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Abstract: A simple and straightforward reduction method is described in this
analysis to obtain the linear solution of the obliquely incident incoming waves
towards a rigid vertical cliff in two superposed liquids. The Analytical expressions
for the velocity potentials in each of the liquids are obtained considering the effect
of interfacial tension where the lower liquid is of finite constant depth and the upper
liquid is of finite constant height. Various known results are recovered as special
cases of the general problem considered here.
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1. Introduction:

For the vertical cliff problem, waves are supposed to be propagating towards the cliff and at
the cliff, the normal component of velocity is assumed to be zero. Physically one would then
expect full reflection of waves by the cliff, but that is not correlative with the incoming nature
of the waves towards the cliff at infinity. This is accounted for by the assumption of a
source/sink type nature in the velocity potential at origin which requires a logarithmic
singularity in the potential function at the origin (cf. [1]) in the absence of surface tension
effect. However, if the effect of surface tension is considered, this requirement of logarithmic
singularity of the potential function at the origin is not necessary, since the wave amplitude
remains finite there (cf. [2]).

The objective of the present analysis is to find mathematically, the linear solution for the
three dimensional problem of incoming waves, at the interface of two superposed liquids,
progressing towards a rigid vertical cliff in the presence of interfacial tension. If no reflection
of waves by the cliff is assumed, then it follows that the cliff bound wave carries certain
energy with it and is totally reflected back, as there is no mechanism to absorb the incoming
energy in an inviscid fluid system. However existing literature on problems involving two
superposed liquids is rather complicated because of the coupled boundary conditions at the
interface of the two liquids. Since then, some attempts have been taken to study the water
wave problems in a single liquid or in a two layered liquid media and few of its
generalization by applying different mathematical techniques (cf. [1]-[13]).

The present investigation is concerned with the study of internal waves, incident obliquely,
on a rigid vertical cliff, in two superposed liquids using the fact that the liquids are bounded
on the left by the cliff where the lower liquid is of uniform finite depth 'a’ and the upper
liquid is of uniform finite height 'b". The novelty of the present study is based on the fact that
the effect of interfacial tension at the interface of the two liquids is taken into consideration.
By applying a simple and straight forward reduction procedure, the analytical expressions for
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the velocity potentials in each of the two liquids are obtained. In the absence of the upper
liquid, various results are obtained and identified with the known results.

2. Formulation of the Problem:

Consider the three-dimensional motion of two inviscid, incompressible, immiscible liquids of
densities p; and p, (p; > p,) , of the lower and upper liquid respectively, under the action of
gravity and separated by a common interface. A rectangular cartesian co-ordinate system is
chosen in which the y-axis is directed vertically downwards into the lower liquid, the plane
y = 0,x > 0 is the mean position of the interface, x = 0 is the rigid cliff, and the two liquids
occupy the regions x >0,0<y<a,—-co<z<owand x>0,-b<y<0,-0<z<
oo respectively. The origin is taken as the point of intersection of the rigid cliff with the mean
interface.

Usual assumptions on linear theory ensure the existence of velocity potentials ®,(x,y, z,t)
and ®,(x,y,zt) for the lower and upper liquid respectively which represent progressive
waves moving towards the z-axis, such that the wave crests at a large distance from the shore
tend to straight lines which make an arbitrary angle a with the shore line.

Thus for periodic motion, we may write

®,(x,y,2,t) = Re[ ¢, (x, y)exp{—i(ot + pz)}] } 2.1)

CDZ (-x) Y,z t) = Re[ ¢)2(xJ Y)exp{_l(o't + .U'Z)}]
where u = B,sina and S, is the unique positive real root of the transcendental equation
K(cothax + s cothbx) —x(1 —s) — Mx3 = 0and o is the angular frequency.

Thus the problem under consideration can be investigated by way of determining the
potentials ¢, (x,y) and ¢,(x,y) satisfying the following boundary value problems given
below:

(i) Two-dimensional modified Helmholtz's equations:

(V2 —p*)py = 0}

(V2 = 1), = 0 (22)

in the respective flow domain, where V? is the two-dimensional Laplacian.

