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1. Introduction
Let A be the class of functions f(z) of the form

oo

f(z) =z+ > agzk (1.1)
k=2

which are analytic in the open unit disk
U={zzeC and |z| < 1}

As usual, we denote by S the subclass of A consisting of functions which are normalized by
f(0) = 0 =f'(0) — 1 and are also univalent in U. Further, let T be a subclass of A consisting
of functions of the form,
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f(z)=z—) agzk, z€e U (1.2)
k=2
Also let §*(a) and C(a) denote the subclasses of A consisting of functions which are,

respectively, starlike and convex of order a(0 < a < 1) in U. Thus, we have (see, for details,
[9,13,14,21])

zf'(z)
S*(a) = {f:f € A and Re( ) )>a,(z€U;0<a< 1)} (1.3)
£
Cla)={f:fe AandRe (1 + : ,((Z))) >a,(zeU0<a<1)} (1.4)
zZ

where, for convenience,
$(0) = 8+, C(0) =€
It is a well-established fact that
f(z) € C(a) & zf'(z) € S*(a)

Kanas and Wisniowska [15] introduced the class f — UCV which includes geometric aspect in
connection with conic domains. The family B — UCV is of special interest for it contains many
well-known, as well as new, classes of analytic univalent functions. The class B — UCV map
each circular arc contained in the unit disk U with a center &, |§] < B(0 < B < 1), onto a
convex arc. The notion of B-uniformly convex function is simple extension of classical
convexity. For various choices of 3, these classes reduce to well-known subclasses of
uniformly starlike and convex functions. In particular, when § = 0, the center & is the origin
and the class B-uniformly convex function reduces to the familiar classes of convex univalent
functions K. Moreover for = 1 the class reduces to uniformly convex functions UCV
introduce by Goodman [12], and studied extensively by Rgnning [20]. We recall the following
subclass of uniformly convex functions and corresponding subclass of starlike functions due
to [20].
For —-1<a<1 and B=0, a function fecA is said to in the class
i) B-uniformly starlike functions of order a, denoted by S, (a, B) if it satisfies analytic criterion

zf'(z) zf'(z)
4> PEo

Re{ —1|,z€e U (1.5

?ir)]dﬁ-uniformly convex functions of order o, denoted by UCV(q, ) if it satisfies analytic
criterion
zf"(z) zf"(z)
Re{l+m—a}>ﬁ|m—1|,z€ﬂ] (1.6)
It follows from (1.5) and (1.6) that

fe UCV(a, B) & zf’ € Sp(a, B)
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We recall the following subclass of uniformly convex functions and corresponding subclass
of starlike functions due to [17].
Foro<A<10<a<1andp =0, we let P,(a, B) be the subclass of A consisting of
functions of the form (1.1) and satisfying the analytic criterion

Re { Zi(fg FAf () | —a}> Bl 2f(2) + A2 (2) _1 (1.7)

(1 = Df(z) + Azf (2)
also let 9,(a, B) be the subclass of § satisfying the analytic criteria
Az2f"(z) + (1 + 2M)zf'(z) + f'(2) Az2f"(z) + (1 + AV)zf"(2)
f'(z) + Azf"(z) —ap> B f'(z) + Azf"(z) a8
Also denote ?x*(a‘ B) = Py(a, ) NT and Q+(a,B) = 9x(a, B) N T, the subclasses of T.
In particular, we note that ?S(a, B) = Té‘p(oc,)B) and ?’;(a, B) = UCT (a, B), the classes of

uniformly starlike and uniformly convex were introduced by Bharati et al.[5]. For § = 0, the
classes TSp(a, ) and UC(a, ) respectively, reduces to the classes T*(a)
and C(a) introduced and studied by Silverman [23]. Further by taking « = 0 we have P(3) =
TSp(B) and P;(B) = UCT(B) introduced and studied by Subramanian et al.[26]. For more
interesting developments of some related subclasses of uniformly starlike and uniformly
convex functions, the readers may be referred to the works of Frasin et al.[11], Subramanian
et al.[25] and Srivastava et al.[24].

A variable x is said to be Pascal distribution if it takes the values 0,1,2,3, ... with probabilities

(1= @m A=a" ¢mm+DA-Q" @mmtDHm+2A-g"
RO 1! ’ 2! ' 3!

called parameters, and thus

Re {

-... respectively, where q and m

k+m
PX=Kk)=( )gk(1 — )™k =0,1,2,3, - (1.9)
m-—1
Recently, El-Deeb et al.[8] introduced a power series whose coefficients are probabilities of
Pascal distribution

* n+m-2
Yr(z)=z+3% ( m—1 ) g (1 —q)mzn, z€U (1.10)
n=2
where m > 1; 0 < q < 1 and we note that, by ratio test the radius of convergence of above
series is infinity. We also define the series

