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Abstract:The inherent uncertainty in our understanding of the
world presents substantial challenges for standard mathematical
approaches. Fuzzy algebraic structures,building on Zadeh’s
foundational work in 1965, offer a specialized means to manage
this uncertainty. This paper provides a comprehensive review of
developments in fuzzy subring algebra, examining key elements
such as fuzzy subrings, fuzzy ideals, fuzzy zero divisors, and the
application of fuzzy polynomials and matrices. Through practical
case studies in areas like medical diagnostics and agriculture, this
study demonstrates the flexibility and crucial role of fuzzy algebra
in addressing uncertainty. This paper serves as a valuable resource
for researchers and practitioners seeking to navigate complex
uncertainties using fuzzy algebraic frameworks.
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1. Introduction

Uncertainty is an inherent aspect of life, presenting challenges to human comprehension and
traditional mathematical frameworks. Fuzzy sets provide a specialized mathematical tool
designed to address this uncertainty, offering a structured way to model and navigate
imprecision. Pioneering work by Zadeh [58] in 1965 laid the foundation for the study of fuzzy
sets, which quickly gained traction among researchers and found applications across a wide
range of scientific disciplines. Since then, the body of literature on fuzzy set theory and its
applications has expanded significantly, with numerous studies spanning fields such as
economics, psychology, artificial intelligence, network analysis, and decision-making [9, 15].

The process of fuzzification of algebraic structures extends classical algebraic concepts to
account for uncertainty and imprecision. It involves integrating degrees of membership or
truth values into traditional algebraic definitions and operations, reflecting the inherent
fuzziness of real-world data. The fuzzification of algebraic structures began in 1971 with
Rosenfeld’s work[49], and it introduced the idea of fuzzy subgroups, where closure under
group operations is relaxed to allow partial membership. Since then, many researchers have
contributed to expanding and refining concepts within fuzzy algebra[3, 4, 17, 45].
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Building on this, researchers have extended fuzzification to other algebraic structures,
including fuzzy subrings. These generalize the concept of rings by permitting elements to
partially satisfy the properties of distributivity and associativity. The introduction of fuzzy
subrings and fuzzy ideals by Liu [37] in 1982 was a major milestone, further advanced by
researchers such as [1, 2, 11, 23, 48], who significantly broadened and deepened the study
within this domain.

As the study of algebraic structures progressed, the concept of zero divisors became central to
understanding the properties of rings. Zero divisors identify rings that are not integral
domains, making them essential for classifying algebraic systems. In fuzzy subring algebra,
the notion of fuzzy zero divisors extends this concept by accounting for uncertainty, allowing
for partial adherence to the defining properties. This broader definition offers a framework to
study elements with varying degrees of zero divisor characteristics. The concept was first
explored by Ray [47], with subsequent developments by Melliani [41], who defined fuzzy
zero divisors using fuzzy points, and Ayub [7], who introduced fuzzy zero divisors for non-
zero, non-unit elements.The study of fuzzy divisors can be extended to [30, 56].

The exploration of fuzzy polynomials intersects with the study of fuzzy subring algebra,
particularly in relation to fuzzy zero divisors. Fuzzy polynomials have found wide
applications in engineering and fuzzy mathematics. Eslami’s [24] foundational work on fuzzy
polynomials has been extended by various authors, with Barhoi’s [10] definition based on
fuzzy triangular numbers providing a connection between traditional and fuzzy polynomials.
Additionally, Melliani [41] introduced fuzzy polynomials defined by fuzzy points,
contributing to the variety of approaches in this field. Fuzzy polynomials are widely used in
practical applications, such as in neural networks, where Zarandi [59] employed fuzzy
polynomial neural networks (FPNN) to predict concrete compressive strength.

Fuzzy matrices play a critical role in many scientific and engineering domains. Introduced by
Thomason [55], the theory of fuzzy matrices was later expanded by Hashimoto [27], who
investigated properties of nilpotent fuzzy matrices, and Kim [33], who studied their adjoint
and determinant properties. Atanassov [6] introduced intuitionistic fuzzy matrices, extending
traditional fuzzy matrices to account for both membership and non-membership values. These
fuzzy matrices are applied in a variety of fields. For instance, Meenakshi [40] utilized fuzzy
matrices for medical diagnosis based on patient data, while Sun [22] applied them to
agricultural studies to determine suitable crops for specific land areas.

This paper is organized into eight sections. Section 2 explores various structures of fuzzy
subrings, including intuitionistic fuzzy subrings, Q-fuzzy subrings using t-norm T, anti Q-
fuzzy subrings using t-conorm C, bipolar fuzzy subrings, and picture fuzzy subrings. Section
3 reviews fuzzy polynomials and fuzzy polynomial subrings. Section 4 discusses fuzzy
matrices, including controllable fuzzy matrices and intuitionistic fuzzy matrices, along with
their determinant and adjoint properties. The literature reviewed in these sections aims to
inspire future research on fuzzy zero divisors in polynomial and matrix rings. Section 5
provides an overview of recent advances in fuzzy zero divisors. Section 6 illustrates practical
applications in fields such as medical diagnosis and agriculture, emphasizing the role of fuzzy
algebra in managing uncertainty. Section 7 discusses the limitations of the study, while
Section 8 presents conclusions and outlines future research directions.

Notation:Henceforth, Xis the universal set, and R denote commutative ring with unity 1 and
additive identity 0.
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2. Diverse Structures Fuzzy Subrings

Ray [47]laid the groundwork for the theory of fuzzy subrings and fuzzy ideals in 1982. Since
then, many researchers have engaged in extending the concept of fuzzy subring to the broader
framework of abstract algebra of rings. This section delves into diverse structures of fuzzy
subrings, including intuitionistic fuzzy subrings, Q-fuzzy subrings employing t-norm T, anti
Q-fuzzy subrings utilizing t-conorm C, bipolar fuzzy subrings, and picture fuzzy subrings.

