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The aim of this paper is to establish some strong coupled fixed point results in complete S-metric 

space which is the generalization of G. V. R. Babu and P. Durga Sailaja. Also, we give examples to 

illustrate our results. 
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1. INTRODUCTION  

Coupled fixed point was introduced by Guo et. al [1]. In 2003, Kirk, Srinivasan and veeramani 

introduced cyclic contractions and proved that such contractions have fixed points [6]. After 

Bhaskar et. al. proved coupled contraction mapping theorem [2]. 

In 2017, Binayak S, Choudhury, P. Maity, P. Konar [4] defined the concept of coupling 

between two non-empty subsets in metric space and they proved that these couplings have 

strong unique fixed point with the condition that they satisfy Banach type or Chatterjea type 

contractive inequalities. 

Later it was generalized by G. V. R. Babu and P. Durga Sailaja [5]. In this chapter, we 

generalized the concept of G.V. R. Babu and also derived strong coupled fixed points in the 

complete S-metric space. 
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2. PRELIMINARIES 

Definition 2.1 [9] 

Let X be a non empty set. An S-metric on X is a function S: X × X × X → R+ that satisfies the 

following conditions for each ζ, 𝓋, 𝓌, t ∈ X, 

(S1) S(ζ, 𝓋, 𝓌) ≥ 0. 

 (S2) S(ζ, 𝓋, 𝓌) = 0 if and only if ζ = 𝓋 = 𝓌. 

 (S3) S(ζ, 𝓋, 𝓌) ≤ S(ζ, ζ, t) + S(𝓋, 𝓋, t) + S(𝓌, 𝓌, t)  

Then the pair (X, S) is called an S-metric space. 

Lemma 2.2 [2] 

In the S-metric space S(ζ, ζ, 𝓋) = S(𝓋, 𝓋, ζ). 

Lemma 2.3 [2] 

In the S-metric space, 

S(ζ, ζ, 𝓋) ≤ 2S(ζ, ζ, 𝓌) + S(𝓋, 𝓋, 𝓌) and 

S(ζ, ζ, 𝓋) ≤ 2S(ζ, ζ, 𝓌) + S(𝓌, 𝓌, 𝓋)         

Theorem 2.4 [Kannan] [7] 

Let (X, d) be a complete metric space and C: X → X be any self mapping. Suppose there exist 

k ∈ [0,
1

2
) satisfies  

d(Cζ, C𝓋) ≤ k(d(ζ, Cζ) + d(𝓋, C𝓋)) for all ζ, 𝓋 ∈ X. (2.1.1) 

Then C has a unique fixed point in X. 

Any mapping satisfying (2.1.1) is called as Kannan mapping. 

Definition 2.5 [Kirk, Srinivasan and Veeramani] [7] 

Let P and Q be any two nonempty subsets of X.  A self mapping C on X is cyclic with respect 

to P and Q if C(Q) ⊂ P and C(P) ⊂ Q. 

Definition 2.6 [Baskar Lakikantham] [3] 
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Let X be a non empty set. Let C: X2 → X be any mapping. An element (ζ, 𝓋) ∈ X × X is said to 

be coupled fixed pont of C if C(ζ, v) = ζ and C(v, ζ) = v 

Definition 2.7 [Choudhury Maity] [3] 

Let P and Q be any two non empty subsets of X. A mapping C: X2 → X is cyclic with respect 

to P and Q if C(P, Q) ⊂ Q and C(Q, P) ⊂ P. 

Definition 2.8 [3] 

Let X be a nonempty set. An element (ζ, ζ) ∈ X2 is said to be a strong coupled fixed point if 

C(ζ, ζ) = ζ. 

Definition 2.9 [G. V. R. Babu and P. Durga Sailaja][5] 

Let (X, S) be an S-metric space. Let P and Q be any two nonempty subsets of X. A mapping 

C: X × X → X is called a Kannan type cyclic coupled mapping if C is cyclic with respect to P 

and Q and satisfies the following inequality 

S(C(ζ, 𝓋), C(μ, 𝓊), C(γ, 𝓌)) ≤ α[max{S(ζ, ζ, C(ζ, 𝓋)), S(μ, μ, S(μ, 𝓊)) + S(γ, γ, S(γ, 𝓌))}] 

for all ζ, μ, 𝓌 ∈ P and 𝓋, 𝓊, γ ∈ Q and α ∈

(0,
1

2
). 

Theorem 2.10 [5] 

Let (X, S) be a complete S-metric space. Let P and Q be any two nonempty closed subsets of 

X. Let C: X × X → X is called a Kannan type cyclic coupled mapping with respect to P and Q. 

Then P ∩ Q ≠ ϕ and C has a unique strong coupled fixed point in P ∩ Q. 

3. MAIN RESULTS 

Definition 3.1 

Let (X, S) be a complete S-metric space. Let P and Q be non-empty subsets of X. The function 

C: X × 𝑋 → 𝑋 which is cyclic with respect to 𝑃 and 𝑄 is said to be Kannan type   

𝑆-coupled cyclic mapping if it satisfies the following inequality. 

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌))

≤ 𝛼 [𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))] 

(3.1.1) 
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for all values of 𝜁, 𝜇, 𝓌 ∈ 𝑃 and 𝓋, 𝓊, 𝛾 ∈ 𝑄, 𝛼 ∈

(0,
1

3
). 

Example 3.2 

Let 𝑋 = [0,1]. Define a mapping 𝑆: 𝑋 × 𝑋 × 𝑋 → 𝑅+ by  

𝑆(𝜁, 𝓋, 𝓌) = {
             0               𝑖𝑓 𝜁 = 𝓋 = 𝓌

𝑚𝑎𝑥(𝜁, 𝓋, 𝓌)        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

then (𝑋, 𝑆) is a complete 𝑆-metric space. 

Let 𝑃 = [0,
1

8
], 𝑄 = [0,1]. Define 𝐶: 𝑋 × 𝑋 → 𝑋 by  

𝐶(𝜁, 𝓋) = {

4𝜁

9(𝓋 + 4)
      𝑖𝑓 𝜁 ∈ 𝑃, 𝓋 ∈ 𝑄

 0          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

Then 𝐶(𝑃, 𝑄) = [0,
1

72
] ⊂ 𝑄, 𝐶(𝑄, 𝑃) = [0,

1

72
] ⊂ 𝑃. Thus 𝐶 is cyclic with respect to  

𝑃 and 𝑄. 

