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1. INTRODUCTION

Coupled fixed point was introduced by Guo et. al [1]. In 2003, Kirk, Srinivasan and veeramani
introduced cyclic contractions and proved that such contractions have fixed points [6]. After
Bhaskar et. al. proved coupled contraction mapping theorem [2].

In 2017, Binayak S, Choudhury, P. Maity, P. Konar [4] defined the concept of coupling
between two non-empty subsets in metric space and they proved that these couplings have
strong unique fixed point with the condition that they satisfy Banach type or Chatterjea type
contractive inequalities.

Later it was generalized by G. V. R. Babu and P. Durga Sailaja [5]. In this chapter, we
generalized the concept of G.V. R. Babu and also derived strong coupled fixed points in the
complete S-metric space.
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2. PRELIMINARIES
Definition 2.1 [9]

Let X be a non empty set. An S-metric on X is a function S: X X X X X —» R™* that satisfies the
following conditions for each ¢, v, w,t € X,

(S1)S(¢, v, w) = 0.
(S2) S(¢, v, w) = 0 ifand only if { = v = wr.
(S3) S(C v, w) <SG 4 t) + S(v, v, t) + S(w, w, 1)
Then the pair (X, S) is called an S-metric space.
Lemma 2.2 [2]
In the S-metric space S({, {, v) = S(v, v, Q).

Lemma 2.3 [2]

In the S-metric space,
S(C,¢,v) < 2S(¢, ¢, w) + S(v, v, w) and
S(G,,v) < 2S(C, ¢, w) + S(w, w,v)

Theorem 2.4 [Kannan] [7]
Let (X, d) be a complete metric space and C: X — X be any self mapping. Suppose there exist
k € [O, %) satisfies

d(Cg, Cv) < k(d(3,CY + d(v, Cv)) forall {, v € X. (2.1.1)

Then C has a unique fixed point in X.
Any mapping satisfying (2.1.1) is called as Kannan mapping.

Definition 2.5 [Kirk, Srinivasan and Veeramani] [7]

Let P and Q be any two nonempty subsets of X. A self mapping C on X is cyclic with respect
to Pand Q if C(Q) € P and C(P) c Q.

Definition 2.6 [Baskar Lakikantham] [3]
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Let X be a non empty set. Let C: X2 — X be any mapping. An element ({,+) € X X X is said to
be coupled fixed pont of C if C(¢,v) = {and C(v,0) = v

Definition 2.7 [Choudhury Maity] [3]

Let P and Q be any two non empty subsets of X. A mapping C: X? — X is cyclic with respect
to Pand Q if C(P,Q) € Q and C(Q,P) c P.

Definition 2.8 [3]

Let X be a nonempty set. An element (,{) € X? is said to be a strong coupled fixed point if

G =2
Definition 2.9 [G. V. R. Babu and P. Durga Sailaja][5]

Let (X,S) be an S-metric space. Let P and Q be any two nonempty subsets of X. A mapping
C:X x X = X is called a Kannan type cyclic coupled mapping if C is cyclic with respect to P
and Q and satisfies the following inequality

S(C(G ), C(ww), Cly, w)) < a[max{S(3, 3 C(G ), S(k 1 S, w)) + S(v, v, SCy, ) }]
for all {,p,«w € Pand v, «,y €Q and o €
(0:3)

Theorem 2.10 [5]

Let (X, S) be a complete S-metric space. Let P and Q be any two nonempty closed subsets of
X. Let C: X X X = X is called a Kannan type cyclic coupled mapping with respect to P and Q.
Then P N Q # ¢ and C has a unique strong coupled fixed point in P N Q.

3. MAIN RESULTS
Definition 3.1

Let (X, S) be a complete S-metric space. Let P and Q be non-empty subsets of X. The function
C: XX X — X which is cyclic with respect to P and Q 1is said to be Kannan type
S-coupled cyclic mapping if it satisfies the following inequality.

S(CEv), Cuw), Cly,w))
< a[max{S({,(,C((,v)),S(u,u,C(u,u))} G.1.1)

1
+5 (S(r. o), Cr,w)) + (v, Cww), C(, W)))]
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for all values of {,u,wr € P and v,u,y €EQ, a €
1
'3)

Example 3.2

Let X = [0,1]. Define a mapping S: X X X X X - R* by

_ 0 if {=v=w
S@ v, w) = { max({, v, w) otherwise

then (X, S) is a complete S-metric space.