(ii) Linearized form of the interface conditions:

¢1y = d)zy

K¢’1+¢>1y—s<K¢2+¢2y)+M{¢1yw:0 ony =0,x>0 (2.3)

¢2yyy
where K = 02/g is the wave number, g is the acceleration due to gravity, s = p,/p;and

M =T/(p.g), T being the coefficient of interfacial tension.
(iii) Conditions at the rigid bottom and top:
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¢>1y =0, ony=a
x>0 (2.4)
(,bzy:O, ony=-b
(iv) Conditions on the rigid vertical cliff x = 0:
$1,=0, 0<y<a
(2.5)
¢2, = 0, —bSy<0.}
Following Packham [2], we can adopt
¢, P, Inr as r=(x*+y?)V2 >0 (2.6)

solongasT > 0.

As ¢,, ¢, behave as incoming progressive waves at infinity moving towards the cliff,
following Gorgui and Kassem [3], we may assume as x — oo :

cosh fy(a —y)
sinh af,

cosh By(b + v)
27 77 sinh bf,

1~

)
? 2.7)
)

where = S, cosa .

3. Solution of the Problem:

To solve the problem mathematically, we use a procedure which involves the reduction of the
original boundary value problem described by (2.2) - (2.6) together with the infinity
requirements (2.7), to another boundary value problem. To do this let us introduce the

functions ¥, (x,y) , Y, (x,y) by:

2 cosh - \
bi(xy) = Coszl";;o 2 cosar + o) |

2 cosh By(b +y) & (3.1)
$2(0) = =T oS wx + ()

where ¥, Y, satisfy the partial differential equation (2.2) along with the conditions given by
(2.3) - (2.6) and
asx — oo

cosh Bo(a —y)
sinh af,
cosh By(b +y)

2 7 -
sinh bf,

Y - —

exp(iwx) )
L (3.2)

exp(iwx).

N——.
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(3.2) implies that ¥, 1, represent outgoing wave.
1,1, can also be expressed in the form of integrals as follows:

“kcoshk(a—y)sinhbkcosyx =
¥ (x,y) = ng 4 " ak |
, y Ak) & 23
0,6 y) ng“kcoshk(b+y)sinhakcosyxdk| 3:3)
xX,y) = —
20y ) J

where y = (k% — u?)/? and
A(k) = {k(1 — s) + Mk3}sinh ak sinh bk — K (cosh ak sinh bk + s cosh bk sinh ak).

It is to be noted here that (k) has a simple pole at at k = 8, > 0 (say), a simple pole at k =
< 0 (say), and an infinite number of complex poles whose real parts are positive of the form
58, t if, (cf. [8]). Here the contour is indented below the pole at k = S, to account for the
outgoing nature of ,, ¥, as x - oo, and L is a constant to be determined such that the
conditions given by (3.2), at infinity, are satisfied. By simple manipulation, it can be shown
that ,, ¥, given by (10) satisfy both the the interface conditions given by (2.3). It may be
noted here that the above form of v, 1, remains finite as » = 0, so longast > 0 (cf. [2]).

/

Evaluating for v, ¥, given by (3.3), we obtain

V1 (x,y) = 2mil lﬁ 2 Egg; cosh By(a — y) sinh bB, exp(iwx) )
55}2(2) cosh&(a — y) sinh b¢ exp(iw,x)
— % cosh&(a — y) sinh b€ exp(—iwzx)l
¥, (x,y) = —2mil LOS - 2 EgZ; cosh By (b + y) sinh aB, exp(iwx) (O

§1(5)

w1£2(§)
BRG]

w2 f> (5)

cosh&(b + y) sinh aé exp(iw,x)

cosh é(b + y) sinh af_exp(—iwzx)l
Where,

f1(x) = cosh ax sinh bx + s cosh bx sinh ax
f2(x) = [2a{x(1 —s) + Mx3} + {(1 — s) + 3Mx?}sinh 2ax] sinh? bx
+s sinh? ax [2b{x(1 — s) + Mx3} + {(1 — s) + 3Mx?} sinh 2bx],

E=5s0,+if,, E=56,—if, n=1273, ...
W = (82— )2, wy = (§ — ut)M2,
Conditions at infinity given by (3.2) are satisfied if we choose

L = N (3.5)

21
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_ [AGY : -
where N = [fz(ﬁo) sinh af, sinh bﬁo] cosa.