Case (i) 

Suppose 𝜁, 𝜇, 𝓌 ∈ 𝑃 and 𝓋, 𝓊, 𝛾 ∈ 𝑄 and 𝜁, 𝜇, 𝓌, 𝓋, 𝓊, 𝛾 ∈ [0,
1

8
], 

Let 𝜁 = 𝜇 = 𝓌 =
1

8
= 0.125  

𝓋 = 𝓊 = 𝛾 =
1

10
= 0.1  

𝐶(𝜁, 𝓋) = 𝐶 (
1

8
,

1

10
) = 0.01355 

𝐶(𝜇, 𝓋) = 𝐶 (
1

8
,

1

10
) = 0.01355 

𝐶(𝛾, 𝓌) = 𝐶 (
1

10
,
1

8
) = 0.0054    

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓋), 𝐶(𝛾, 𝓌)) = 𝑆(0.01355,0.01355,0.0054)                  

                                             = 𝑚𝑎𝑥  {0.01355,0.01355,0.0054} 

        = 0.01355         

𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))                            
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                                              = 𝑚𝑎𝑥{𝑆(0.125,0.125,0.01355), 𝑆(0.125,0.125,0.01355)} 

                                                  +
1

2
[𝑆(0.1, 0.01355, 0.0054) + 𝑆(0.1, 0.01355, 0.0054)] 

= 0.125 + 0.1                                     
= 0.2225                                             

∴ 𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓋), 𝐶(𝛾, 𝓌))

≤ 𝛼 [𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))] 

where 𝛼 =
1

5
∈

(0,
1

3
). 

Case (ii) 

Suppose 𝜁 ≠ 𝓋 ≠ 𝜇 ≠ 𝓊 ≠ 𝛾 ≠ 𝓌 ∈ [0,
1

8
]  

Let 𝜁 =
1

8
= 0.125, 𝜇 =

1

9
= 0.111 

𝛾 =
1

11
= 0.0909, 𝓊 =

1

12
= 0.083  

𝓋 =
1

10
= 0.1, 𝓌 =

1

13
= 0.076  

𝐶(𝜁, 𝓋) = 𝐶 (
1

8
,

1

10
) = 0.01355 

𝐶(𝜇, 𝓊) = 𝐶 (
1

9
,

1

12
) = 0.012      

𝐶(𝛾, 𝓌) = 𝐶 (
1

11
,

1

13
) = 0.0099   

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)) = 𝑆(0.01355,0.012,0.0099)                               

    = 0.01355           

𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))                            

                                  = 𝑚𝑎𝑥{𝑆(0.125,0.125,0.01355), 𝑆(0.111,0.111,0.012)} 

                                              +
1

2
[𝑆(0.0909,0.0355,0.0099) + 𝑆(0.0909,0.012,0.0099)] 
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          = 𝑚𝑎𝑥{0.125,0.111} +
1

2
[0.0909 + 0.0909] 

= 0.125 + 0.0909                                        

= 0.2159                                                         

Inequality (3.2.1) is satisfied with 𝛼 =
1

5
. 

Case (iii) 

Suppose 𝜁, 𝜇, 𝓌 ∈ [0,
1

8
] , 𝓋, 𝓊, 𝛾 ∈ (

1

8
, 1] 

Let 𝜁 = 𝜇 = 𝓌 =
1

10
= 0.1, 𝓋 = 𝓊 = 𝛾 =

1

6
= .167 

𝐶(𝜁, 𝓋) = 𝐶(𝜇, 𝓊) = 𝐶 (
1

10
,
1

6
) = 0.0107 

𝐶(𝛾, 𝓌) = 𝐶 (
1

6
,

1

10
) = 0                                

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)) = 𝑆(0.0107,0.0107, 0)                                                           

= 0.0107                             

𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))                            

                                                             = 𝑚𝑎𝑥{𝑆(0.1,0.1,0.0107), 𝑆(0.1,0.1,0.0107)} 

                                                                      +
1

2
[𝑆(0.167,0.0107,0) + 𝑆(0.167,0.0107,0)] 

  = 0.1 + 0.167 

= 0.267          

Inequality (3.1.1) is satisfied with 𝛼 =
1

5
 

Case (iv) 

Suppose 𝜁, 𝜇, 𝓌 ∈ [0,
1

8
] , 𝓋, 𝓊, 𝛾 ∈ (

1

8
, 1] 

𝜁 ≠ 𝜇 ≠ 𝓌 and 𝓋 ≠ 𝓊 ≠ 𝛾 

Let 𝜁 =
1

8
= 0.125, 𝜇 =

1

10
= 0.1, 𝓌 =

1

9
= 0.111 
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𝓋 =
1

4
= 0.25, 𝓊 =

1

2
= 0.5, 𝛾 =

1

5
= 0.2  

𝐶(𝜁, 𝓋) = 𝐶 (
1

8
,
1

4
) = 0.0131    

𝐶(𝜇, 𝓊) = 𝐶 (
1

10
,
1

2
) = 0.0099 

𝐶(𝛾, 𝓌) = 𝐶 (
1

5
,
1

9
) = 0                  

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)) = 𝑆(0.0131, 0.0099, 0)                                       

 = 0.0131            

𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))                            

                                                             = 𝑚𝑎𝑥{𝑆(0.125,0.125,0.0131), 𝑆(0.1,0.1,0.0099)} 

                                                       +
1

2
[𝑆(0.2, 0.0131, 0) + 𝑆(0.2,0.0099, 0)] 

= 0.125 + 0.2         

= 0.325                    

Inequality (3.1.1) is satisfied with 𝛼 =
1

5
. 

Hence, in all cases, we get 𝐶 is the Kannan type 𝑆-coupled cyclic mapping with  

𝛼 =
1

5
∈ (0,

1

3
). 

Note 3.3 

Here 𝐶 (
1

6
,

1

8
) = 0. But 𝐶 (

1

8
,

1

6
) = 0.013. Thus 𝐶(𝜁, 𝓋) ≠ 𝐶(𝓋, 𝜁) for all values of  

𝜁 and 𝓋. 

Theorem 3.4 

Let (𝑋, 𝑆) be a complete 𝑆-metric space. Let 𝑃 and 𝑄 be any two non-empty closed subsets of 

𝑋. Let 𝐶: 𝑋 × 𝑋 → 𝑋 be a Kannan type 𝑆-coupled cyclic mapping with respect to  

𝑃 and 𝑄. Then 𝑃 ∩ 𝑄 ≠ 𝜙 and 𝐶 has a strong coupled fixed point in 𝑃 ∩ 𝑄 and the fixed point 

is unique. 

Proof. 

Let 𝜁0 ∈ 𝑃 and 𝓋0 ∈ 𝑄 be any two arbitrary point. 
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Define the sequences {𝜁𝑚} and {𝓋𝑚} by 𝜁𝑚+1 = 𝐶(𝓋𝑚, 𝜁𝑚), 𝓋𝑚+1 = 𝐶(𝜁𝑚, 𝓋𝑚), 𝑚 

is a non-negative integer. 

Since 𝐶 is cyclic, 𝜁𝑚 ∈ 𝑃 and 𝓋𝑚 ∈ 𝑄. 