2.1 Definition [25]
A mapping from a set A € X to the interval [0,1] is referred to as a fuzzy subset of A. The
collection of all fuzzy subsets of A is denoted by FS(A).

Das [18]introduced the theory of level subsets, which gave new dimension to the study
of fuzzy set theory.

2.2 Definition [25]
Letnbe a fuzzy subset ofA € X. Then, a crisp setn, = {r € A | n(r) = a} is referred to as the
a — cut (ora — level set) ofn.

2.3 Definition [37]
Let nbe a fuzzy subset of ringR. Then, n is called a fuzzy subring of R if and only if, for all
r,s € R, the following conditions hold:

i. n(r—s)=min{n(r), n(s)},

ii.  n(rs) = min{n(r), n(s)}.

2.4 Definition [37]
A fuzzy subset nof ring R is called a fuzzy ideal of R if and only if, for allr,s € R, the
following conditions hold:

i. n(—s)=min{n(r), nls)},

ii.  n(rs) = max{n(r), n(s)}.

2.5 Theorem([20]
A fuzzy subset n is a fuzzy ideal of a ringR, if and only if the level subsetn,is an ideal of the
ringr, for allt € Im n.

2.6 Definition[20]
A fuzzy subset 5 is a fuzzy subring (or ideal) of ring R if and only if its level subsets n, are
subrings (or ideals) of ring R for eacht € Im 7.

Atanassov [6]introduced the concept of intuitionistic fuzzy sets in 1986, extending the
framework as a generalization of fuzzy sets.Biswas [13] contributed to this study by
introducing the intuitionistic fuzzy subgroup concept, offering a more comprehensive
illustration of the applications of intuitionistic fuzzy sets. Likewise, Banerjee and Basnet [8]
presented intuitionistic fuzzy subrings and ideals. Mohamed [23] explores intuitionistic fuzzy
ideals in BE-algebras and establishes several new results related to their structure.

2.7 Definition [6]
An intuitionistic fuzzy setl of setXis defined as follows:

I'={(x, u(x), n(x)) | x € X},
where,u: X — [0,1] and n: X — [0, 1]represent the degree of membership and degree of non-
membership functions for everyx € X.

2.8 Definition [8]
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An intuitionistic fuzzy subsetl = {{r, u(r), n(r)) |r € R} is said to be an intuitionistic
fuzzy subring ofR, if for every r, s € R, the following conditions hold:

. u(r —s) = min{u(r), u(s)},

i pu(rs) = min{u(r), u(s)},

i, n(r—s) <max{n(r),n(s)},

iv. n(rs) <max{n(r),n(s)}

2.9 Definition[8]
An intuitionistic fuzzy subringl = {(r, u(r), n(r)) | r € R}is said to be an intuitionistic
fuzzy ideal of R, if for everyr,s € R,
i pu(r—s) = min{u(r), u(s)},
i, p(rs) = min{u(r), u(s)},
ii.  n(r—s) <min{n(r),n(s)},
iv. n(rs) < n(r).

Anthony and Sherwood [5]employed the notion of a triangular norm to redefine fuzzy
subgroups. The concept of Q —fuzzy groups was first presented by Solairaju and Nagarajan
[54]. Rasuli [46]introduced the concept of Q —fuzzy subrings and anti Q —fuzzy subrings by
using a t —norm Tand a t —conorm C, respectively.

2.10 Definition[46]
A mapping T: [0,1] x [0,1] — [0, 1] is called t —norm if for everyu, v,w € [0, 1],
i. T(u1l) =u,
ii. Twv)<Tuw)ifv<w,
iii.  T(u,v) =T(v,u),
iv. T(u,T(v, W)) =T(T(u,v),w).

2.11 Definition [46]
Let Q be a non-empty set. A Q — fuzzy subset n of R is said to be a Q —fuzzy subring of R
with respect to the t —norm T, if for every u, v € [0,1] and q € Q,

i nu+v,q) =THw 0w Q)
i n(-u,q) =2nwq),
ii.  nu,q) = T(nwq).n,q)

2.12 Definition[46]
A mapping C: [0,1] x [0,1] - [0, 1]is called t — conorm if for every u,v,w € [0,1],
i. C(u,0)=u,
ii. Cluv)<Cluw)ifv<w,
iii. C(u,v)=C(v,u),
iv. C(u,C(v, W)) = C(C(u,v),w).

<

2.13 Definition [46]
Let Q be a non-empty set. A Q —fuzzy subsetuof R is said to be an antiQ —fuzzy subring of R
with respect to the t —conorm C, if for every u,v € [0,1]and q € Q,
i nu+vq9) <C(wq)nv,q),
i n(-u,q) <nuq),
iii. v, q) < C(nw q),n,q).

Zhang [60] initiated the conceptualization of bipolar fuzzy sets. The study of bipolar fuzzy
sets involves considerations of both positive and negative membership values. In a bipolar
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fuzzy set, one membership value is confined to the interval[0, 1], representing positive
membership, while the other belongs to [—1, 0], signifying negative membership. This key
distinction stands as a notable departure from intuitionistic fuzzy sets, where membership and
non-membership values both fall within the range [0,1]. In a fuzzy set with bipolar values, a
membership degree of 0 implies that elements are irrelevant to the corresponding property. A
membership degree in the range (0, 1] indicates that elements somewhat satisfy the property.
On the other hand, a membership degree in the range [—1, 0)suggests that elements somewhat
satisfy the implicit counter-property.