Exploiting (3.5) into (3.4), the reduced potential functions i, ¥, can be found, which are
given by

h _
Pi(x,y) = — Cossif;l(;ﬁo 2 exp (iwx) )

§(8)
- a_’1f2 &)
JAG)

w2 fo (f—)

cosh By (b + v) exp (i0x) ( (36)
sinh b, pliwx

§(8)
w1 f>(§)

A9
Wz f> (Sg)

coshé(a — y) sinh bé exp(iw,x)

+N cosh&(a — y) sinh b€ exp(—iw,x)

'Pz(X»Y) =

+N

cosh&é(b + y) sinh aé exp(iw,x)

cosh &(b + y) sinh a exp(—iw,x).
J

Making use of (3.6) into (3.1), the solutions ¢,, ¢, for the original boundary value problem
described by (2.2) — (2.7) have been obtained, which are given by

cosh By(a —vy) exp(ix) )

¢1(x;3’) =

sinh af,
§f1(8)
- w1f2(§)
+N Z % coshé(a — y) sinh bé exp(—iw,x)

cosh By(b + y) exp (i0) ¢ (3.7)
sinh b, P

coshé(a — y) sinh bé exp(iw,x)

d’z(x:}’) = -

+N z jf}z(éz) coshé(b + y) sinh a¢ exp(iw,x)

§A(5)
w2 f2 (é?)

-N cosh&(b + y) sinh aé exp(—iw,x)

Finally, exploiting (3.7) into (2.1), the velocity potentials ®,(x,y, z, t) and ®,(x, y, z, t) have
been found (see Appendix-A). The explicit form of ®,, &, are given by
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cosh By(a - y)

@, (x,y,2,t) = sinh B, cos(wx + ot + uz)
—2N sin(ot + uz) z h(B,) exp(—q,x)
r (3.8)
cosh By (H + y)
D, (x,y,2,t) = — sinh bf, cos(Ax + ot + uz)
+2N sin(at + pz) Z H(B,) exp(—qnx)

which are the required velocity potentials for a three-dimensional wave train progressing
towards a vertical cliff in two immiscible liquids.

4. Special Case:

To check the results obtained here, analytically, we make the assumption assume p, = 0
which leads to the case of a single liquid. In this case, the expression for @, given by (3.8)
reduces to the velocity potential of a three-dimensional wave train progressing towards a
vertical cliff in water of uniform finite depth ‘a’ in the presence of surface tension and the
explicit form of the velocity potential becomes (see Appendix-B)

cosh o(a — y)
(0] =
1 (x) y; z, t) s]nh a’BO COS((UX + ot
+ uz)
4cosal2af,(1+ MBy*) + (1 + 3MB,?) sinh 2af,]
+ -
sinh 2ap,
¥ B €0 (@ — ¥) cos afs, exp (—qn¥)
2aB,(1 — MB,%) + (1 — 3MB,°) sin2ap, In

sin(ot + vz)

(4.1)

where g, = (.an + /12)1/2-

If in addition, we assume a = 0, then the above expression for ®,, given by (4.1), reduces to

cosh By(a —y)

1 (x%y,0) = sinh af, cos(fox
+ ot)
4[2aBy (1 + MBy*) + (1 + 3MpB,°) sinh 2af,] .
* sinh 2ap, sinot
cos fn(a—y) cos afy,
X Z 2aB.(L—MB) + (1 — 3MB, 2 sinzap, =P (TFn®) (42)

which is the velocity potential for a wave train, incident, normally on a vertical cliff, in a
liquid of uniform finite depth 'a’ , in the presence of interfacial tension effect at the interface.
The above results are somewhat similar to that obtained by Mandal and Kundu [5].

5. Conclusions:

A formal analytical derivation representing the velocity potentials for an incoming wave train
obliquely incident on a rigid vertical cliff at the interface of two superposed liquids, have been
found here. Assuming no reflection of waves by the cliff, the solutions have been obtained
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here by using a straightforward analysis based on a simple reduction procedure in presence of
interfacial tension effect at the interface of the two liquids where the lower and upper liquid to
be of finite depth and finite height respectively. Mixing near the cliff is likely to produce an
intrusive flow that blurs the interface. However, as the problem is formulated within the
framework of linearized theory, and as the liquids are assumed to be immiscible, these effects
are not considered here. Various results can be found as special case of the general problem
considered here. In particular, if we assume p, = 0, the expression ®,(x,y,zt) for an
incoming progressive wave train obliquely incident on a rigid cliff in water of uniform finite
depth ‘a’ can be found. The corresponding two-dimensional problem can also be obtained by
putting = 0, which are in complete agreement with those found earlier by Mandal and Kundu
[5]. This problem is a simplified mathematical model of the well known sloping beach
problem arising in oceanography. The problem considered here may further be developed
analytically.