Now, 

𝑆(𝜁1, 𝜁1, 𝓋2) = 𝑆(𝓋2, 𝓋2, 𝜁1)                                                                                                         

= 𝑆(𝐶(𝜁1, 𝓋1), 𝐶(𝜁1, 𝓋1), 𝐶(𝓋0, 𝜁0))                                           

                    ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁1, 𝜁1, 𝐶(𝜁1, 𝓋1)), 𝑆(𝜁1, 𝜁1, 𝐶(𝜁1, 𝓋1))}

+
1

2
(𝑆(𝓋0, 𝐶(𝜁1, 𝓋1), 𝐶(𝓋0, 𝜁0 )) + 𝑆(𝓋0, 𝐶(𝜁1, 𝓋1), 𝐶(𝓋0, 𝜁0)))) 

[by using 

3.1.1] 

                    = 𝛼 (𝑚𝑎𝑥{𝑆(𝜁1, 𝜁1, 𝓋2), 𝑆(𝜁1, 𝜁1, 𝓋2)}  

+
1

2
(𝑆(𝓋0, 𝓋2, 𝜁1) + 𝑆(𝓋0, 𝓋2, 𝜁1)))                                                       

= 𝛼(𝑆(𝜁1, 𝜁1, 𝓋2) + 𝑆(𝓋0, 𝓋2, 𝜁1))                                              

                                 

≤ 𝛼(𝑆(𝜁1, 𝜁1, 𝓋2) + 𝑆(𝓋0, 𝓋0, 𝜁1) + 𝑆(𝜁1, 𝜁1, 𝓋2)

+ 𝑆(𝜁1, 𝜁1, 𝜁1))       [𝑏𝑦 (𝑆3)] 

= 𝛼(2𝑆(𝜁1, 𝜁1, 𝓋2) + 𝑆(𝓋0, 𝓋0, 𝜁1))                                           

⟹ 𝑆(𝜁1, 𝜁1, 𝓋2) − 2𝛼𝑆(𝜁1, 𝜁1, 𝓋2) ≤ 𝛼𝑆(𝓋0, 𝓋0, 𝜁1)                                                               

⟹ (1 − 2𝛼)𝑆(𝜁1, 𝜁1, 𝓋2) ≤ 𝛼𝑆(𝓋0, 𝓋0, 𝜁1)                                               

⟹ 𝑆(𝜁1, 𝜁1, 𝓋2) ≤ (
𝛼

1 − 2𝛼
) 𝑆(𝓋0, 𝓋0, 𝜁1)              

Let 𝛽 =
𝛼

1−2𝛼
 

Since 𝛼 ∈ (0,
1

3
), we get 0 < 𝛽 < 1 

𝑆(𝜁1, 𝜁1, 𝓋2) ≤ 𝛽𝑆(𝓋0, 𝓋0, 𝜁1) (3.4.1) 
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Consider, 

𝑆(𝓋1, 𝓋1, 𝜁2) = 𝑆(𝐶(𝜁0, 𝓋0), 𝐶(𝜁0, 𝓋0), 𝐶(𝓋1, 𝜁1))                                                                  

                     ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁0, 𝜁0, 𝐶(𝜁0, 𝓋0)), 𝑆(𝜁0, 𝜁0, 𝐶(𝜁0, 𝓋0))}

+
1

2
(𝑆(𝓋1, 𝐶(𝜁0, 𝓋0), 𝐶(𝓋1, 𝜁1 )) + 𝑆(𝓋1, 𝐶(𝜁0, 𝓋0), 𝐶(𝓋1, 𝜁1)))) 

= 𝛼 (𝑆(𝜁0, 𝜁0, 𝓋1)  +
1

2
(𝑆(𝓋1, 𝓋1, 𝜁2) + 𝑆(𝓋1, 𝓋1, 𝜁2)))      

= 𝛼(𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋1, 𝓋1, 𝜁2))                                                

⟹ 𝑆(𝓋1, 𝓋1, 𝜁2) − 𝛼𝑆(𝓋1, 𝓋1, 𝜁2) ≤ 𝛼𝑆(𝜁0, 𝜁0, 𝓋1)                                                                

⟹ (1 − 𝛼)𝑆(𝓋1, 𝓋1, 𝜁2) ≤ 𝛼𝑆(𝜁0, 𝜁0, 𝓋1)                                               

⟹ 𝑆(𝓋1, 𝓋1, 𝜁2) ≤ (
𝛼

1 − 𝛼
) 𝑆(𝜁0, 𝜁0, 𝓋1)                   

            ≤
𝛼

1 − 2𝛼
𝑆(𝜁0, 𝜁0, 𝓋1)  

 = 𝛽𝑆(𝜁0, 𝜁0, 𝓋1) 

Thus, 𝑆(𝓋1, 𝓋1, 𝜁2) ≤ 𝛽𝑆(𝜁0, 𝜁0, 𝓋1) (3.4.2) 

Similarly, 

𝑆(𝜁2, 𝜁2, 𝓋3) = 𝑆(𝓋3, 𝓋3, 𝜁2)                                                                                                         

= 𝑆(𝐶(𝜁2, 𝓋2), 𝐶(𝜁2, 𝓋2), 𝐶(𝓋1, 𝜁1))                                           

                    ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁2, 𝜁2, 𝐶(𝜁2, 𝓋2)), 𝑆(𝜁2, 𝜁2, 𝐶(𝜁2, 𝓋2))}

+
1

2
(𝑆(𝓋1, 𝐶(𝜁2, 𝓋2), 𝐶(𝓋1, 𝜁1 )) + 𝑆(𝓋1, 𝐶(𝜁2, 𝓋2), 𝐶(𝓋1, 𝜁1)))) 

                    = 𝛼(𝑆(𝜁2, 𝜁2, 𝓋3) + 𝑆(𝓋1, 𝓋3, 𝜁2))                                                                  

         ≤ 𝛼(𝑆(𝜁2, 𝜁2, 𝓋3) + 𝑆(𝓋1, 𝓋1, 𝜁2) + 𝑆(𝜁2, 𝜁2, 𝓋3))                           

[by using (S3)] 

= 𝛼(2𝑆(𝜁2, 𝜁2, 𝓋3) + 𝑆(𝓋1, 𝓋1, 𝜁2))                                           

⟹ (1 − 2𝛼)𝑆(𝜁2, 𝜁2, 𝓋3) ≤ 𝛼𝑆(𝓋1, 𝓋1, 𝜁2)                                               
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⟹ 𝑆(𝜁2, 𝜁2, 𝓋3) ≤ (
𝛼

1 − 2𝛼
) 𝑆(𝓋1, 𝓋1, 𝜁2)              

  = 𝛽𝑆(𝓋1, 𝓋1, 𝜁2) 

                                            ≤ 𝛽𝛽𝑆(𝜁0, 𝜁0, 𝓋1)       [𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 3.4.2] 

𝑆(𝜁2, 𝜁2, 𝓋3) ≤ 𝛽2 𝑆(𝜁0, 𝜁0, 𝓋1) (3.4.3) 