2.14 Definition [60]
LetXbe a non-empty set. The bipolar fuzzy setAof setXis defined as follows:
A ={{x,u(x),n(x)) | x € X},
where,u: X - [0,1] and n:X — [0,1] represents the degree of positive membership and
degree of negative membership function respectively for every x € X.

2.15 Definition [38]
A bipolar fuzzy subsetB = {{r, u(r),n(r)) | r € X}is called a bipolar fuzzy subring of R, if
forevery r,s € R,
i u( —s) = min{u(r), u(s)},
. p(rs) = min{u(r), u(s)},
iii.  n(r—s) < max{n(),n(s)}
iv. n(rs) <max{n(r),n(s)}.

In the realm of intuitionistic fuzzy sets, every element in the set X is characterized by two
components: the degree of membership and the degree of non-membership. The picture fuzzy
set serves as a broader framework, extending the intuitionistic fuzzy set by incorporating three
components for each element in X: the degree of positive membership, the degree of neutral
membership, and the degree of negative membership. This enriched model of fuzzy sets was
introduced by Cuong [16].

2.16 Definition[16]
LetXbe a non-empty set. A picture fuzzy set Aof setXis defined as follows:

A = {0, n(x),n(x),y(x)) | x € X},
where,u: X - [0,1], n:X — [0,1]and y:X — [0,1] represents the degree of positive
membership, the degree of neutral membership,and the degree of negative membership
respectively for everyx € X.

2.17 Definition[21]
A picture fuzzy subset P = {(r, u(r),n(r),y(r)) | r € R} is said to be picture fuzzy subring
of R, if for everyr,s € R,
i p(r—s) = min{u(r), u(s)}, n(r —s) = min{n(r),n(s)} and
y(r —s) < max{y(r),y(s)}
. u(rs) = min{u(r), u(s)}, n(rs) = min{n(r),n(s)} and
y(r —s) < max{y(r),y(s)}

3 Fuzzy Polynomial

Fuzzy polynomials hold significant importance in both engineering and fuzzy mathematics.
This section undertakes a comprehensive investigation into the study of fuzzy polynomials,
covering diverse aspects such as their representation using fuzzy numbers, their extension to
fuzzy polynomials involving triangularfuzzy numbers, and the intricate relationship existing
between crisp polynomials and their fuzzy polynomials. Furthermore, the section explores
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advancements in the study of fuzzy polynomial subrings, as proposed by Melliani [41], fuzzy
polynomial ideals, as introduced by Kim [33], and the extension to intuitionistic fuzzy
polynomial ideals, as investigated by Sharma [53]. This multifaceted exploration sheds light
on the wide-ranging applications and theoretical developments surrounding fuzzy
polynomials within various mathematical contexts and their relevance to engineering
disciplines.

3.1 Definition[19]
A fuzzy subsetuof setXis called fuzzy number if
i.  uisnormal, i.e., there existx, € Xsuch thatu(x,) = 1,
ii. uis fuzzy convex, i.e.,u(Ax; + (1 —A)xy) = minf{u(xy), u(xy)}or allxy,x, €
XandA € [0,1],
iii.  wp(x)is upper semi continuous,
iv. supportofu = {x € R | u(x) > 0}is bounded.

Rouhparvar [50] introduced the concept of fuzzy polynomials, wherein the coefficients are
represented as fuzzy numbers.

3.2 Definition [50]
A polynomial of the type,
Ag+Aix + Ayx? + -+ A,x" =0
where x € X, the coefficients Ay, A1, A,, ... A,, are fuzzy numbers, is called fuzzy polynomial
equation.

Fuzzy polynomials can be numerically solved through a variety of methods, with the Newton-
Raphson method, ranking method, modified Adomian decomposition method, and fuzzy
neural network method emerging as the most popular techniques. Each of these methods is
characterized by distinctive algorithms, contributing to their effectiveness in accurately
determining the real roots of fuzzy polynomials.

Barhoi [10] presented one approach to defining fuzzy polynomial using fuzzy triangular
numbers and established a relation between crisp polynomial and fuzzy polynomial.

3.3 Definition [10]
The fuzzy set pon set A is said to be triangular if the membership function is given by

x—a,f < x<h

ifa<x<
wa) ={82¢ )

ifb < x <

c—blf <x<c

and it is denoted by 4 = [a, b, c].

3.4 Definition [10]

Let A = [aq, by, c1] and B = [a,, b,, c,]be two triangular fuzzy numbers.

i. Addition: A + B = [a; + a,, by + by, 1 + 5]

i.  Subtraction: A — B = [a; — ay, by — by, c; — 5]

iii.  Scalar Multiplication: kA = [kay, kby, kc,] for any non zerok

iv.  Multiplication: 4 x B = [min{a;b;}, product of mid point, max{a;b;}]

3.5 Definition [10]
A polynomial of the form
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f(X) =Z@F=%+ZI)?+A;)?7 + A X3 + -
i
where, Ay, 4, 4, A3,... and Xare triangular fuzzy numbers.

3.6 Example

Let f(x) = 5x + 6. Then f(2) = (5 X 2) + 6 = 16. Extending this crisp polynomial to a
fuzzy polynomial, we have the following expressionf(X) = 4, + A;X, where4, = [6, 6, 6],
A, =1[5,5,5] and X = [1,2,3]. Hence f(2) =[6,6,6] +[5,5,5] = [1,2,3] = [11,16,21].
The middle value is the same as the crisp value.

3.7 Example

Consider a polynomial with more than one variable f(x,y) = 3xy? + 5x + 6y + 7. Then
£(2,3) = 89. Now extending this crisp polynomial to fuzzy polynomial, we have f(X,¥) =
3XV?2+5X+6Y+7 and f(2,3)=1[3,3,3]%[1,2,3]%[2,3,4]> +[5,5,5] *[1,2,3] +
[6,6,6] = [2,3,4] + [7,7,7] = [36,89,190]. Thus, a fuzzy value in the middle is the same as
the crisp value.