LetP = [0,%], Q = [0,1]. Define C: X x X > X by

4¢ .
C(C'”)={—9(v+4) yeepveQ
0 otherwise

Then C(P,Q) = [O, %] cQ,Cc(Q,P) = [O, %] C P. Thus C is cyclic with respect to
P and Q.

Case (i)

Suppose ¢, u, w € P and v, u,y € Q and {, u, w, v, u,y € [0,1],

8

Let{ =y =w =2 =0125

/Lr=u=y=1—0=01
11
C(,v)=C (g'ﬁ) ~0.01355
11
Cwmv)=C (5,1—0> = 0.01355
11
C(YIW)ZC(E,§)=OOOS4

S(C(, v), C(uv), C(y,w)) = S(0.01355,0.01355,0.0054)

= max {0.01355,0.01355,0.0054}
= 0.01355

max{S(¢,{,C(¢, vl)), S (w1 € 10))}
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= max{5(0.125,0.125,0.01355), 5(0.125,0.125,0.01355)}

1
+ 5 [$(0.1,0.01355,0.0054) + S(0.1,0.01355,0.0054)]

=0.125+0.1
= 0.2225

- S(C((' /U)' C(‘Ll, ’U’), C(Y! ’LU’))
<a [max{S({, ¢,C(, /Lr)),S(u, u, C(u, u))}

1
+5 (S(y. CQGv), Clr,w) +S(y, Clu,w), C(¥, WD))]

where a=
(03)

Ul
m

Case (ii)

Suppose(iviuiuiyin[O,ﬂ
1

Let{ =2 =0.125,u = = 0.111
y = =0.0909,% = — = 0.083
v =2=01w=-=0076
11
Cv)=C (5'%) = 0.01355
11
C(uw) =C (a'ﬁ) =0.012
1
Cly,w) =C (HE) = 0.0099

S(C(¢,v), C(uu), C(y,w)) = S(0.01355,0.012,0.0099)
= 0.01355

max{S(¢,3,C(, 4*1)).5(11, u, C(u,n))}

= max{5(0.125,0.125,0.01355),5(0.111,0.111,0.012)}

1
+5[5(0.0909,0.0355,0.0099) + 5(0.0909,0.012,0.0099)]
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1
= max{0.125,0.111} + 5 [0.0909 + 0.0909]

= 0.125 + 0.0909
=0.2159
Inequality (3.2.1) is satisfied with o = §
Case (iii)
Suppose {, u, w € [0%],0,%)/ € (%1]
Let{=p=w=—=010=u=y=:=.167
C@, ) = C( )—c(1 1)—00107
Gu)=Cw) =C{55)=0
Cw) =C (1 ! ) — 0
ywr=\e10) =
S(C@, ), C(w,u), C(y,w)) = 5(0.0107,0.0107,0)
=0.0107

max{s(¢,{,C(¢, vl)), S(w € ))}

= max{5(0.1,0.1,0.0107),5(0.1,0.1,0.0107)}

+ % [5$(0.167,0.0107,0) + $(0.167,0.0107,0)]
=0.1+0.167
= 0.267
Inequality (3.1.1) is satisfied with a = %
Case (iv)
Suppose {, u, w € [0,%] , VU, Y € (%, 1]
(Fu+wandv Fu+y
1

Let{ =<=0125u===01,w =3 =0111
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v =2=025u=2=05y=:=02
11
C((,v)=C (§’Z) =0.0131
Cluu) =C (E'E) = 0.0099

11
ctrw)=C(5.5) =0
S(C(@C,v),C(w,u), C(y,w)) = 5(0.0131,0.0099,0)
=0.0131

max{S(¢,¢,CC, «rl)),S(u, w C ()}

= max{5(0.125,0.125,0.0131), 5(0.1,0.1,0.0099)}

1
+515(0.2,0.0131,0) + 5(0.2,0.0099, 0)]

=0.125+0.2
= 0.325

Inequality (3.1.1) is satisfied with a = %

Hence, in all cases, we get C is the Kannan type S-coupled cyclic mapping with
1 1
a= 3 € (O, g)
Note 3.3

Here C(%,§)=O. But C(%,%)=0.013. Thus C({,v) # C(v,{) for all values of

¢ and v.
Theorem 3.4

Let (X, S) be a complete S-metric space. Let P and Q be any two non-empty closed subsets of
X. Let C:XxX—X be a Kannan type S-coupled cyclic mapping with respect to
P and Q. Then P N Q # ¢ and C has a strong coupled fixed point in P N Q and the fixed point
is unique.