Also, 

𝑆(𝓋2, 𝓋2, 𝜁3) = 𝑆(𝐶(𝜁1, 𝓋1), 𝐶(𝜁1, 𝓋1), 𝐶(𝓋2, 𝜁2))                                                                  

                     ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁1, 𝜁1, 𝐶(𝜁1, 𝓋1)), 𝑆(𝜁1, 𝜁1, 𝐶(𝜁1, 𝓋1))}

+
1

2
(𝑆(𝓋2, 𝐶(𝜁1, 𝓋1), 𝐶(𝓋2, 𝜁2 )) + 𝑆(𝓋2, 𝐶(𝜁1, 𝓋1), 𝐶(𝓋2, 𝜁2)))) 

= 𝛼(𝑆(𝜁1, 𝜁1, 𝓋2) + 𝑆(𝓋2, 𝓋2, 𝜁3))                                            

⟹ (1 − 𝛼)𝑆(𝓋2, 𝓋2, 𝜁3) ≤ 𝛼𝑆(𝜁1, 𝜁1, 𝓋2)                                                                                 

⟹ 𝑆(𝓋2, 𝓋2, 𝜁3) ≤ (
𝛼

1 − 𝛼
) 𝑆(𝜁1, 𝜁1, 𝓋2)                                                      

≤ (
𝛼

1 − 2𝛼
) 𝑆(𝜁1, 𝜁1, 𝓋2)                   

= 𝛽𝑆(𝜁1 , 𝜁1, 𝓋2)                                  

                    ≤ 𝛽𝛽𝑆(𝓋0, 𝓋0, 𝜁1)                    [𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 3.4.1] 

= 𝛽2𝑆(𝓋0, 𝓋0, 𝜁1)                               

(𝑖. 𝑒), 𝑆(𝓋2, 𝓋2, 𝜁3) ≤ 𝛽2𝑆(𝓋0, 𝓋0, 𝜁1) (3.4.4) 

Now, we have to prove the following inequalities are satisfied. 

𝑆(𝜁2𝑚+1, 𝜁2𝑚+1, 𝓋2𝑚+2) ≤ 𝛽2𝑚+1𝑆(𝓋0, 𝓋0, 𝜁1) 

𝑆(𝓋2𝑚+1, 𝓋2𝑚+1, 𝜁2𝑚+2) ≤ 𝛽2𝑚+1𝑆(𝜁0, 𝜁0, 𝓋1)    

 𝑆(𝜁2𝑚, 𝜁2𝑚, 𝓋2𝑚+1) ≤ 𝛽2𝑚(𝜁0, 𝜁0, 𝓋1) 

       𝑆(𝓋2𝑚, 𝓋2𝑚, 𝜁2𝑚+1) ≤ 𝛽2𝑚𝑆(𝓋0, 𝓋0, 𝜁1)    

for all non-negative integers 𝑚. 

For this, it is enough to prove that the following inequalities are satisfied. 

for all odd integers 𝑚 
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(i) 𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚+1) ≤ 𝛽𝑚𝑆(𝓋0, 𝓋0, 𝜁1) 
(3.4.5) 

(ii) 𝑆(𝓋𝑚, 𝓋𝑚, 𝜁𝑚+1) ≤ 𝛽𝑚𝑆(𝜁0, 𝜁0, 𝓋1)       
(3.4.6) 

(iii)  𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚+1) ≤ 𝛽𝑚(𝜁0, 𝜁0, 𝓋1) 
(3.4.7) 

(iv)  𝑆(𝓋𝑚, 𝓋𝑚, 𝜁𝑚+1) ≤ 𝛽𝑚𝑆(𝓋0, 𝓋0, 𝜁1)     
(3.4.8) 

(i) and (ii) are true for 𝑚 = 1 by (3.4.1) and (3.4.2). 

(iii) and (iv) are true for 𝑚 = 2 by (3.4.3) and (3.4.4). 

 Let 𝑘 be a positive integer.  

 Assume the inequalities (3.4.5) and (3.4.6) are true for all 𝑚 ≤ 𝑘 where 𝑘 is odd and 

the inequalities (3.4.7) and (3.4.8) are true for all 𝑚 ≤ 𝑘 where 𝑘 is even. 

 Let 𝑘 be even. 

 Now, 

𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2)
= 𝑆(𝓋𝑘+2, 𝓋𝑘+2, 𝜁𝑘+1)                                                                                                   

     = 𝑆(𝐶(𝜁𝑘+1, 𝓋𝑘+1), 𝐶(𝜁𝑘+1, 𝓋𝑘+1), 𝐶(𝓋𝑘 , 𝜁𝑘))                        

                           ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝐶(𝜁𝑘+1, 𝓋𝑘+1)), 𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝐶(𝜁𝑘+1, 𝓋𝑘+1))}  

+
1

2
(𝑆(𝓋𝑘, 𝐶(𝜁𝑘+1, 𝓋𝑘+1), 𝐶(𝓋𝑘 , 𝜁𝑘  ))

+ 𝑆(𝓋𝑘, 𝐶(𝜁𝑘+1, 𝓋𝑘+1), 𝐶(𝓋𝑘 , 𝜁𝑘)))) 

= 𝛼(𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) + 𝑆(𝓋𝑘 , 𝓋𝑘+2, 𝜁𝑘+1))                     

                  ≤ 𝛼(𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) + 𝑆(𝓋𝑘, 𝓋𝑘, 𝜁𝑘+1) + 𝑆(𝓋𝑘+2, 𝓋𝑘+2, 𝜁𝑘+1)) 

[by 

(S3)] 

                 = 𝛼(𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) + 𝑆(𝓋𝑘 , 𝓋𝑘 , 𝜁𝑘+1) + 𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2)) 

[by Lemma 

2.2] 

for all even integers 𝑚 
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= 𝛼(2𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) + 𝑆(𝓋𝑘, 𝓋𝑘 , 𝜁𝑘+1))                        

⟹ 𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) ≤
𝛼

1 − 2𝛼
𝑆(𝓋𝑘, 𝓋𝑘 , 𝜁𝑘+1)                                                              

= 𝛽𝑆(𝓋𝑘 , 𝓋𝑘, 𝜁𝑘+1)                              

(i.e) 𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) ≤ 𝛽𝛽𝑘𝑆(𝓋0, 𝓋0, 𝜁1) 

 Since, by induction hypothesis, the result is true for 𝑘. 

⟹ 𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) ≤ 𝛽𝑘+1𝑆(𝓋0, 𝓋0, 𝜁1) 

 That is the result is true for all 𝑘. 

 Hence this result is true for all even integer 𝑘. 

