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ABSTRACT

Let G be a graph with p vertices and g edges. The g™hilbert number is
denoted byH,and is defined by §, = 4(q — 1) + 1where g = 1. A I-hilbert mean
labeling is an injective function w:V(G) - {0,1,2,...,H;44—1}wherel > 1 that
induces a bijection p*: E(G) - {Hy, Hy41, Hi42, -, Hitq—1 Jdefined by
p) +pu() +1

2
p(u) + pu(v)

if u(u) +u(v) is odd
p(uv) =
if u(u) + u(v) is even

for all uv € E(G). A graph which admits such labeling is called al-hilbert mean
graph.

In this paper, we investigate the I-hilbert mean labelingfor union ofl-hilbert mean
graphs with some other graphs.
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1.INTRODUCTION

The graph considered in this paper are finite, undirected and without loops or multiple
edges.Let G = (V,E) be a graph with p vertices and g edges. Terms not defined here are
used in the sense of Harary [3]. For number theoretic terminology [1] is followed. A graph
labeling is an assignment of integers to the vertices or the edges or both subject to certain
conditions. If the domain of the mapping is a set of vertices (edges/both) then the labelingis
called a vertex (edge /total) labeling.A dynamic survey of graph labeling is regularly updated
by Gallian [2] and it is published by Electronic Journal of Combinatorics. The concept of
mean labeling was introduced by S.Somasundaram and R.Ponraj [5]. The concept of I-hilbert
mean labeling was introduced in [4].
2.PRELIMINARIES
Definition 2.1: Let G; = (V4,E;) and G, = (V,, E;) be two vertex disjoint graphs. Then
their union G = G{ U G, is a graph whose vertex set is V. =V; UV, and its edge set is
E = El V) Ez.
Definition 2.2: The n" hilbert number H,, is given by the formula 4(n — 1) + 1for n > 1.
The first few hilbert numbers are 1,5,9,13,17, 21, 25, 29,33,37,41,45,49,53,57, etc.
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Definition 2.3:Let G be a graph with p vertices and g edges. A hilbert mean labeling is an
injective function p : V(6) - {0,1,2, ..., H, } where H, is the " hilbert number that induces
a bijectionu*: E(G) - {Hy, Hy, ..., H, Jdefined by

p) +u() +1
2
p(w) + u(v)

if u(u) +u(v) is odd
w(uv) =
if u(u) + u(v) is even

for all uv € E(G). A graph which admits such labeling is called a hilbert mean graph.

3. MAIN RESULTS

Definition 3.1: Let G be a graph with p vertices and g edges. The g™ hilbert number is
denoted byH, and is defined by H, = 4(q — 1) + 1 where g = 1. A I-hilbert mean labeling

is an injective function u: V(G) - {0,1,2, ...,Hj44-1} Where [ > 1, that induces a bijection

W E(G) = {HuHi1, Hiszs o) Hisg—1 ] defined by

p(w) +u() +1
2

p(u) + p(v)

if u(u) +u(v) is odd
p(uv) =
if u(u) +u(v) is even

for all uv € E(G). A graph which admits such labeling is called al-hilbert mean graph.
Theorem 3.2:Let Gbe al-hilbert mean graph. Then G U B, »,) is al-hilbert mean graph for all
n = 2.

Proof: Let G be al-hilbert mean graphwith p vertices and q edges. ThenG hasl-hilbert mean
labelingu: V(G) - {0,1,2, ..., H;44-1} and its induced edge labelingis u*:E(G) -
{HLHis1, Higz, o Higgo1}. Let G = G U By pywith V(Bony) = {wv,u, v, 11 <ip <
n}andE (Bg, ny) = {uv,uw;,,vv;, : 1< iy <n}. Then G hasp+2n+2 vertices and
q + 2n + 1 edges. Define an injective function A: V(G') - {0,1,2, ..., H4442,} Such that
A(w) = u(w) foreach w € V(G).

Aw) =4[l+qg—-1]+1,A(v) =4[l +q + 2n — 1],
Au,)=4[l+q+2i;-3], 1<i<n,
A(v,)=4ll+q+2i—1]+1, 1< <n
Then the induced edge labelingA*: E(G) — {H;, Hi41, Hitzs ) Hirgezn} is defined as