Proof.
Let {, € P and v, € Q be any two arbitrary point.
341
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Define the sequences {(,,} and {v,,,} by {me1 = CWm Gn)s Vma1 = C (o ), m
is a non-negative integer.

Since C is cyclic, {,,, € P and v, € Q.

Now,
51, ¢1,v2) = S(vo,v2,41)
= S(C(Zp’lﬁ)' C($1,v1), C("’o;co))

<a (maX{S(Cp {1, C({1, 4’1))» 5((1’ ¢1,C(¢y, 1’1))}

1
+ E (S(UOJ C((l!”l)! C(UO' (O )) + S(UO' C((livl)' C(UOI (0))))

[by using
3.1.1]

=« <max{5({1, {1,v2),5(1, {1, v2)}
1
+ E (S(UO' UZ: (1) + S(UO'UZ' (1)))

= (Z(S((l, (1, ’lfz) + S(UO; v, (1))

< a(S(8y, G, v2) + S(wo,v0,80) + S(G4, G, v2)
+ 5(51;51'(1)) [by (53)]

= 05(25((1»51'4&) + S(Uo'vo'ﬁ))
= S({1,¢1,v2) — 2aS($y, {1, v2) < aS(vo,9,41)
= (1 - 2a)S(1,¢1,v2) < aS(vg,v0,41)

)5("’0:"’0'(1)

a
= 5(01,4p,12) < (1 - 2a

a
Letf =1

Since a € (0%),we get0< B <1

S(1,¢1,v2) < BS(vo,v0,G1) (3.4.1)
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Consider,

S(vy,v,{3) = S(C(Zo;’lfo); C({o,v0), C(vy, 51))
<a <max{S((0, o, C(Zo""o));s((o: o, C((o:"’o))}

1
+ E (S(’U’l, C((OJ /UIO)J C(Ulv (1 )) + S(Uli C((O'/UO)' C(Ull (1))))

1
= a<5((0;50/‘f1) +§(5(’V1/‘f1»(2) +5(’V1:4’1152))>

= a(S((o'(OMH) + 5(4’1;”1;52))
= S(/v/l'/v/erZ) - aS(”l!”l! {2) < aS({O' (0!”1)

= (1 - a)S(vq,v1,432) < aS({o, {o, 1)

a
= S(vy,v1,$2) < (m) 50,40, 1)

1 _azas((o»(oﬂfl)

= BS((OJ{O'Ul)
Thus, S(vy, v1,(2) < BS(Co, G0, v1) (3.4.2)

<

Similarly,
5(82, ¢z, 13) = S(w3,173,03)
= S(C(qz» 13), C({2,v72), C (11, (1))

<a <max{S((2, {2,C({z, ’lfz)), 5((2. (2 C((z,’lfz))}
1
+ > (5(4’1; C({2,v2),C(v1, ¢y )) + 5("’1' C({3,12),C(vry, (1))))

= a(S(%2, G2 v3) + S(v1,03,32))
< a(S(z (o v3) + 501,01, 05) + 582, G2 73))
[by using (S3)]
= a(25(%2, G2, v3) + S(w1, 01, 32))
= (1= 20)S({2, 2, v3) < aS(vy,v4,03)
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a
= 5((3, (2, 13) < (1 — Za)s(’l’p”p(z)

= pS(v1,v4,{3)
< BBS({y, (o, 1)  [byusing 3.4.2]

5(82,42,v3) < B% 5(0, 40, v1) (3.4.3)
Also,

S(v,v2,03) = S(C(Zp’lﬁ); C({1,v1), C(vy, 52))
<a <max{S((1, {1, C(Q"‘H));S((p ¢1) C(Qﬂﬁ))}
1
+ E (S(UZJ C((l!”l)! C(UZ' (2 )) + S(UZ' C((livl)' C(UZI (2))))