The study of fuzzy polynomial subrings involves investigating the algebraic properties of the
polynomials. Eslami [24] pioneered the study of the fuzzy polynomial ring. Expanding on this
work, Melliani [41]defined fuzzy polynomials using fuzzy points as coefficients and
established thatF, (R)[X] constitutes the fuzzy polynomial ring. Here, ndenotes a fuzzy

subring of R, and F, (R)represents the set encompassing all fuzzy points of nwithin the ringR.

3.8 Definition [24]
Let S be a commutative ring with unity. Let R = S[xq, x5, ..., x,,] be the polynomial ring in
the indeterminates x4, x,, ..., x,,over S. Let nbe fuzzy subring over R. For all

mpy Mnp-1 mq

where¢;, ; €. Let
n(P) = min{min{n(c;, ;) | § = 0tom;,j =1ton}, min{t; | j = 1 ton}}
then nis called fuzzy polynomial ring overR, where
t ={ n(x%)ifn(x )isnontrivial,
1

otherwise.
3.9 Definition [41]

A fuzzy polynomial ring in one determinate onF, (R)is a set of sequences(atl, Ary, Ay, ) =
(atk)kerith(atk) € E,(R)such that there existn € Nsuch thaty p > n, a,, = O,witht;,s €
(0, 1]. It is denoted byF, (R)[X].

LetP = (atk)kEN witha,, = 0, for allp > nandQ = (bsk)kEN withb, = 0 for all p > m.
The ring operations on the fuzzy polynomial ring are as follows:

Addition:P + Q = (a + b)¢ s, With (@ + b)¢ a5, = 05 forall p = max{n, m}
|V|U|t|p|lcatI0nP X Q = (dﬁk) Wlth dﬁk = Zi+j=p atibs],, ﬁk = mlnozljzk{tl,sj}and
dg, = O forallp > m+n.

keN

3.10 Theorem [41]
(E,(R)[X], +, x) is a commutative ring.
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3.11 Definition [41]
P € E,(R)[X] is said to be fuzzy polynomial on F,(R)if there exista,, € F,(R)such that

P=Ypa.X".

3.12 Definition [41]
A polynomial P = a;, + a, X + atZX2 + -+ a, X" is said to be non zero polynomial if
there exist non zero coefficients a,, a,,, a.,, ..., a, .

3.13 Definition [41]

Let P =a,, +a, X+ athz + -+ a, X" € E,(R)[X]. The fuzzy degree of P is denoted
bydeg(P)ord’and is defined as the maximal number n such thata, # 0., . In thisa, is called
as leading coefficient of P.

3.14 Definition [41]
Thea, € F, (R)is said to be zero of the polynomialP € F, (R)[X]if and only if

P(ay) = ¥igasai = 05,8 <.

Let/(b,) = {P € F,(R)[X] | P(b,) = 05,s < t}. It can be easily shown that/(b,)is ideal
of E, (R)[X].

3.15 Definition [41]
The fuzzy pointb, € F,(R)is said be algebraic fuzzy point if/(b,) # {0}. Otherwise, b, is
called a transcendent fuzzy point.

3.16 Theorem [41]
Let R be aring. Then R is called integral domain if and only ifF, (R)[X] is integral ring.

Kim [35] introduced the concept of a fuzzy polynomial ideal, denoted as n,, within the
polynomial ringR[x]. This fuzzy polynomial ideal is induced by a fuzzy idealn existing in the
ringR, thereby establishing a relationship between fuzzy ideals in the base ring and the
corresponding induced fuzzy polynomial ideals.

3.17 Theorem [35]

Let n: R — [0, 1] be a fuzzy ideal of R, and consider n,.: R[x] — [0, 1], a fuzzy subset of R[x]
defined by 7,(f(x)) = min;{n(a;)} for any polynomial f(x) = ag+ a;x + azx? + -+
a,x"™in R[x]. Then n, is fuzzy ideal of R[x].

3.18 Theorem [35]
Let 7: R — [0, 1] be a fuzzy ideal of R. Then the set D = {f(x) € R[x] | n,(f(x)) = 1, (0)}
is a subring of R[x].

The intuitionistic fuzzy polynomial ideal A, of a polynomial ringR[x]induced by intuitionistic
fuzzy ideal Aof a ringRwas introduced by Sharma [53].

3.19 Theorem [53]
Letl = {(x, u(x),n(x)) | x € R}be intuitionistic fuzzy ideal ofRand letf(x) = ag + a1 x +
a,x% + -+ + a,x™ be any polynomial inR[x]. Define an intuitionistic fuzzy ideal

L = {{(f 0O, 1 (F (), (FCO)) | £ () € RIx]}
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of R[x]byu,(f(x)) = min;{u(a))} and n,(f(x)) = max;{n(a;)}. Thenl,is an intuitionistic
fuzzy ideal ofR[x].

3.20 Theorem [53]
Let/be an intuitionistic fuzzy ideal ofR. Then the set

S={f(x) € R [x] | e (f (X)) = 1, (0), 1 (f (x)) = n,(0)}
is subring of R[x].

4 Fuzzy Matrix

The concept of fuzzy matrices was initially introduced by Thomason [55], who also studied
the convergence of powers of the fuzzy matrix. In this section, we explore the fuzzy matrix
concept as studied by various authors, encompassing controllable fuzzy matrices,
intuitionistic fuzzy matrices, and their associated determinant and adjoint properties. This
comprehensive study holds significant importance in various areas of science and
engineering.