follows. A*(e) = u*(e),A*(uv) = 4[l+q+n—1] +1,

M(uw, ) =4[l+q+i;—2]+1,1<i <n,

A*(vvil) =4[l+q+i;+n—-1]+11<i; <n
Clearly A* is bijective. Thus we get the induced edge labels as
{H1, Hi+1, Hixas o) Higgran J-HeNceG U By, ,y is al-hilbert mean graph for all n > 2.
Theorem 3.3:Let G be al-hilbert mean graph. Then G U nK, is al-hilbert mean graph for all
n=1.
Proof: Let G be al-hilbert mean graphwith p vertices and q edges. Then Ghasl-hilbert mean
labelingu: V(G) - {0,1,2,...,H;44—1} and its induced edge labeling is u*:E(G) -
{HLHis1, Higzs o Higgo1). LetG =G UnK, with V(nK;) = {w;, ;,:1< i3 <n1<ip <
2}and E(nK;) = {w;, ,W;, i,,, ' 1 <i3 <n,1<i; <2}.Then G has p + 2n vertices and
q +n edges. Define an injective function A: V(G') —{0,1,2, ..., Hj4q4n—1} Such that
A(w) = u(w) foreach w € V(G).
For1<i; <n1<i, <2,
A .)={4[l+q+i1+i2—3] if i, is odd
2 A[l+q+iy+i,—4]+1 ifiyiseven
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Then the induced edge labelingA*: E(G') — {Hl, Hit1, His2, ...,Hl+q+n_1} is defined as
follows.

A(e) = pwr(e@) A (uy Uiy iy,,) =4ll+q+ii+i,-3]1+11<i; <nl1<i, <2
Clearly 1" is bijective. Thus we get the induced edge labels as {H;, Hy41, Hi42, - Hitgn—1}-
HenceG U nK, is al-hilbert mean graph for all n > 1.

Theorem 3.4:Let G be al-hilbert mean graph. Then G U H(PB,)is a I-hilbert mean graph for
alln > 3.

Proof: Let G be al-hilbert mean graphwith p vertices and g edges. Then Ghasl-hilbert mean
labelingu: V(G) — {0, 1,2, ---,Hz+q—1} and its induced edge labeling is u*:E(G) —
{HLHis1, gz, o Hisgo1). Let G = GUHB)with V(H(B)) = {w,, v, : 1 < i) <n}

and E(H(B,)) = {uilu- vVl sn—1, (uﬂ,vg)} or E(H(BR))) =

141’ 141" > ;

{uiluim, Vvl S Ssn—1, (UnZLZU%)} Then G hasp + 2n vertices and q + 2n — 1

edges. Define an injective function A: V(G") - {0,1,2,...,H;4412n—2} such that A(w) =
u(w) for each w € V(G).
Case 1: nis odd,
Forl1<i; <n,
) = {4[l+q+i1—2] ifi; is odd
1 A[ll+q+i;—3]+1 ifi; iseven

)\(v.)_{4[l+q+i1+n—3]+1 ifiy is odd
W 4l + g+ iy +n—2] ifi; is even
Case 2: nis even,
Forl<i; <n,
) = {4[l+q+i1—2] ifi; is odd
W 4l+q+i;—3]+1 ifi; is even
)\(v_)_{4[l+q+i1+n—2] ifiy is odd
W 4[l+q+ip+n—3]1+1 ifi; iseven
Then the induced edge labelingA™: E(G") = {H;, Hi41, Hiva, oo Hitgean—z) i defined as
follows.
)\*(e) = :u*(e)!)\*(ull ui1+1) = Hl+q+i1—1 ) 1 S 1'1 S n _1'
X (v, Viyyy ) = Hisqnaig—1 1<ip<sn-1
A (ugug) =, Hiyqin—1if nis odd
2 2
A (uw,vg) = Hiyqin-1if niseven
2 2
Clearly A* is bijective. Thus we get the induced edge labels as

{H1, Y141, Hivzs o Hisgran—z}. HenceG U H(B,) is a I-hilbert mean graph for all n > 3.
Theorem 3.5:Let G be al-hilbert mean graph. Then G U T (n) is al-hilbert mean graph for all
n =4 and n is even.

Proof:Let G be al-hilbert mean graphwith p vertices and q edges. ThenG hasl-hilbert mean
labelingu: V(G) - {0,1,2,...,H;44—1} and its induced edge labeling is u*:E(G) -
{H1, Y41, Hivar o Hivgo1} LetG' = G U T(n)with V(T(n) ={v;, :1<i) <
nu,,w; i1 <i;p <n-— Z}ar)d E(T(n)) = {vilviHl: 1<y <n-Luw,v,, WV, "
1<i;<n-—2}. Then G hasp +3n —4 vertices and q +3n —5 edges. Define an
injective function A: V(G') - {0,1,2, ..., Hj4g43n-6} Such that A(w) = u(w) for each
w eV (G).