= a(s((bﬁ'”z) + 5(4’2""2'(3))
= (1 - a’)S(’L'z:’Vz:Q) < aS((l! (1!”2)

a
= S(vy,12,{3) < (m) 5(1,¢1,v2)

= (1 _a )5(51;51/1’2)

2a
= BS(G1,¢1,12)
< BBS (v, v, (1) [by using 3.4.1]
= %S (o, v, 1)
(i.e),S(vy,15,{3) < B2S(v9, v, (1) (3.4.4)

Now, we have to prove the following inequalities are satisfied.
S(am+1, Some1 Vamez) < BPHES (w0, v0,$1)
SV ame1,V2ama1s Some2) < BPHS(Go, G0, 11)
SCams Som Vame1) < B2 (o, G0, 11)

S(Voms Y2m Same1) < .Bzms(’b”o""o' {1)

for all non-negative integers m.

For this, it is enough to prove that the following inequalities are satisfied.

Nanotechnology Perceptions 20 No. S14 (2024)
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() SCm Gmo ¥ma1) < BS(vo,v70,81) (3.4.5)

(i) S(Um, vm, Gne1) < S0, S0, 1) (3.4.6)

(111) S((m' (m'/lym+1) < Bm(COI (0)’0’1) (347)
for all even integers m

(3.4.8)

(V) S(m i Gnea) < BS (w0, v70,$1)
(i) and (ii) are true for m = 1 by (3.4.1) and (3.4.2).
(iii) and (iv) are true for m = 2 by (3.4.3) and (3.4.4).
Let k be a positive integer.

Assume the inequalities (3.4.5) and (3.4.6) are true for all m < k where k is odd and
the inequalities (3.4.7) and (3.4.8) are true for all m < k where k is even.

Let k be even.

Now,

S(Ck+1) Ckt10 Ui+2)
= S(Uk42, Uk+2: Cket1)

= S(C(Crr1,Yk41) € Chw1, V1), C (v, 8i))
<a <max{5((k+1; (k1) C(€k+1;4’k+1))'5(€k+1'(k+1' C((k+1""k+1))}
1
t3 (S(Uk; C (a1, V1) C(vk, 8 )
+ S(vk, € (G, is1), C(v (k))))

= a(s({k+1'€k+1: Vs2) 5("’k:’¢’k+2r§k+1))

< a(Sier1s Chrrr ir2) + SWi Vi Gier1) + SWier2s Vier 2, Gier1))

[by
(S3)]
= a(S(er1s Chr1s Yia2) + S V50 Gier1) + SCier 1 Tt Vi)
[by Lemma
2]
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= a(25(5k+1;<k+1"’-’k+2) + S(’U’k"‘yk'Zk+1))

= S(Ck+1 Skt 1 Vka2) < Sk Ui Crer1)

1—-2«a
= BS(vy, v, {kv1)
(1.0) k1, Ca1s Vier2) < BBYS (w0, 170, 1)

Since, by induction hypothesis, the result is true for k.
= Sk 1 S Ve2) < B8 (v, v, $1)

That is the result is true for all k.

Hence this result is true for all even integer k.

Also,

S(Wr1,Ve+1, Cerz) = S(C (G v1), C (s 30, € (W1, Cier1))

<a <max{s(ck, Sk € 010)), S (G G € G )}
1
=+ E (S(vk_H, C (ke vi), C(Ugs1, Crt1 ))

+ S(/v/k+1' C({k; ’Vk); C(Uk+1' Zk+1)))>

= a (S S Vier1) + SWier 1, Vier 1, Cier2))
a
S+ 1, Vit1, Ca2) < mS(fk'ik»"fkﬂ)

a
= 2a5(fk»(k»’lfk+1)

<

< BS(Sks Cror V1)
< BB*S(6o, 60 v1)
= B**1S (o, G0, 1)
(i.e) the result is true for all integer m = k + 1, where k is even.

Now, let us show that the (3.4.5) and (3.4.6) are true for m = k + 1, where k is an
odd integer.