  

Also, 

𝑆(𝓋𝑘+1, 𝓋𝑘+1, 𝜁𝑘+2) = 𝑆(𝐶(𝜁𝑘, 𝓋𝑘), 𝐶(𝜁𝑘, 𝓋𝑘), 𝐶(𝓋𝑘+1, 𝜁𝑘+1))                                           

                       ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁𝑘 , 𝜁𝑘, 𝐶(𝜁𝑘, 𝓋𝑘)), 𝑆(𝜁𝑘, 𝜁𝑘 , 𝐶(𝜁𝑘, 𝓋𝑘))}      

+
1

2
(𝑆(𝓋𝑘+1, 𝐶(𝜁𝑘, 𝓋𝑘), 𝐶(𝓋𝑘+1, 𝜁𝑘+1 ))

+ 𝑆(𝓋𝑘+1, 𝐶(𝜁𝑘, 𝓋𝑘), 𝐶(𝓋𝑘+1, 𝜁𝑘+1)))) 

   = 𝛼(𝑆(𝜁𝑘, 𝜁𝑘, 𝓋𝑘+1) + 𝑆(𝓋𝑘+1, 𝓋𝑘+1, 𝜁𝑘+2))  

𝑆(𝓋𝑘+1, 𝓋𝑘+1, 𝜁𝑘+2) ≤
𝛼

1 − 𝛼
𝑆(𝜁𝑘, 𝜁𝑘, 𝓋𝑘+1)                                                                            

≤
𝛼

1 − 2𝛼
𝑆(𝜁𝑘 , 𝜁𝑘, 𝓋𝑘+1)                                   

≤ 𝛽𝑆(𝜁𝑘, 𝜁𝑘, 𝓋𝑘+1)                                              

≤ 𝛽𝛽𝑘𝑆(𝜁0, 𝜁0, 𝓋1)                                             

= 𝛽𝑘+1𝑆(𝜁0, 𝜁0, 𝓋1)                                            

(i.e) the result is true for all integer 𝑚 = 𝑘 + 1, where 𝑘 is even. 

Now, let us show that the (3.4.5) and (3.4.6) are true for 𝑚 = 𝑘 + 1, where 𝑘 is an  

odd integer. 
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𝑆(𝜁𝑘+1, 𝜁𝑘+1, 𝓋𝑘+2) ≤ 𝛽𝑆(𝓋𝑘 , 𝓋𝑘 , 𝜁𝑘+1)                                                       

[by repeating the process, when 𝑘 is even] 

≤ 𝛽𝛽𝑘𝑆(𝜁0, 𝜁0, 𝓋1)                    

= 𝛽𝑘+1𝑆(𝜁0, 𝜁0, 𝓋1)                  

Similarly, 

𝑆(𝓋𝑘+1, 𝓋𝑘+1, 𝜁𝑘+2) ≤ 𝛽𝑆(𝜁𝑘, 𝜁𝑘 , 𝓋𝑘+1) 

                                         ≤ 𝛽𝑘+1𝑆(𝓋0, 𝓋0, 𝜁1) 

Hence, all the four inequalities (3.4.5)-(3.4.8) are true when 𝑚 = 𝑘 + 1. 

Hence, by induction, these are true for all 𝑚. 

Suppose 𝑚 = 2𝑞 + 2, 𝑞 is a positive integer. 

Then, 

𝑆(𝜁2𝑞+2, 𝜁2𝑞+2, 𝓋2𝑞+2) = 𝑆(𝓋2𝑞+2, 𝓋2𝑞+2, 𝜁2𝑞+2)                                                                   

                                  = 𝑆 (𝐶(𝜁2𝑞+1, 𝓋2𝑞+1), 𝐶(𝜁2𝑞+1, 𝓋2𝑞+1), 𝐶(𝓋2𝑞+1, 𝜁2𝑞+1)) 

                        ≤ 𝛼 (𝑆 (𝜁2𝑞+1, 𝜁2𝑞+1, 𝐶(𝜁2𝑞+1, 𝓋2𝑞+1)) 

+
1

2
(𝑆 (𝓋2𝑞+1, 𝐶(𝜁2𝑞+1, 𝓋2𝑞+1), 𝐶(𝓋2𝑞+1, 𝜁2𝑞+1 ))

+ 𝑆 (𝓋2𝑞+1, 𝐶(𝜁2𝑞+1, 𝓋2𝑞+1), 𝐶(𝓋2𝑞+1, 𝜁2𝑞+1)))) 

                            = 𝛼 (𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+2) + 𝑆(𝓋2𝑞+1, 𝓋2𝑞+2, 𝜁2𝑞+2)) 

                          ≤ 𝛼 (𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+2) + 𝑆(𝓋2𝑞+1, 𝓋2𝑞+1, 𝜁2𝑞+2)

+ 𝑆(𝓋2𝑞+2, 𝓋2𝑞+2, 𝜁2𝑞+2))                               [𝑏𝑦 (𝑆3)] 

       = 𝛼[𝛽2𝑞+1𝑆(𝓋0, 𝓋0, 𝜁1) + 𝛽2𝑞+1𝑆(𝜁0, 𝜁0, 𝓋1) 

+𝑆(𝓋2𝑞+2, 𝓋2𝑞+2, 𝜁2𝑞+2)]                         

⟹ 𝑆(𝜁2𝑞+2, 𝜁2𝑞+2, 𝓋2𝑞+2)(1 − 𝛼) ≤ 𝛼𝛽2𝑞+1[𝑆(𝓋0, 𝓋0, 𝜁1) + 𝑆(𝜁0, 𝜁0, 𝓋1)]                    

       ⟹ 𝑆(𝜁2𝑞+2, 𝜁2𝑞+2, 𝓋2𝑞+2) ≤
𝛼

1 − 𝛼
𝛽2𝑞+1[𝑆(𝓋0, 𝓋0, 𝜁1) + 𝑆(𝜁0, 𝜁0, 𝓋1)]   



                                                Fixed Points From Kannan Type.... MARY ANUSHIA. S et al. 348  

 

Nanotechnology Perceptions 20 No. S14 (2024)  

                                                           ≤
𝛼

1 − 2𝛼
𝛽2𝑞+1[𝑆(𝓋0, 𝓋0, 𝜁1) + 𝑆(𝜁0, 𝜁0, 𝓋1)]   

                                             = 𝛽𝛽2𝑞+1[𝑆(𝓋0, 𝓋0, 𝜁1) + 𝑆(𝜁0, 𝜁0, 𝓋1)] 

𝑆(𝜁2𝑞+2, 𝜁2𝑞+2, 𝓋2𝑞+2) ≤ 𝛽2𝑞+2[𝑆(𝓋0, 𝓋0, 𝜁1) + 𝑆(𝜁0, 𝜁0, 𝓋1)] 
(3.4.9) 

If 𝑚 is an odd integer is of the form 𝑚 = 2𝑞 + 1 where 𝑞 is a positive integer. 