Forl<i, <n,
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A(vs) = {4[l+q+3i1—4] ifi; is odd
" 4[l+q+3i;,—7]+1 ifi; iseven
For1<i; <n-2
A, ) = {4[l+q+3i1—2] ifi; is odd
1 4[l+q+3i; —5]+1 ifi; iseven

AW, = {4[1 +q + 3i4] ifi; is odd
H 4[l+q+3i; —3]+1 ifi; iseven
Then the induced edge labelingA*: E(G") - {H;, Hi+1, Hivz, o Hitgean—s) is defined as
follows.
X (e) = w(e), X (vi,viy,,) = Hitgesy—3, 1<ip<n-1,
N (Wi, viy,,) = Hirgesy1 < ip Sn—2
N (ui viy,,) = Hivgesi—2 l1<ipsn-2
Clearly A* is bijective. Thus we get the induced edge labels as
{H1, 141, Hix2s o Hisgean—s}. HenceG U T(n)is al-hilbert mean graph for all n > 4 and n
is even.
Theorem 3.6:Let G be al-hilbert mean graph. Then G U BG is al-hilbert mean graph.
Proof: Let G be al-hilbert mean graphwith p vertices and q edges. Then Ghasl-hilbert mean
labelingu: V(G) - {0,1,2, ..., H;44—1} and its induced edge labeling is u*:E(G) -
{H, His1, Higzs o Hisgo1). LtG = G U BGwith V(BG) = {v;, : 1 <i; <njand E(BG) =
{vi,vi,,,;1<i; <n—1,v,v,}. Then G hasp +5 vertices and q + 5 edges. Define an
injective function A: V(G - {0,1,2, ..., H444+4} such that A(w) = u(w) for each w €
V(G).
Fori; =1,2
Aw,) = {4[l+q+i1—2] ifi; is odd
1 4[l+q+i;—3]+1 ifiy iseven
For3<i; <5,
A(v-)={4[l+q+i1_2]+1 ifi; is odd
" A[l+q + iy — 1] ifi; iseven
Then the induced edge labelingA*: E(G') — {Hl, Hiv1, Hivzs o) Hl+q+4} is defined as follows.
N(e) = w (@), A (v, viy,,) = Hivgeiy—1, i = 1,2
N(vyviy,,) =Hiegei  3S 1 < 4
NI Hirg+2
Clearly A* is bijective. Thus we get the induced edge labels as {Hz,Hz+1,Hz+z' ...,I—jl+q+4}.
HenceG U BG is al-hilbert mean graph.
Theorem 3.7:Let G be al-hilbert mean graph. Then G U B,, OB, is al-hilbert mean graph
wherem > 3,n > 4and n is even.’
Proof:Let G be al-hilbert mean graphwith p vertices and q edges. Then Ghasl-hilbert mean
labelingu: V(G) - {0, 1,2, "'fHH-q—l} and its induced edge labeling is u*:E(G) -
{HuYHs1 sz o Hisg-1}. Lt = GUPB, O BWithV(B, O B) ={w;, ;,:1<i; <
m1<i;<n}and E(B, O B) ={w,u, :1<ij<ml<i<n-Lu, w, 1<
i <m-—1}. Then G'hasp + mn vertices and g + mn — 1 edges. Define an injective
function A: V(G) - {0,1,2, ..., Hi1g+mn—2} Such that A(w) = u(w) for each w € V(G).

Forijisoddand1 <i; <m,1<i, <n,
A[ll+q+n(i; —1) +i, — 2] ifi, is odd
A(uil iz): { . . efs s
A[l+q+n(iy—1)+i,—3]+1 ifiyiseven
Fori;isevenand 1<i; <m,1<i, <n,
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Au )_{4[l+q+n(i1—2)+2n—i2—2]+1 ifiy is odd
hlm 4l+qg+n(iy —2)+2n—i, — 1] if i, is even
Then the induced edge labelingA*: E(G) = {H}, Hi11, Hi+2, - Hisgimn—2} is defined as

follows.
A'(e) = p(e),

For1<i;<m,1<i,<n,
A (W, Uiy 15,1) = Hisqn(ig—1)+,-1, 111 0dd
7\*(111'1 i Uiy i2+1) = Hitq4n(i;—2)+2n+i—1, 1115 EVEN

7\*(uil n Wig g n) = Hl+q+n(i1—1)+n—1' 1< il sm-1
Clearly A* is bijective. Thus we get the induced edge labels as
{H1, Y41, Hivzs o Hisgemn—2).  HenceG U (B, O B,)is al-hilbert mean graph where
m > 3,n = 4andnis even.
4. CONCLUSION
In this paper, we have studied thel-hilbert meanlabelingfor union of I-hilbert mean
graphswith some other graphs. This work contributes several new results to the theory of
graph labeling.
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