Nanotechnology Perceptions 20 No. S14 (2024)
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S(Ck+1s k1 Vir2) < BS(U, Vs Cien)

[by repeating the process, when k is even]|
< BB*S(Go, S0, 1)
= B**18($0, o, 11)

Similarly,
SWiks1 i+ 1 Crerz) < BS (i Cios Vier1)
< 1S (vo, 10, 61)
Hence, all the four inequalities (3.4.5)-(3.4.8) are true whenm = k + 1.
Hence, by induction, these are true for all m.
Suppose m = 2q + 2, q is a positive integer.
Then,

S(§2q+2, §2q+2'”2q+2) = 5(4’2q+2' V2q+2/ (2q+2)

=S (C((2q+1'”2q+1)' C(§2q+1'02q+1)' C(”2q+1: §2q+1))

<a (5 (§2q+1' C2q+1/ C((2q+1/‘fzq+1))

1
+ > (S (’UZq+1» C(§2q+1'”2q+1)' C("’zq+1’ C2g+1 ))

+S (’UZq+1' C((2q+1' 02q+1)! C("fzq+1' §2q+1)))>

=a (5((2q+1'(2q+1'02q+2) + S(U2q+1'02q+2'€2q+2))
<a (5(§2q+1'(2q+1'02q+2) + 5(4’2q+1""2q+1'€2q+2)
+ S(”2q+2:”2q+2:52q+2)) [by (53)]
= a[B*I*1S (v, v, 1) + B*1*1S ({0, o, v1)
+5(”2q+2;”2q+2:(2q+2)]

= S(ZZq+2'ZZq+2"U2q+2)(1 —a) < aﬁzqﬂ[s(’l’o:’l’OrQ) + 580, S0, 1))

= S(ZZq+2'ZZq+2"VZq+2) < %ﬁzqﬂ[s("’o"%' {1) + 540, S0, v1)]
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< B2H[S (g, 0, 81 + S (Cor Sor )]
=174 0, V0,61 0,50,Y1

= BB [S (1o, v0,C1) + S (o, o, v1)]

S(C2qe2: S2qra V2qe2) < B22[S (w0, v0,81) + S(Go, So,v1)] (3:4.9)

If m is an odd integer is of the form m = 2q + 1 where q is a positive integer.

Then,
S(§2q+1l §2q+1'”2q+1) = 5(4’2q+1' V2g+1s (2q+1)

=S (C(Qq"VZq)J C(€2q'”2q)' C(”Zq' Qq))

<a (max {5 ((zq, $2q0 C((Zq"’qu))'S (CZq' $2q0 C(CZq'”M))}
5 (020 C (g 020), E20: 020 ))
= @ (5(6ag Gar020:2) + (020, 2011, 20:1))

<a (5((2q'(2q»02q+1) + 5(4’2q'4f2q'(2q+1)

+ S(’leq+1»"f2q+1' (2q+1)) [by S3]
= a(S(Zqu§2q"UZq+1) + S("fzq"‘fz(p(zqﬂ)
+S(v2q+1, C2q+1, V2q+1)) (by Lemma 2.2)

= (1 - @)5(Cage1 g1 V2g41) < @ (S(Gagr Caq v2q41) + S(¥20, 20, Caq11))
= 5(Caqs1 C2qs1V2q+1) < B[S (Caqr G v2g41) + S(v20: 020, Caqen)]
= S(Cag+1,2q41 P2q41) < BB2IS G, o, 01) + S(w0, 7, 1)])
= B21[S(3o, G0 1) + S(v0, 00, 81)]

S(Caq+1 Caqe1s 2q+1) < B[S (o, oo 11) + S0, v, 31)] (3.4.10)

Hence by inequalities (3.4.9) and (3.4.10),

Nanotechnology Perceptions 20 No. S14 (2024)
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SCms G m) < B[S (G0, {0, 1) + S(vg, v, ¢1)] for all m. (3.4.11)

Consider,

S((m' Zm' Zm+1) + S(Um’ /v/m’ /lrm+1) S ZS(CmI {m’ v’m) + S(Vm' v’m' Zm+1)
+ZS(/v/m!'v’ml Zm) + S({m! {m!vm+1)
= 45 (Cms $ono ¥m) + S (U, Uiy $mt1)
+S (S S Yma1)
< 4[B™(5(0, G0, 1) + S (0,10, 1))]
+B™S5 (o, o, v1) + BTS (v, 70, G1)
(by 3.4.11)
= .Bm[s(s((o'(o"‘fl) + 5("*0"%'(1))]

= B™T, whereT
= 5(5({o, S0, 1) + (10,10, 31))

Let n > m where m and n are positive integers.