Then, 

𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+1) = 𝑆(𝓋2𝑞+1, 𝓋2𝑞+1, 𝜁2𝑞+1)                                                                   

= 𝑆 (𝐶(𝜁2𝑞 , 𝓋2𝑞), 𝐶(𝜁2𝑞 , 𝓋2𝑞), 𝐶(𝓋2𝑞 , 𝜁2𝑞))         

                          ≤ 𝛼 (𝑚𝑎𝑥 {𝑆 (𝜁2𝑞 , 𝜁2𝑞 , 𝐶(𝜁2𝑞, 𝓋2𝑞)) , 𝑆 (𝜁2𝑞 , 𝜁2𝑞 , 𝐶(𝜁2𝑞, 𝓋2𝑞))}

+ 𝑆 (𝓋2𝑞 , 𝐶(𝜁2𝑞 , 𝓋2𝑞), 𝐶(𝓋2𝑞 , 𝜁2𝑞 ))) 

= 𝛼 (𝑆(𝜁2𝑞 , 𝜁2𝑞 , 𝓋2𝑞+1) + 𝑆(𝓋2𝑞, 𝓋2𝑞+1, 𝜁2𝑞+1)) 

                      ≤ 𝛼 (𝑆(𝜁2𝑞, 𝜁2𝑞 , 𝓋2𝑞+1) + 𝑆(𝓋2𝑞 , 𝓋2𝑞 , 𝜁2𝑞+1)                             

+ 𝑆(𝓋2𝑞+1, 𝓋2𝑞+1, 𝜁2𝑞+1))                                 [𝑏𝑦 𝑆3] 

= 𝛼(𝑆(𝜁2𝑞 , 𝜁2𝑞 , 𝓋2𝑞+1) + 𝑆(𝓋2𝑞 , 𝓋2𝑞, 𝜁2𝑞+1)          

               +𝑆(𝓋2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+1))                  (𝑏𝑦 𝐿𝑒𝑚𝑚𝑎 2.2) 

⟹ (1 − 𝛼)𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+1) ≤ 𝛼 (𝑆(𝜁2𝑞 , 𝜁2𝑞 , 𝓋2𝑞+1) + 𝑆(𝓋2𝑞 , 𝓋2𝑞, 𝜁2𝑞+1))       

      ⟹ 𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+1) ≤ 𝛽[𝑆(𝜁2𝑞 , 𝜁2𝑞 , 𝓋2𝑞+1) + 𝑆(𝓋2𝑞 , 𝓋2𝑞 , 𝜁2𝑞+1)] 

            ⟹ 𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+1) ≤ 𝛽(𝛽2𝑞[𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1)])                  

                                              = 𝛽2𝑞+1[𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1)]    

𝑆(𝜁2𝑞+1, 𝜁2𝑞+1, 𝓋2𝑞+1) ≤ 𝛽2𝑞+1[𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1)] 
(3.4.10) 

 Hence by inequalities (3.4.9) and (3.4.10), 
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𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚) ≤ 𝛽𝑚[𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1)] for all 𝑚. 
(3.4.11) 

Consider, 

𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑚+1) + 𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑚+1) ≤ 2𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚) + 𝑆(𝓋𝑚, 𝓋𝑚, 𝜁𝑚+1)                   

                                                          +2𝑆(𝓋𝑚, 𝓋𝑚, 𝜁𝑚) + 𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚+1) 

                                                   = 4𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚) + 𝑆(𝓋𝑚, 𝓋𝑚, 𝜁𝑚+1) 

                        +𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚+1) 

                                                     ≤ 4[𝛽𝑚(𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1))] 

                                                         +𝛽𝑚𝑆(𝜁0, 𝜁0, 𝓋1) + 𝛽𝑚𝑆(𝓋0, 𝓋0, 𝜁1) 

(by 3.4.11) 

                                                     = 𝛽𝑚[5(𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1))] 

                                                                              = 𝛽𝑚𝑇,    𝑤ℎ𝑒𝑟𝑒 𝑇
= 5(𝑆(𝜁0, 𝜁0, 𝓋1) + 𝑆(𝓋0, 𝓋0, 𝜁1)) 

Let 𝑛 > 𝑚 where 𝑚 and 𝑛 are positive integers. 

Now, 

𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑛) + 𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑛) ≤ 2𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑚+1) + (𝜁𝑚+1, 𝜁𝑚+1, 𝜁𝑛)                            

                                                   +2𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑚+1) + 𝑆(𝓋𝑚+1, 𝓋𝑚+1, 𝓋𝑛)     

                                        ≤ 2𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑚+1) + 2𝑆(𝜁𝑚+1, 𝜁𝑚+1, 𝜁𝑚+2) 

                                        +(𝜁𝑚+2, 𝜁𝑚+2, 𝜁𝑛) + 2𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑚+1) 

                                                       +2𝑆(𝓋𝑚+1, 𝓋𝑚+1, 𝓋𝑚+2) + 𝑆(𝓋𝑚+2, 𝓋𝑚+2, 𝓋𝑛)  

Repeating the above process we get, 

𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑛) + 𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑛) ≤ 2𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑚+1) + 2𝑆(𝜁𝑚+1, 𝜁𝑚+1, 𝜁𝑚+2)                 

                                                 + ⋯ + 𝑆(𝜁𝑛−1, 𝜁𝑛−1, 𝜁𝑛) + 2𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑚+1) 

                                                             +2𝑆(𝓋𝑚+1, 𝓋𝑚+1, 𝓋𝑚+2) + ⋯ + 𝑆(𝓋𝑛−1, 𝓋𝑛−1, 𝓋𝑛) 

                                                        ≤ 2𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑚+1) + 2𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑚+1)                    

                                                          +2𝑆(𝜁𝑚+1, 𝜁𝑚+1, 𝜁𝑚+2) + 2𝑆(𝓋𝑚+1, 𝓋𝑚+1, 𝓋𝑚+2) 
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                                                      + ⋯ + 2𝑆(𝜁𝑛−1, 𝜁𝑛−1, 𝜁𝑛) + 2𝑆(𝓋𝑛−1, 𝓋𝑛−1, 𝓋𝑛) 

                         ≤ 2𝛽𝑚𝑇 + 2𝛽𝑚+1𝑇 + ⋯ + 2𝛽𝑛−1𝑇 

                  = 2𝑇𝛽𝑚[1 + 𝛽 + ⋯ + 𝛽𝑛−𝑚+1] 

        ≤ 2𝑇𝛽𝑚[1 + 𝛽 + 𝛽2 + ⋯ ] 

≤ 2𝑇 (
𝛽𝑚

1 − 𝛽
)                  

Since, 0 < 𝛽 < 1, 
𝛽𝑚

1−𝛽
→ 0 as 𝑚 → ∞ 

∴ 𝑙𝑖𝑚
𝑚,𝑛→∞

𝑆(𝜁𝑚, 𝜁𝑚, 𝜁𝑛) + 𝑆(𝓋𝑚, 𝓋𝑚, 𝓋𝑛) = 0 

This shows that {𝜁𝑛} and {𝓋𝑛} are Cauchy sequences in 𝑋 and hence convergent in 𝑋. (Since 

𝑋 is complete). 