4.1 Definition [55]
A fuzzy matrix is a matrix with its elements from the unit interval[0, 1].

The following are the operations on fuzzy matrices,
Letd = [aif]m B = [bil']k ,and ¢ = [Cil']k ., be any two fuzzy matrices withay;, by;, c;; €
[0, 1]then,

i. B+C-= [dij] where d;; = max{bij,cl-j},

ii. AB=YFk_ja;,b,; wherea;b,

= min{a;,, by, ),

4.2 Definition [28]
If A is a fuzzy square matrix of order m X m, then
i. Aissymmetricifandonly if A = Af,
ii.  Aisreflexiveifandonlyif A > I,
iii.  Ais transitive if and only if 4% < A.
Hence A is called reflexive, symmetric, and transitive (or idempotent) if and only if 4% = A.

Kim [33] presented several properties related to the determinant and adjoint of a fuzzy square
matrix

4.3 Definition [33]
The determinant of a fuzzy matrixA is denoted by |A|and defined as,

|A| = Z M15(1)A25(2)A36(3) -+ Ako (k)
G'ESk

where S is the permutation group of all permutations.

4.4 Example
03 02 0.5

Let A=(05 0.6 0.1|be fuzzy matrix then|A| = 0.3(0.3+0.1) +0.2(0.3+0.1) +
0.2 04 03

0.5(0.4 + 0.2) = 0.3(0.3) + 0.2(0.3) + 0.5(0.4) = 0.3 + 0.2 + 0.4 = 0.4

4.5 Definition[33]
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The adjoint of a fuzzy square matrix is denoted by Adj A and defined as,Adj A = [|4;|]
where|4;; |is a determinant obtained by deletingi‘"row and j**column of matrix A.

m xm’

Kim and Roush [32] conducted a study on the canonical form of an idempotent matrix in the
years 1980. In a related context, Hashimoto [27] investigated the canonical form of a
transitive matrix in the year 1983.

4.6 Theorem [27]
IfRis idempotent fuzzy matrix (transitive, strongly transitive), then there exist a permutation
matrix P such that the matrixT = [t;;| = P x R x P'satisfiest; > t;;, fori > j.

In the above matrix, T is referred to as the canonical form of an idempotent fuzzy matrix
(transitive, strongly transitive).

Xin [57] studied the controllable fuzzy matrix as below:

4.7 Definition [57]
A fuzzy matrixRis said to be controllable from below (above), if there exist a permutation
matrixPsuch thatT = [t;;] = P x R x P'satisfiest;; > ¢; (t;; < ¢;; )fori > j.

A fuzzy matrix R = [rl-]-]is said to be controlled from below (above), ifr; =n; (1; <
1 )fori > j.

Intuitionistic fuzzy matrix deals with both membership and non-membership value. Atanassov
[6] has first introduced the concept of intuitionistic fuzzy matrix which is the extension of
fuzzy matrix.

4.8 Definition [43]
Letd = [ay ] and B = [b;] be two fuzzy matrices such thata; + b
T Imxn J Imxn 2]

everyi < m and j < n. The pair(4, B)is called intuitionistic fuzzy matrix.

ij <1 for

5 Fuzzy Zero Divisor

In this section, various methodologies for defining fuzzy zero divisors are examined. The
introduction of the concept of fuzzy zero divisors for rings was initially put forth by Ray [47]
in 2004. Ray also introduced the notions of fuzzy characteristics and fuzzy unit within the
ring, extending the idea of fuzzy order for group elements introduced by Kim [34].

5.1 Definition [34]

Letu be a fuzzy subgroup of G. For a givenx € [0, 1], if there exists a smallest positive integer
nsuch thatu(x™) = u(e), then x has a fuzzy order ofn with respect tou. If no such n exists,
xis of infinite order with respect tou.

Forany x,y € G, let the fuzzy order of elements x and y be denoted by F0, (x) andFO, (y),
respectively. If O(x) and O(y) are the orders of elements x and y in the group G,
respectively, then O(x) = O(y) does not imply that FO,(x) = FO, (y), as shown in the

following example.

5.2 Definition [47]
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Let n be a fuzzy subring of a ring R. If n(mx) = n(0) for all x in R and the smallest positive
integer m, then m is said to be the fuzzy characteristic of the ring R with respect to n. If
m = 0 is the only integer such that n(mx) = n(0) for all x in R, then the fuzzy characteristic
of ring R is 0 (or infinity).

In general, the fuzzy characteristic is not necessarily equal to the ring characteristic. However,
if the set {x € R [n(x) =n(0)}= {0}, then FC,(R) is equal to the characteristic of the
ring R.

5.3 Theorem[47]
If 7 is a fuzzy ideal and e is the identity of ring R, then FC, (R) = FO,(e).

5.4 Theorem([47]

Let n be a fuzzy subring of R, and let a,b € R. If n(ab) # n(0) and n(a) + n(0), n(b) #
n(0), then a is referred to as the left fuzzy divisor of b, and b is referred to as the right fuzzy
divisor of a with respect to n.

If {x € R|n(x) =n(0)} = {0} then the fuzzy zero divisors with respect to n are equal to
zero divisors of ring.

5.5 Theorem[47]

Let n be a fuzzy ideal of a ring R, and let a,b € R. If n has no fuzzy zero divisors with
respect to n and n(a) # n(0),n(b) # n(0), then FO, (a) = FO, (b) in the additive group of
R.

5.6 Theorem[47]
Let nbe a fuzzy ideal of aring R with no fuzzy zero divisors with respect to n and FC, (R) #
0. 1f n(a) # n(0) for some a € R, then FC, (R) is prime number.

5.7 Corollary[47]

Let n be a fuzzy ideal of the ring R with no fuzzy zero divisors with respect to n then
FC,(R) = 0 if and only if FO, (a) is infinite for everya € Rwith n(a) # n(0). Otherwise
FC (R)and FO,(a) isprime p forevery a € R withn(a) # n(0).