Now,
SCms $ms $n) + SWin, i, v0) < 28y G Smr1) + (Gnts S $n)
+28 (U, Ui Vims1) + SWma 1, Vma1, Un)
< 258 Gmo Sma1) + 28 (Gme 1, Smrrs Sma2)
+(Cm+2, Smr2,$n) + 28 (Um, Vi, Vint1)
+25(VUm+1, Vm+1, Vme2) + S(Wmi2, Vmsz, Un)
Repeating the above process we get,
S(ms Sms $n) + S (Wi, Vi, ) < 28 Gons 1) + 25 (Gnr1s S Gmar2)
+ o+ S(Cn-1,$n-1, Cn) + 28 (Wi, Uiy Vins1)
+2S(Vmt1, Vit Vmaz) T+ S(Wn—1, U1, %)
< 25(8ms Gms 1) + 28 (Um, Vi, Vins1)

+25(@m+1: Sm+1, Sm+2) + 28 (U1, Yma1, Vms2)
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+ o+ 25(8n-1,Gn-1,n) + 25(vp—1, ¥—1,v7)
< 2B™T + 2B™HIT + - + 2B771T
= 2TR™[1+ B + -+ ™+
<2TB™[1+ B+ B2+ -]

ﬁm

ﬁm
—>0asm—>

1-

Since, 0 < B < 1,
ml7i11—r>loo S((mJ sz zn) + S(Um' Vm» Un) =0

This shows that {{,,} and {v,} are Cauchy sequences in X and hence convergent in X. (Since
X is complete).

Let {¢,,} = ¢ and {v,} - v.
Since {{,} € P and {v,,} € Q and P and Q are closed subsets of X, { € P and v € Q.

Also, by inequality (3.4.11), rlll_)rg) S, Cnyvn) = 0.

This implies S({,{,v) = 0.
This is possible only if v = .
Hence P N Q # ¢ and the limit { € P N Q.

Now,
S((' (' C((' ()) < ZS((' (! ’Um+1) + S(Um+1' VUm+1 C((! ())
= 25,8, vme1) + S(CGm, o), C Gy vm), €€, D))

< 25((: {: /lrm+1)
+ & (max{S (Gons S € Gonrn)), S G ons C G o))}

1
+ 5[50 C@m o), € 0) + S8, C G o), € D))

= 25((' (:Um+1) 1
+ @ (G s men) + 5[50, €G,9)) + (6 0men, CED)])

Nanotechnology Perceptions 20 No. S14 (2024)
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= 25((' (' /lrm+1) + a[s({m' {m"lfm+1) + S((! Ym+1 C((: ())]
As, m — oo, this inequality becomes,
5(¢.¢.€c¢0)=0

This shows that { = C({,{)
(i.e) C(¢, Q) is a strong coupled fixed point of C.

Now we have to prove the uniqueness of this strong coupled fixed point of C.

Suppose there exist two strong coupled fixed point of C.
Let it be (¢, {) and (v, v)

Hence, {,v» € P N Q.

Consider,
S, ¢,v) =5(€(,),C(¢ 0, Clv,v))

<a (max{s(c, 3,€(8.0),5(8,3.¢@.0)}
1
+5 [S(v, €O, Clv,v)) + S(v, €, ), C(v, v))])

= a (max{$(6,6,9),5(,8, O+ S(, €. 9, C(v,2)))
= aS(v,¢,v)
< a(S(0,,9) +5(,¢,))
= a($@.¢v) + 54, 1)
= a(25(,6,v))
= (1-2a)S({, ¢, v) <0
=S5, {v)<0
=S@¢n =0  [+S@v,w) 20V v,w €X]
={(=v.
Hence proved.

Corollary 3.5
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Let (X, S) be a complete S-metric space. Let C: X X X — X be a Kannan type S-coupled cyclic
mapping. Then C has a unique strong coupled fixed point in X.

Proof.

Let us take P = Q = X in the above theorem, we get the result.