 Let {𝜁𝑛} → 𝜁 and {𝓋𝑛} → 𝓋. 

 Since {𝜁𝑛} ⊂ 𝑃 and {𝓋𝑛} ⊂ 𝑄 and 𝑃 and 𝑄 are closed subsets of 𝑋, 𝜁 ∈ 𝑃 and 𝓋 ∈ 𝑄. 

 Also, by inequality (3.4.11), 𝑙𝑖𝑚
𝑛→∞

𝑆(𝜁𝑛, 𝜁𝑛, 𝓋𝑛) = 0. 

 This implies 𝑆(𝜁, 𝜁, 𝓋) = 0. 

 This is possible only if 𝓋 = 𝜁. 

 Hence 𝑃 ∩ 𝑄 ≠ 𝜙 and the limit 𝜁 ∈ 𝑃 ∩ 𝑄. 

 Now, 

𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝜁)) ≤ 2𝑆(𝜁, 𝜁, 𝓋𝑚+1) + 𝑆(𝓋𝑚+1, 𝓋𝑚+1, 𝐶(𝜁, 𝜁))                                               

 = 2𝑆(𝜁, 𝜁, 𝓋𝑚+1) + 𝑆(𝐶(𝜁𝑚, 𝓋𝑚), 𝐶(𝜁𝑚, 𝓋𝑚), 𝐶(𝜁, 𝜁)) 

                  ≤ 2𝑆(𝜁, 𝜁, 𝓋𝑚+1)

+ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁𝑚, 𝜁𝑚, 𝐶(𝜁𝑚, 𝓋𝑚)), 𝑆(𝜁𝑚, 𝜁𝑚, 𝐶(𝜁𝑚, 𝓋𝑚))}

+
1

2
[𝑆(𝜁, 𝐶(𝜁𝑚, 𝓋𝑚), 𝐶(𝜁, 𝜁)) + 𝑆(𝜁, 𝐶(𝜁𝑚, 𝓋𝑚), 𝐶(𝜁, 𝜁))]) 

        = 2𝑆(𝜁, 𝜁, 𝓋𝑚+1)

+ 𝛼 (𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚+1) +
1

2
[𝑆(𝜁, 𝓋𝑚+1, 𝐶(𝜁, 𝜁)) + 𝑆(𝜁, 𝓋𝑚+1, 𝐶(𝜁, 𝜁))]) 
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            = 2𝑆(𝜁, 𝜁, 𝓋𝑚+1) + 𝛼[𝑆(𝜁𝑚, 𝜁𝑚, 𝓋𝑚+1) + 𝑆(𝜁, 𝓋𝑚+1, 𝐶(𝜁, 𝜁))] 

As, 𝑚 → ∞, this inequality becomes, 

𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝜁)) = 0 

This shows that 𝜁 = 𝐶(𝜁, 𝜁) 

(i.e) 𝐶(𝜁, 𝜁) is a strong coupled fixed point of 𝐶. 

Now we have to prove the uniqueness of this strong coupled fixed point of 𝐶. 

Suppose there exist two strong coupled fixed point of 𝐶. 

Let it be (𝜁, 𝜁) and (𝓋, 𝓋) 

Hence, 𝜁, 𝓋 ∈ 𝑃 ∩ 𝑄. 

Consider, 

𝑆(𝜁, 𝜁, 𝓋) = 𝑆(𝐶(𝜁, 𝜁), 𝐶(𝜁, 𝜁), 𝐶(𝓋, 𝓋))                                                                                  

     ≤ 𝛼 (𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝜁)), 𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝜁))}

+
1

2
[𝑆(𝓋, 𝐶(𝜁, 𝜁), 𝐶(𝓋, 𝓋)) + 𝑆(𝓋, 𝐶(𝜁, 𝜁), 𝐶(𝓋, 𝓋))]) 

= 𝛼 (𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝜁), 𝑆(𝜁, 𝜁, 𝜁)} + 𝑆(𝓋, 𝐶(𝜁, 𝜁), 𝐶(𝓋, 𝓋)))              

= 𝛼𝑆(𝓋, 𝜁, 𝓋)                                                                                            

≤ 𝛼(𝑆(𝓋, 𝓋, 𝜁) + 𝑆(𝜁, 𝜁, 𝓋))                                                                 

= 𝛼(𝑆(𝜁, 𝜁, 𝓋) + 𝑆(𝜁, 𝜁, 𝓋))                                                                 

= 𝛼(2𝑆(𝜁, 𝜁, 𝓋))                                                                                      

⟹ (1 − 2𝛼)𝑆(𝜁, 𝜁, 𝓋) ≤ 0                                                                                                    

⟹ 𝑆(𝜁, 𝜁, 𝓋) ≤ 0                                                                                                                      

⟹ 𝑆(𝜁, 𝜁, 𝓋) = 0              [∵ 𝑆(𝜁, 𝓋, 𝓌) ≥ 0 ∀𝜁, 𝓋, 𝓌 ∈ 𝑋] 

⟹ 𝜁 = 𝓋 . 

Hence proved. 

Corollary 3.5 
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Let (𝑋, 𝑆) be a complete 𝑆-metric space. Let 𝐶: 𝑋 × 𝑋 → 𝑋 be a Kannan type 𝑆-coupled cyclic 

mapping. Then 𝐶 has a unique strong coupled fixed point in 𝑋. 

Proof. 

Let us take 𝑃 = 𝑄 = 𝑋 in the above theorem, we get the result. 

Corollary 3.6 

Let (𝑋, 𝑆) be a complete 𝑆-metric space. Let 𝐶: 𝑋 × 𝑋 → 𝑋 be a mapping satisfying the 

following inequality with 𝛼 ∈ (0,
1

3
), 

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌))

≤ 𝛼 [𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))] 

for all 𝜁, 𝜇, 𝓌, 𝓋, 𝓊, 𝛾 ∈ 𝑋.  

Then 𝐶 has a unique strong coupled fixed point in 𝑋. 

Corollary 3.7 

Let (𝑋, 𝑆) be a complete 𝑆-metric space. Let 𝐶: 𝑋 × 𝑋 → 𝑋 be a mapping satisfying the 

inequality 

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌))

≤ 𝛼 [𝑚𝑎𝑥 {𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊)),
1

2
[𝑆(𝜁, 𝜁, 𝐶(𝜇, 𝓊)), 𝑆(𝜇, 𝜇, 𝐶(𝜁, 𝓋))]}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))] 

for all 𝜁, 𝜇, 𝓌, 𝓋, 𝓊, 𝛾 ∈ 𝑋 with 𝛼 ∈

(0,
1

3
).  

Then 𝐶 has a strong coupled fixed point in 𝑋. 

Note 3.8 

Here 𝛼 must be less than 
1

3
. Otherwise 𝛽 < 0 which leads to our theorem fails. 