5.8 Definition [47]

Suppose n be a fuzzy subring of R with identity 1 such that 0 = n(1) # n(0) . An element
a € R with n(a) #n(0) is said to be fuzzy unit of R denoted by FU, (R) if there exist
b € R withn(b) # n(0) such that n(ab) =n(ba) =n(1).

5.9 Definition [42]
Letn; andnybe fuzzy subsets of the setsGandHrespectively, then the product ofnsand ny,
denoted byn, % ny and defined by

(e X ny)(x,y) = min{ng (x), Ny (x)},
forallx e Gandy € H.

5.10 Theorem[47]
If nr and ng are fuzzy subrings of the ringsRandsS, respectively, then
0 if FC,,(R) =0and FC,,(S) =0,
if FC,,(R) # 0 and FC, (S) # 0,
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where, p = lcm {FC,,R,FC”S}.

Pu and Liu[44] introduced the concept of fuzzy points. Building upon this idea,
Melliani[41]proposed the fuzzy ring (F;, (R), + ,x) using the notion of fuzzy points, where
nrepresents a fuzzy subring of R. Subsequently, Melliani presented the notion of zero divisors
within this fuzzy ring (E7 (R), + ,><), termed fuzzy zero divisors. Additionally, he introduced
the concept of an integral ring within this framework.

5.11 Definition[44]
Let Abe a non-empty set. For x € Aand a € (0,1], define x,: A — [0, 1] such that
_(aifx=y,
*a () = {O ifx #y.
Then, x, is called a fuzzy point(singleton).

5.12 Definition[44]

The fuzzy pointx, is said to be contained in a fuzzy set nor belongs to n, denoted by x, € n if
and only ifp(x) > a. Generally, every fuzzy set ncan be expressed as the union of all fuzzy
points belonging to n.

By the principal extension of Zadeh, we have
Xe +ys = + Yins
X Ys = (XY)ense

The set of all fuzzy points of n of ring R is denoted by F, (R) and defined as
F,(R) = {x4|n(x) 2 a,x €R,a € (0,1]}.

5.13 Theorem[41]
Let  be a fuzzy subset ofR , then n is a fuzzy subring of R if and only if 7, is a subring of R
foreach t € [ 0,17(0)].

5.14 Theorem[41]
Let n be a fuzzy subset of R. Then n is a fuzzy subring ofRRif and only if, for each point
xXys €En,wehavex, — y, €Enandx,y; €1 .

5.15 Theorem[41]
Let Rring with unity. If n is subring of Rthen (F, (R, +,X) is ring.

5.16 Theorem[41]
LetRbe a commutative ring with unity. Let n and v be two fuzzy subrings of R such that
n < v.Then F,(R) is a subring of F, (R).

5.17 Theorem[41]
Let a.(+ 0,) € F,(R). Then a, is called fuzzy zero divisor if there existb;( # 0;) € F,(R)
such that a,b, = 0.

5.18 Definition[41]
Ring F, (R) is said to be an integral ring if it has no zero divisors.

5.19 Theorem[41]
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E, (R) is integral ring if and only ifRis an integral domain.

Ayub[7]presented an additional approach to fuzzy zero divisors, and subsequently, the
concept of a fuzzy integral domain is explored.

5.20 Definition [7]
Let n be a fuzzy subring of R . A non zero and non unit element a is called fuzzy zero
divisor over n if there exist non zero and non unit element b such that n(ab) = n(0).

5.21 Definition [7]
LetRbe an integral domain, and 7 is a fuzzy subring of R . Then 7 is called the fuzzy integral
domain ofRif there is no fuzzy zero divisor overn. The set of all fuzzy integral domains of Ris
denoted byFID(R).

From now,Ris assumed to be an integral domain.R*denotes the set of all units of R. Also
n.={x € R|n(x) =n(0)}.

5.22 Theorem[7]
Let n be a fuzzy subring ofR. Then the following conditions are equivalent
i. n€FID(R),
ii. n(x) # n(0) for all non zero and non unitx € R,
iii. n,<{0} UR"

6 Applications

A fuzzy set proves to be a valuable tool in decision-making processes. Sun[22] introduced a
multi-level comprehensive fuzzy evaluation function that analyzes environmental issues,
management skills, and economic benefits along with biophysical suitability. This function
aids in making informed recommendations for land usage. The practical applications of fuzzy
set theory extend into the medical field. Sanchez[51] developed a diagnostic model using a
fuzzy matrix, which encapsulates medical knowledge regarding symptoms and diseases.
Meenakshi[40] further expanded on Sanchez's approach by presenting a theory of interval-
valued fuzzy matrices, providing an extension to medical diagnosis methods. Meenakshi also
introduced the arithmetic mean matrix of an interval-valued fuzzy matrix and directly applied
Sanchez's medical diagnosis method to it. Kavitha[29] introduced the concept of a circulant
fuzzy matrix and demonstrated its application in animal disease diagnosis.

The concept of a fuzzy zero divisor can be used to define a fuzzy zero divisor graph.
Kuppan[36] initiated the study of fuzzy zero divisor graphs, which have various applications
in graph theory. One significant application is in pharmaceutical chemistry, where the
challenge lies in providing a mathematical graphical representation for a set of chemical
compounds such that distinct representations correspond to distinct compounds. Additionally,
in computer networks, the structure of fuzzy zero divisor graphs can be applied, representing
servers, hubs, and nodes as vertices and connections as edges. Moreover, fuzzy zero divisor
graphs have potential applications in navigation, robotics, and coding theory.