Corollary 3.6

Let (X,S) be a complete S-metric space. Let C: X X X —» X be a mapping satisfying the
following inequality with a € (O, %),

S(C@G, 1), C(u,w), Cly, w))
< [ max{5(2,3,6G, ), 5 (1, C )}
1

forall {, u, w,v,u,y € X.
Then C has a unique strong coupled fixed point in X.
Corollary 3.7

Let (X,S) be a complete S-metric space. Let C:X X X —» X be a mapping satisfying the
inequality

S(C(QG ), CQu10), €y, ) 1
< a|max {5(2,5,6G ), 5 (1, € 0), 5[50 4, € )), S (1, €G]
1

forall {,u,w,v,u,y € X witha €

Then C has a strong coupled fixed point in X.
Note 3.8

1 . . .
Here a must be less than T Otherwise § < 0 which leads to our theorem fails.

Example 3.9
Let X = [0,1]. Define S: X3 - R* by

Nanotechnology Perceptions 20 No. S14 (2024)
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0 if{=v=w
max{{,v,w} Otherwise

S, v,w) = {
Then (X, S) is a complete S-metric space.
LetP = [0%] ,Q = [0,1]. Define C: X X X — X by

¢
5+v+1)
0 Otherwise

@) = if{€EP,vEQ

Then C(P,Q) = [0, 3—10] cQ

cQ.P)=|0| =P
This shows that C is cyclic with respect to P and Q.
Let{,u,w € Pand v, u,y € Q

Case (i)

Letl,u,w,v,u,y € [0,%]. Then

_ ¢ U 14
S(CG ), Clw), €l w) = 5(5(( +v+1)5u+u+1)'5@y +w+ 1))

_ max{ ¢ 7 Y }
- 5(+v+1)'5(u+u+1)5(+w+1)
mafl £

1
= gmax{g' H, y}

1
< g(max{f,ll} +7)

<a [max{S((, 7,C(¢),S(1pm Clu,w))}
1
+5 (500G, €L +5(7, Clww), € w) )|

where a =

(SRR

Therefore, in this case inequality (3.1.1) is satisfied
Case (ii)
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Letl,u,w € [0%],0,%,]/ € (%, 1]. Then

¢
S(C((,’U’),C(ﬂ:u)vc(va)) = S(s({ + v+ 1)’5(“ -|-‘l/lu, + 1)'0)

¢ u }

=max{5((+v+1)'5(y+u+1)

nerfL

1
= gmax{{, u}

< a|max{s(¢.¢, €@, ), 5( 1 Cw10)}
1
+5 (500G, € +5(r, Cww), € a) )|
Thus in both the cases, we get the mapping C is the Kannan type S-coupled cyclic
mapping with respect to P and Q with a = %

(i.e) C satisfies all the conditions of the above theorem.

Hence by theorem (3.4), C has unique strong coupled fixed point and that point is
(0,0).

Example 3.10
iftePandv € Q

Defi ={§
cfine C(6,v) {0 Otherwise
subsets P and Q are as in example 2.8.

and the metric S and the space X and the closed

Let(,pw,v,u,y€P

_ _ 1
i/u’_ I-Y_E

) <(z3) (7))
)

1
)

Put ¢ =

v R
SR
© IR
©olr

1
M= =, =

1
5)

/N

S(C@v), C(ww), Cly, w)) =S <C

=s(

= max{

)

ul]|
il = OV =

]

N = =

Nanotechnology Perceptions 20 No. S14 (2024)
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1
5

Now, a [max{S(Z, ¢, C(T, /Lr)), S(u, 1, C(k, u))}

1
+5 (S0, €@ ), 0 w)) + 51, ), CCv ) |

_ S 11 C(l 1) S 1
= amax 5,5, 5'8 ) 6' )

(@)
N
N =
O
~——
SN——
———

) 1
Since 0 < a < e

S(C(G ), Clw,w), Cly, w))
>a [max{S((, ¢, C(g v)), S(u, w, C(y, /u,))}
+3 (S0, 0@ ), 0y, ) + 51, €l ), €Oy, ) )|
Hence C is not Kannan type S-coupled cyclic mapping.
Hence by the theorem (3.4), C has no unique strong coupled fixed point.
Since, C((, 1) = { is satisfied by all the points of Q.
In this example, the uniqueness of fixed point is failed.

Example 3.11

(+1, CeP,vreqQ

Define C({,v) = { 0 Otherwise
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The space X, metric S are as in example 3.2.

Repeat the process as in Example (3.10), we get C is not a Kannan type S- coupled cyclic
mapping.

Hence by theorem (3.4), C has no unique strong coupled fixed point.

In this example no point is a strong coupled point of C.
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