+m-—2
)-gq-1(1—q)ma zn,z€ U (1.11)

on(z) = 22— W) =z—3 ("
q q m-—1 n

n=2
Now, we considered the linear operator Jy(z):A — A defined by Hadamard product

(convolution) as

o n4+m-—2
Im(z) = Pm(z) +f(z) =z+ % ( )rgri(l—q@ma z, ze U (1.12)
q q m-—1 n
n=2

Nanotechnology Perceptions Vol. 20 No. S14 (2024)



1421 B. B. Gadekar et al. Subclasses of Starlike and Convex....

To  establish our  main results, we need the following Lemmas.
Lemma 1.1. [17] A function f of the form (1.2) is in P;(«, B) if and only if it satisies

;: QT4+ —-)nA+B)—(a+P)]lag <1 -« (1.13)
n=2

Lemma 1.2. [17] A function f of the form (1.2) is in Q5(a, B) if and only if it satisfies
;: n(l+n—-)nA+B)—(a+P)]lag) <1—a (1.14)
n=2

Lemma 1.3. [7] If f € R*(C, D) is of the form (1.1) then

w,n €N\ {1} (1.15)

|an| =
Motivated by several earlier results on connections between various subclasses of analytic and
univalent functions by using hypergeometric functions [6, 17, 18, 19, 22] and by the recent
investigation in generalized Bessel functions and Struve functions [1, 2, 3,

10, 24, 27, 28] in the present paper we establish a number of connections between the classes
P(a,B) ang]Q;\ea,[B by aBpPylng the convo utFon operator given sby 1.12). We also

P
2 IME() _
determine conditions for the integral operator #(m,z) = [, 4 dtbelonging to the class

Qi(a, B).

2. Coefficient Estimates
Theorem 2.1. If m > 1, then ¢m(2) is in P*(a, B) if and only if
q A

A+ D gyt 2 -2+ g1
- (0.4
(1-q)? 1-9
Proof. Since
X n+m-—
Pm(z)=z—2 ( )-qn (1 —q)ma zn
q m-—1 n
n=2
in view of Lemma 1.1, it is sufficient to show that
” n+m-—2
2 A+m-YnA+P—-(@+PIC 1 ) gi(l-—gr<1-a (2.2)
n=2
In the proofs of all our results we will use the relation
n+m-2- . 1  <q<1
n2=0( m-—1 )q T (A=g)m

and the corresponding ones obtained by replacing the value of m withm — 1,m + 1, and m +
Nanotechnology Perceptions Vol. 20 No. S14 (2024)
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2.
Writingnz2=n-2)(n—-1)+3(n—-1)+1andn=(n-1)+1in(2.2)

(o0}

> (1+ni—A)[n(+B) - (a+B)] (";’"; 2y i1 — qm

n=2 B
n+m-—

—A+PAT [(n-2)n—1)+3@m—1) +1]( %y 11— gym

n=2

m-—

HATHA-D-A@+AIS (- D+u "™ g - gn
n=2
ra-ax % g

" “ n+m+1
=1+ pAgPm(m+1)(1—q)™ > ( )-qn
m+1

[ee]

+A+HA - - Aa+Plgm(A-gm )y ( " ) q"

n=0

n=0
n+m-1
)-qn—l

m-—1

tA-@d-pmX (

n=0 1
=1+ pAgm(m +1)(1 — g At [(1+B)(1—2)— A(a+ B)lgm
1
A-@m__—___+A-o@-@m[____q
1 —q)m+ 1 A-gm am
=1+ BAg*m(m + 1) +[1+B)A+22)—A(a+p)
- “Pla-e
(1-a1-1-qgm
But this last expression is bounded above by 1 —a if and only if (2.1) holds.
Theorem 2.2. If m > 1, then ¢:In(z) isin Q*l(a, pB) if and only if

g*m(m+ 1)(m + 2) g?m(m+ 1)

=1+ p)A TP HA+HA+5) - Aa+ P 7 —

Proof. The proof of Theorem 2.2 is lines similar to the proof of Theorem 2.1, so we omitted
the proof.

By taking 4A=0 and A=1 we state the following  Corollaries.
Corollary 2.1. If m > 1 then necessary and sufficient condition for ¢Zl(z) € :P*O(a, B =

TSp(a,B) is
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(1+ﬁ)( — )+(1—a)[1—(1—q)'"]S1—a (2.4)

Corollary 2.2. If m > 1 then necessary and sufficient condition for ¢m(z) € P*(a, ) =
q 1
UCT (a, B) is
qg*m(m + 1) qm

¢! +B)W +[B3A+B) - (a+p)] a-9

3. Inclusion Properties

Theorem 3.1. If f € R*(C, D) is of the form (1.1) and the operator 7%(z), defined by (1.12)
in the class P (a, B), if