This section presents a comprehensive examination of two case studies, centered on medical
diagnosis and agricultural analysis. The initial study, conducted by Beaula[12], introduces an
algorithm designed for medical diagnosis. Subsequently, the second case study elaborates on
the practical implementation of ( €, € Vv Q) fuzzy ideals. This approach aids in the selection
of effective symptoms and streamlines the diagnosis of diseases[31].

Nanotechnology Perceptions 20 No. S14(2024) 3552-3572



3565 Dinesh Kute A Review of Fuzzy Subring

6.1 Case Study 1

Fuzzy algebra finds significant applications in the field of medicine, particularly in diagnostic
models. Sanchez[52] pioneered the use of fuzzy matrices to represent medical knowledge
relating symptoms to diseases. Building on this work, Meenakshi and Kaliraja[40]further
developed the approach by introducing interval-valued fuzzy matrices. In 2010, Cagman et
al.[14] introduced fuzzy soft matrix theory and its application in decision making.

This section presents a case study by Beaula[12] that illustrates the practical application of
fuzzy matrices in medical diagnosis.

6.1.1 Definition[12]
Let [a;] _ and [b;] _ be the fuzzy matrices of order n X n. Then the supi — composition
J dnxn Jdnxn

is defined as,A’ o B = supi (A(x,y) B(x,y))

6.1.2 Definition [12]
A relativity function between variables u and v \in X, denoted by g (%) is defined as:
(g) _ @) @)

v/ max{n,(W),n, (v)}

where n,(u) and n,(v) are membership functions mapping from u to v and v to u,
respectively.

6.1.3 Procedure of medical diagnosis under a fuzzy environment
Let S denote the set of symptoms associated with certain diseases,D represent the set of
diseases, and P the set of patients.

1) Begin by considering the patient-symptom fuzzy matrix A.

2) Next, consider the symptom-disease fuzzy matrixB.

3) ComputeC = A’ o B, whereorepresents the sup i — composition operation.

4) Find the complement fuzzy matrices A and B¢ for A and B, respectively.

5) Calculate D = A oBand M = C — D, using— for the min operator and o for the
sup i — composition operation.
6) Determine the relative values and construct the comparison matrix R = [rl-j] =

nxn
Xi
g\= .
YiZi=12,.n

7) Identify the maximum value in each row of the R matrix for ranking purposes,
providing the solution to the problem at hand.

6.1.4 Illustrative Example
Let P ={P, P,, P;3} be the set of patients with
symptomsS = {High Temp. (s;), Headache(s,), Cough(s3)}, and possible diseases related
to these symptomsD = {Dengue(d,), Viral Fever(d,), Malaria(ds)}.

1) Consider the patient-symptom fuzzy matrix:
[0.5 0.6 0.4]
A=1(02 07 03

_ _ 0.6 0.4 0.7
2) Consider the symptom-disease fuzzy matrix:

[0.4 0.2 0.7]
A=103 06 09

, 0.7 0.5 0.8
3) Compute C = A' o B, whereois sup i — composition:
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0.3 04 0.5
C=1(02 04 06

0.5 04 0.6
4) The complement of fuzzy matrices A and B are:
0.5 04 0.6 0.6 0.8 0.3
A°=108 03 0.7(,B°=]0.7 04 0.1]
04 06 03 0.3 05 0.2
5) Compute D = A° o BE:
03 04 0.2 03 04 0.2
D =105 0.6 0.2] andM =C—-D =102 04 0.2]
04 03 0.1 04 03 0.1
6) Calculate relative valuesg (%) for all i,
(ﬂ)_ na,(p1) —7Mp,(d))  03-03
g dq max{ndl(pl), npl(dl)} max{0.3, 0.3}

Similarly, we can calculate, g (Z—:) =05, g (Z—:) =—-05,g (Z—j) =—0.5, g (Z—z) =0,
g(8)=-06g(8)=05g(2)=03andg (%) =0

0 0.5 -0.5 0.5
Hence, R =|—-05 0 —0.6|and the maximum it*rowis| 0
0.5 0.3 0 0.5

7) Therefore, it can be concluded that patientP; is highly susce'ptible toViral Fever,
patient P, is affected byViral Fever, and patientPsis likely affected byDengue.

6.2 Case Study 2

The theory of (€, ev Q) fuzzy ideals is employed in the domain of medical diagnosis systems.
This section details the practical application of (€, ev Q)fuzzy ideals for the purpose of
selecting effective symptoms and facilitating the diagnosis of diseases [31]. The conclusions
drawn from the analysis of 15 cases are summarized to underscore the robustness and
effectiveness of the application in medical diagnostics.

6.2.1 Definition [31]

In the defined operations, where a vV b denotes the supremum (least upper bound) and a A b
denotes the infimum (greatest lower bound), a partially ordered set (poset) (L; <)is termed a
lattice if, for any elements a and b in L, both a vV b and a A b exist within the set L.

6.2.2 Definition [31]
A fuzzy subset p is said to be an (€,€V q) fuzzy ideal of X if and only if the following
conditions are hold for all x,y € X.
o ou(xAy) =pulx)Ap(y)A0.S5,
. p(xVvy) =ul)Aply) 0.5,
iii.  xAa=ximplies u(x) = u(a)A0.5forall a € X.