Appendix-A:
P(x) = cosh s8,x cos B, x, Q(x) = sinh s8,,x sin 8, x,
R(x) = sinh s6,x cos B,x, S(x) = cosh s8,,x sin B, x,
F; = P(a)R(b) — Q(a)S(b), F, = P(a)S(b) + Q(a)R(D),
F3 = s[P(b)R(a) — Q(B)S(a)], F, = s[P(b)S(a) + Q(b)R(a)],
T(x) = cosh 2s6,x cos 23, x, U(x) = sinh 2s56,x sin 23,,x,
V(x) = sinh 2s6,,x cos 23, x, W (x) = cosh 256, x sin 23,,x,
I, =1—s+3M(s26% — B2), I, = 6Ms6, By,
Iy = s(1—5)8, + M(s382 — 3s8,82), I, = B, (1 —s) + M(3s282B, — B3),

Ey = [{V()(T(®h) = 1) = W(@U(DB)} — L,{W (a)(T(h) = 1) + V(a)UB)}] ,

E2:1

[LAV(@)(T(b) = 1) = W(@)U(b)} + L{W (a)(T(b) — 1) + V(a)U(b)}] ,
Es = La[T(b) — 1] — L,a U(b) , E, = La U(b) + L,a[T(b) — 1],
Es =S [L{V(D)(T(a) = 1) = W(b)U(a)} — L{W(B)(T(a) — 1) + V(b)U(a)}],

Ee =~ [LIV()(T(@) -~ 1D = WBU (@)} + L{W () (T(a) — 1) + V(DU (a)}],

~ N

%)

T2

E;, = s{lz;b[T(a) — 1] - 1,b U(a)} , Eg = s{I3b U(a) + 1,b[T(a) — 1]},
A1:E1+E3+E5+E7, A2:E2+E4+E6+E8, 31:F1+F3, BZZ
F, +F,,
Pn +iqn = (526n2 - ﬁnz - .uz + 2i56nﬁn)1/2:
Gy =P(a—y)R(b) —Q(a—y)S(b), G, =Pla—y)S(b) +
Q(a —y)R(b),
Ga = [Gl(pnsan + Qnﬁn) - Gz(pnlgn - 77%15611) G
’ Pn? + Gy Pt
— [Gl(pnﬁn - an5n) + Gz(pn55n + qnﬁn)
Pn? + qn? '
C, = (G5 cos ppx — G, sin p,x), C, = (G5 sinp,x + G, cos p,x),
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J1 =Pl +y)R(a) - Qb+ y)S(a), Jo =P +y)S(a) + Qb+ y)R(a),

_ Ul(pnsan + qnﬁn) _jz(pnlgn B qnsan)
- Pr? + Gn? D
— Ul(pnﬁn B an5n) + /2 (an5n + qnﬁn)
P’ + qn®

I3

)

D; = (J3 cos ppx — J4 sinppx), D, = (J3 sinppx + ], cos ppx),
[C1A1B; + C,A1By — C1A;By + CA3B;]
2 2 ) H(,Bn)
[D,A,B, + D,A;B, — D1A;B, + D,A;B,]

A+ A%

h(ﬁn) =

Appendix-B:
Upon substitution p, = 0 we find

f1(x) = cosh ax sinh bx,
£, (x) = {(1 4+ 3Mx?) sinh 2ax + 2ax(1 + Mx?2)}sinh? bx

y _ 2cosa [2aBy(1 + MBy?) + (1 4 3MB,?) sinh 2a,]
sinh 2ap, '
P(x) = cos B,x, Q(x) = R(x) =0, S(x) = sin B, x, pn =0, qn =
(Bn® + uHY2,
T(x) = cos 2B,x, Ux)=V(x)=0, W(x)=sin2p,x, I, =1-3MpZ,
I,=1I,=0,

1, = B, (1 —MpB32), E, =0, E,=—(1-3MB2)sin2ap, sin>bp,, E; =0,

F, = cosap, sin b, F;=F,=0,B; =0, B,=F,, G;=0, G, =
cos fB,(a — y) sinbf,,

G;=0, G,= bnGa C;=0, (= 5—"cos,8n(a—y) sinbf,,,

dn
B cos Bn(a —y) cos aBy,
qn[2aB,(1 — MB,*) + (1 — 3MB,") sin2aB,]

u(B,) = —
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