(C-D)v|1 —q)m [(1+B)7~((

)) +H[(A+B) —Aa+p)A -1 -

Proof. In view of Lemma 1.1, it is sufficient to show that

[ee]

n+m-—2
s+ (L4 =)+ p) — (@+ B)] ( @il ji-gm<i-a (32)

o m—1
Since f € R*(C, D), then by Lemma 1.3 we have
(C—=D)v|
lan| = ——F—

Thus, we have

_s A+m-DhA+p-@+pIC el g

m—
n2
(C~D)Iv] fm-2

<> = (A+nm-M[nA+B)- (a+B)]( ) Qi1 —gm
o n m-—1

® n+m-—2
=c-ppiy A+M-DRA+H - @+PIC T D@m=

m —
n=2

* n+m
=C-DpA -~ [(A+prE nC _; )@ +[A+P)—(a+p)]

. m
“ n+m-2 - “1 n+m-2
x 2 ( )t =1 -D(@+B) X = ( )-qr )]
n=2 m-—1 n=21’1 m-1

writingn = (n — 1) + 1, upon simple computation
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[ee]

* n-+m n+m
=C-DpA-g[Q1+PA(@mY ( m )-qr+ 22 ( m—
n=0

n=0

1 )-qn—1)

“ n+m-—1
HA+HA-V-A@+BIEC ¢ )=

n=0
_@A-M@+P) . n+m-2
GRS

n=0 qm
=(C=D)v[A —qg)m[(1+BA( s
1 =D(a+p)

m_g ) a1 (m=1q)]

+1-1 =)+ [A+B(1 -1 —Ala+p)]

xA-Q-gpm-__~  _"((1-9-A-@m—qm-1)(1-qm)]
am=1)
=(C=D)v[A = [+ B)K(ﬁ) +[(1+B) — Ao+ B)]
—q
1-2A
XA-A—-qm) - ()ﬂ((l -9 -1 -gm—qm-1(1-qm)]
q(m — 1)

Theorem 3.2. If f € R*(C, D) is of the form (1.1) and the operator 72 (z), defined by (1.12) in
the class Q;(a, B), if

- ) \ g?m(m + 1) qm
— + _— —_
( IV +B) 1—-q7? +H[(A+B)(A +22) — A(a + B)] -9
Proof. In view of Lemma 1.2, it is sufficient to show that
“ n+m-—2
s> n(1+nA=D[n(l+p) = (a+B)]( . Jalla j1—gm<1-a (34)
m — n
n=2
Since f € R*(C, D), then by Lemma 1.3 we have
(C—=D)|v|
|an| = n
Thus we have
“ (C—=D)|v| n+m-—2
=2~ n(1+0A=2)[nA+p) - (a+P)]( ) gt (1= qm
- n m-—1
“ n+m-—2
S><(C=-D)a-gny @@+nA=n(+p)—(a+p)]( . ) gt
m —
n=2
Further, proceeding as in Theorem 2.1, we get
g’m(m + 1) gqm
(C=D)v[(A+ A ———— +[(1 + B)(1 + 24) — A(a + B)]
(1-—q)? 1-9

+(1-l-(1-gn <1-a
Nanotechnology Perceptions Vol. 20 No. S14 (2024)



1425 B. B. Gadekar et al. Subclasses of Starlike and Convex....

Corollary 3.1. Let m > 1. If f € R*(C, D) is of the form (1.1) and the operator J3(z), defined
by (1.12) in the class Pg(a, B) = TSp(a, B), if

(x+P)
=C-DpA-gm[A+pHA-A-—™) "
q(m —1)
Corollary 3.2. Let m = 1. If f € R*(C, D) is of the form (1.1) and the operator 72(z), defined
by (1.12) in the class Ps(a, B) = TSp(a, B), if

=Dy +H 0D 1314 ) — (w1
- \% _— — (a
(1-q) (1-9
4. An Integral Operator
In this section we introduce an integral operator ' (m, z) as follows:
z 7anf(t)
H(m,z) = [ —dt (4.1)
0

and we obtain a necessary and sufficient condition for ' (m, z) belonging to the class Q:(«, B).

Theorem 4.1. If m > 1, then the integral # (m, z) defined by (4.1) is in the class @%(a, B), if
and only if inequality (2.1) is satisfied.

Proof. Since

+m-—2
)

[ n Zn
H@=z+3 ( -
n=2

. qn—l(l — q)m
n

in view of Lemma (1.2), we need only to show that
” 1 n+m-—2
> n(1+nA—-2)[n1+p)—(a+p)] x ;( m—1

n=2

or, equivalently

) "Il -gm £1-«

“ n-+m
2 1+ —=1)[n+p) - (a+P)]( I ) qi(l-gn<1l-a

n=2

The remaining part of the proof of Theorem 4.1 is similar to that of Theorem 2.1, and so we
omit the details.

5. Conclusion

In this investigation, we obtain sufficient condition and inclusion results for function f € A to
be in the classes of starlike and convex functions Pr(o, B) and 5(a, B) associated with Pascal

distribution series in the open unit disc U. Further, we derive the result of integral operator
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related to Pascal distribution series.
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