A sixty-year-old male patient presenting with a complaint of burning micturation, the doctor
considered potential underlying conditions, including Urinary Tract Infection (UTI) (P1),
Renal Stone (P2), and Diabetes (P3). To confirm the diagnosis, the doctor recommended a
comprehensive evaluation through blood tests, urine analysis, and an abdominal ultrasound
(USG). Subsequently, the obtained reports were subjected to a process of fuzzification for
further analysis and interpretation.
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. ; Normal T Ta To A1 As A3
SN. | Test Values Values A (P | (R) | (P | * (Ai) (r1(P1)) | (m2(P2)) | (m3(F3))
1 Haemoglobin (gm %) | 6.50 13-15 0.81 | 0.2 0 0.1 0.81 0.5 0.5 0.5
2 ESR mm 34 0-14 0.77 | 0.2 0.1 0.2 0.77 0.5 0.5 0.5
3 Urea (mg/dl) 27.50 20-40 0 0 0 0 0.5 0.5 0.5 0.5
4 RBSL (mb/dl) 92.50 90-110 0 0 0 0 0.5 0.5 0.5 0.5
5 Calcium (mg %) 7.69 9-10.4 0.33 | 0.1 0 0.1 0.5 0.5 0.5 0.5
6 Urine(R) protiens Trace Trace/Absent 0 0 0 0 0.5 0.5 0.5 0.5
7 Urine culture Abnormal* Normal/Abnormal | 1 1 0 0 1 1 0.5 0.5
8 USG abdomen Abnormal™ | Normal/Abnormal | 1 0.8 0 0 1 0.8 0.5 0.5

* Abnormal due to organism
** Abnormal due to internal echoes
The fuzzy sets defined for various test values are given below,

1ifx<5 0 ifx < 14
A (x) = {52 if5<x<13, Ay (x) =
0 ifx>13 1ifx>40
0 ifx <40 0 ifx <110
A3 (x) = A, (x) = {" 19:£110 < x < 200
1 ifx > 100 1 ifx > 200
1ifx<5 .
9—x ifabsent
As() ={ZFif 5 <x <9, Ag(x) = Lj;tmced
0ifx>9
_ (1 ifabnormal _ ifabnormal
A7 (x) _{ 0 ifnormal ’ Ag(x) _{ 0 ifnormal

The values (Ti(Pi))j fori=1to3 and j =1 to 8 represent the grade membership values

provided by experts. These values indicate the degree to which the test is deemed useful in
identifying diseases, as assessed by experts relying on their knowledge and experience.

Define fuzzy setsu (Aj (x)) = A;(x) v 0.5and A(ri (Pl-)j) =1;(P); v0.5 for allxand
i =1to3andj = 1to8. Clearlyuandiare(€,€v q) —fuzzy ideals of X. Henceun
Ais(€, ev q) —fuzzy ideals ofX.

Definey;(P) =V, (u(4;) A 4,(P);)for
yz(Pz) = 0.1and ]/3(P3) = 0.2.

alli=1to3andj =1to8. Thusy;(P;) =1,

Hence, the analysis indicates that urinary tract infection (UTI) has the highest grade of
membership, leading to the conclusion that the patient is indeed experiencing a urinary tract
infection. This finding aligns with the medical opinion provided by the doctor.

7 Limitation of study
This study faces limitations due to the absence of a standardized process for the fuzzification
of algebraic structures. These limitations encompass several challenges associated with the
process of fuzzification:

1) Complexity of transition: Converting crisp concepts into fuzzy ones while preserving
their essential properties poses a significant challenge. This complexity stems from the
necessity to maintain the core characteristics of the original concept while adapting it
to a fuzzy framework.

2) Preservation of meaning: Fuzzifying a concept from a classical set to a fuzzy set
without altering its meaning in the classical set is a difficult task.
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3) Computational complexity: The fuzzification process often involves intricate
computations, potentially impacting the scalability and efficiency of fuzzy systems.
Managing this computational complexity is crucial to ensure the practicality and
usability of fuzzy algebraic techniques.

4) Loss of precision: Fuzzification entails approximating crisp concepts with fuzzy ones,
leading to a loss of precision. This loss of precision can affect the accuracy of
computations, and the reliability of results obtained using fuzzy algebraic structures.

5) Limited theoretical framework:The theoretical framework for fuzzy algebraic
structures is still under development. This limited theoretical foundation can make it
challenging to rigorously analyze and prove properties of fuzzy algebraic structures.

Addressing these limitations involves ongoing research and development efforts aimed at
refining fuzzy algebraic techniques, enhancing computational methods, and establishing
standardized approaches to ensure consistency and reliability in fuzzy systems.

8 Conclusion and Future Scope

A comprehensive study was conducted by analyzing research papers published in reputable
journals from 1965 to 2024, focusing on the structures and applications of fuzzy subrings,
fuzzy zero divisors, fuzzy polynomials, and fuzzy matrices. The examination of these papers
provided valuable insights into the evolution of these concepts and their current state in
research, contributing to a deeper understanding of fuzzy sets' role in ring theory.

The analysis revealed various approaches for defining and studying fuzzy subrings, fuzzy zero
divisors, fuzzy polynomials, and fuzzy matrices, highlighting the complexity and challenges
involved in fuzzifying algebraic structures. The study emphasized the need for standardized
processes in fuzzification to ensure consistency and reliability in fuzzy systems.

Furthermore, the research highlighted the practical applications of fuzzy subrings/ideals and
fuzzy matrices in agriculture and the medical field. These applications demonstrate the
potential impact of fuzzy algebraic techniques in real-world scenarios, opening up new
avenues for research and development in these fields.

In conclusion, this survey offers valuable insights into recent advances in the study of fuzzy
algebraic structures and their practical applications. The findings have the potential to enrich
the exploration of fuzzification in the algebraic properties of rings, particularly in areas
related to zero divisors. These areas include the analysis of zero divisor graphs, the study of
annihilator properties of rings, the investigation of Baer rings, principal projective rings, and
projective socle rings, as well as the development of error-correcting codes in coding theory.
By refining fuzzy algebraic techniques, improving computational methods, and establishing
standardized approaches for fuzzification, future research holds promise for further advancing
the field and expanding its practical applications.

This study lays the groundwork for future research in fuzzy algebra and its applications,
providing a foundation for exploring new theoretical frameworks and practical
implementations in diverse fields.
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