Example 3.9 

Let 𝑋 = [0,1]. Define 𝑆: 𝑋3 → 𝑅+ by 
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𝑆(𝜁, 𝓋, 𝓌) = {
          0            𝑖𝑓 𝜁 = 𝓋 = 𝓌 

𝑚𝑎𝑥{𝜁, 𝓋, 𝓌}     𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Then (𝑋, 𝑆) is a complete 𝑆-metric space. 

Let 𝑃 = [0,
1

5
] , 𝑄 = [0,1]. Define 𝐶: 𝑋 × 𝑋 → 𝑋 by 

𝐶(𝜁, 𝓋) = {

𝜁

5(𝜁 + 𝓋 + 1)
   𝑖𝑓 𝜁 ∈ 𝑃, 𝓋 ∈ 𝑄

        0               𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Then 𝐶(𝑃, 𝑄) = [0,
1

30
] ⊂ 𝑄 

𝐶(𝑄, 𝑃) = [0,
1

30
] ⊂ 𝑃  

This shows that 𝐶 is cyclic with respect to 𝑃 and 𝑄. 

Let 𝜁, 𝜇, 𝓌 ∈ 𝑃 and 𝓋, 𝓊, 𝛾 ∈ 𝑄 

Case (i) 

Let 𝜁, 𝜇, 𝓌, 𝓋, 𝓊, 𝛾 ∈ [0,
1

5
]. Then  

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)) = 𝑆 (
𝜁

5(𝜁 + 𝓋 + 1)
,

𝜇

5(𝜇 + 𝓊 + 1)
,

𝛾

5(𝛾 + 𝓌 + 1)
)       

                   = 𝑚𝑎𝑥 {
𝜁

5(𝜁 + 𝓋 + 1)
,

𝜇

5(𝜇 + 𝓊 + 1)
,

𝛾

5(𝛾 + 𝓌 + 1)
} 

≤ 𝑚𝑎𝑥 {
𝜁

5
,
𝜇

5
,
𝛾

5
}                                                    

=
1

5
𝑚𝑎𝑥{𝜁, 𝜇, 𝛾}                                                    

≤
1

5
(𝑚𝑎𝑥{𝜁, 𝜇} + 𝛾)                                            

                         ≤ 𝛼 [𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))] 

where 𝛼 =
1

5
. 

Therefore, in this case inequality (3.1.1) is satisfied 

Case (ii) 
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Let 𝜁, 𝜇, 𝓌 ∈ [0,
1

5
] , 𝓋, 𝓊, 𝛾 ∈ (

1

5
, 1]. Then  

𝑆(𝐶(𝜁, 𝓋), 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)) = 𝑆 (
𝜁

5(𝜁 + 𝓋 + 1)
,

𝜇

5(𝜇 + 𝓊 + 1)
, 0)                               

                              = 𝑚𝑎𝑥 {
𝜁

5(𝜁 + 𝓋 + 1)
,

𝜇

5(𝜇 + 𝓊 + 1)
}     

≤ 𝑚𝑎𝑥 {
𝜁

5
,
𝜇

5
}                    

=
1

5
𝑚𝑎𝑥{𝜁, 𝜇}                   

                           ≤ 𝛼 [𝑚𝑎𝑥{𝑆(𝜁, 𝜁, 𝐶(𝜁, 𝓋)), 𝑆(𝜇, 𝜇, 𝐶(𝜇, 𝓊))}

+
1

2
(𝑆(𝛾, 𝐶(𝜁, 𝓋), 𝐶(𝛾, 𝓌)) + 𝑆(𝛾, 𝐶(𝜇, 𝓊), 𝐶(𝛾, 𝓌)))] 

 Thus in both the cases, we get the mapping 𝐶 is the Kannan type S-coupled cyclic 

mapping with respect to P and Q with α =
1

5
. 

 (i.e) C satisfies all the conditions of the above theorem. 

 Hence by theorem (3.4), C has unique strong coupled fixed point and that point is 
(0,0). 

Example 3.10 

Define C(ζ, 𝓋) = {
ζ   if ζ ∈ P and 𝓋 ∈ Q

0                   Otherwise
 and the metric S and the space X and the closed 

subsets P and Q are as in example 2.8. 

 Let ζ, μ, 𝓌, 𝓋, 𝓊, γ ∈ P 

 Put ζ =
1

5
, μ =

1

6
, 𝓌 =

1

7
, 𝓋 =

1

8
, 𝓊 =

1

9
 , γ =

1

10
 

S(C(ζ, 𝓋), C(μ, 𝓊), C(γ, 𝓌)) = S (C (
1

5
,
1

8
) , C (

1

6
,
1

9
) , C (

1

10
,
1

7
))                                   

                                               = S (
1

5
,
1

6
,

1

10
)                                                                    

                                                    = max {
1

5
,
1

6
,

1

10
}                                                                     
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=
1

5
                                          

            Now, α [max{S(ζ, ζ, C(ζ, 𝓋)), S(μ, μ, C(μ, 𝓊))}

+
1

2
(S(γ, C(ζ, 𝓋), C(γ, 𝓌)) + S(γ, C(μ, 𝓊), C(γ, 𝓌)))]                                        

                         = α max {S (
1

5
,
1

5
, C (

1

5
,
1

8
)) , S (

1

6
,
1

6
, C (

1

6
,
1

9
))}

+
1

2
[S (

1

10
,
1

5
, C (

1

10
,
1

7
) + S (

1

6
,
1

6
, C (

1

10
,
1

7
)))]             

= α max {S (
1

5
,
1

5
,
1

5
) , S (

1

6
,
1

6
,
1

6
)}                    

   +
1

2
[S (

1

10
,
1

5
,

1

10
) + S (

1

6
,
1

6
,

1

10
)] 

= α [
1

2
(

1

5
+

1

6
)]                                                      

= α [
1

2
×

11

30
]                                                           

= α ×
11

60
                                                                 

 Since 0 < α <
1

3
. 

S(C(ζ, 𝓋), C(μ, 𝓊), C(γ, 𝓌))

> α [max{S(ζ, ζ, C(ζ, 𝓋)), S(μ, μ, C(μ, 𝓊))}

+
1

2
(S(γ, C(ζ, 𝓋), C(γ, 𝓌)) + S(γ, C(μ, 𝓊), C(γ, 𝓌)))] 

 Hence C is not Kannan type S-coupled cyclic mapping. 

 Hence by the theorem (3.4), C has no unique strong coupled fixed point. 

 Since, C(ζ, 𝓋) = ζ is satisfied by all the points of Q. 

 In this example, the uniqueness of fixed point is failed. 

Example 3.11 

Define C(ζ, 𝓋) = {
ζ + 1,     ζ ∈ P, 𝓋 ∈ Q

0            Otherwise
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The space X, metric S are as in example 3.2. 

Repeat the process as in Example (3.10), we get C is not a Kannan type S- coupled cyclic 

mapping. 

Hence by theorem (3.4), C has no unique strong coupled fixed point. 

In this example no point is a strong coupled point of C. 
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