, }n—1 Of non-negative real numbers with 7, u,, = 1 and
1, for n=1

V4
—= 2(1-p)cos A n _
fn(2) {1 t feli—2(1- p)cosA|Z for n=23,..

Proof : Suppose f(z) €S hasthe form — = b,z + X% 1 pp — A () for some sequence

f(@
{tn}m=1 of non-negative real numbers with Zn-l:un =1
To prove that the function f(z) € SP+(/1 p), rewrite m as
f(Z) bl + Zn 1runf (Z)
2(1-p)cos A
=byz+u + anz Hn |1+ n+ [neil—2(1-p) cos A| "
e ey z
(by the definition of X )

2(1-p)cos A 4N
n+ [neil-2(1-p) cos 1|

= b1z + py + Y=z Un + X2 lin
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_ © 2(1-p)cos A n
=1+bz+ Zn=2.un n+ [neil-2(1-p) cos 1|

=1+biz+ X ,b, 2"
where b, = u, [

. 2(1-p)cos A

Taking b, < 1+ | eig“—zlz)l—p) cosl|‘u1’

Zfl‘;l(n + |n e —2(1—p)cos /1|)bn
=[1+ | et —2(1-p) cos||by + Xz [n+ |n et —2(1—p)cos A|]bn
< [2(1 = p) cos A]py + X5=2[2(1 — p) cos Ay,
=[2(1 = p) cos Al (s + Ln=zn) = 2(1—p)cos A

Thus f(z) € SP,.(4,p), by the definition of SP,(4,p)
Conversely, suppose (z) € SP,(4,p) .
Then by the definition of SP, (4, p),
Z;’fﬂ(n + |n e —2(1 - p)cos A|)bn <2(1—-p)cosi

Taking

_n+|n e*—2(1-p) cos 1|

Hn = 2(1-p)cos A
the function — takes the form
f(@

2(1—-p)cos A
n+ |neil—2(1-p) cos A

]ZOfornZZ.

bn, fOf n 2 2 and l’ll = 1 - Z‘;.lozz l’LTl

L: 1+b12+2?10=2bnzn

f (@)
_ © 0 2(1-p)cos A n
=ty + Ynz2 i + b1z + Xza e n+ |neil—2(1-p) cos A

2(1—-p)cos A n
n+ [neil-2(1-p) cos 1|

=biz+py + Ya—otn [1+

— oo Z
- blz + Zn=1 Un fn(2)
Thus the theorem is proved.

The next two results give growth and distortion bounds for the subclass SP, (4, p)

Theorem 2.3
If f(z) € SP,(Ap) forz€e U, 0<a<1and 0<|b| <1, for |z =r <1, then
B _ (1-p) 2 Z_
maX {Op 1 |b1|r 1+ | eiA—(l—p) COSA| r } S f(Z)
3 W [y ) R

1+ | ei—(1-p) cos 4|
Proof: Since f(z) € SP,.(A,p), by Theorem 2.2, the function % has the form

z

© z
= blz + anl /’ln%

f@
_ o 2(1-p)cos A n
=14+ biz+ Xplabn n+ |n eit-2(1-p) cos 4| z
(8)
B o 2(1-p) cosA n
) < 1+ |biz| + 2022 Un n+ |n e*—2(1-p) cos | z
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2(1-p)cosA
n+ |n ei*-2(1-p) cos |

r? for |zl =r<1

<1+ |b1||Z| + |Z|2 2?10=2 Mn

(1-p)
1+ | ef*—(1—p) cos |

< 1+ |byIr+
Also from (8), it can be shown that

zZ
E 2 1—|b12|—

2(1-p)cosA n
n+ |nel*—2(1-p) cos |

2(1-p)cosA
n+ |n ei*-2(1-p) cos |

r? for |zl =r<1

2?10=2 Mn

v

1 —|byllzl — Iz|?

2?10=2 Mn

(1-p)
1+ | elA—(1-p) cos |

v

1- |b1|r -
Therefore

_ _ (1-p) 2
max {O, 1—bq]r 1+ | elA—(1—p) cos}| r } =

£
f(2)

< 1+|byr+ (1-p) 2

1+ | e*—(1-p) cos |

Theorem 2.4
If f(z) € SP,(A,p) for 0<a<1 and 0<|by| <1,for |z| =r<1, then

_ 2(1-p) z) 2(1-p)
max {0' b4 1+ | e A—(1—p) cosA| r}s |{f(z)} | = Ib1|+1+|e”—(1—P)C°~°'?\| "

Proof: Since f(z) € SP,.(A,p), from (8), the function % can be expressed as
2(1-p) cosA n

2 = n
1+ b1Z + Zn=2 Un n+ |r1 ei7t—2(1—p) cos7\|

f(2)
! —_—
] - b St e

f(z) n+ |nel*—2(1-p) cos |
Z ! o 2(1-p) cosA n-1
|{f(z)} | < Iby| + Xnzz n+ |nel*-2(1-p) cos|
2(1—p)cosA
s |b1| +lz| |2?10=2 Hn n+ |nelr-2(1—p)cosi| |
2(1-p) _
< |bs] + 1+|en_(1_p)cos)\|r for |z]=r<1
and also
z ) 2(1-p) cosA -
- > — s n-1
|{f(z)} | Z [by Zn=2 Hn n+ |nei*-2(1-p) cos}|
2(1-p)cosA
> [by] — I2l | S50 o o]
_ 2(1-p) _
> |by| 1+|ei7~—(1—p)cosx|r for |zl =r<1
Therefore
pEr e i) |
max {0' I, | 1+ | e*—(1-p) cos | I‘} = f(z)

2(1-p)
1+ | ef*—(1—p) cos |

< |bg| +
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