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Abstract:
In this paper we study the existence of positive solutions of a non linear fractional order
delay differential equation of the form
LID)y(®) = f(t,y(t),y(t—1)),y(0) =0,0< t < 1,7 > 0,
where L(D) = D*» — a,,_,D*"-1 — —a,_,D%"2 — --. — —q, D1
0<s5;<s;<-<s,<1,a;>0forallj=12,..n—1and 7 > 0is a constant delay.
Also, D%/ is the standard Riemann-Liouville fractional derivative and
f:10,1] x [0,+00) — [0,+0) is a given continuous function. In addition to this we also
prove that, if the condition a; > 0 is relaxed then the equation we have considered has a
unique solution which may not necessarily be positive.
Key words: Riemann-Liouville fractional order derivatives, delay, Banach space, normal
cone, completely continuous operator, existence of positive solution.
1. Introduction
Many authors [6,12&15] have investigated the existence of positive solution of ordinary
differential equations. Recent analysis shows that in science and engineering the dynamics of many
systems can be described more accurately by using fractional order differential equations. In
[2,3,4,7,9,13&17] we can infer that the authors investigated the existence of positive solution of
fractional order differential equations. But the fractional order delay differential equations
[5,16&18] are often more effective to describe the natural phenomenon than those equations
without delay.
In this paper we consider the more general fractional order differential equation with constant
delay of the form
LD)y(t) = f(t,y(6),y(t—1)),y(0) =0,0<t < 1,7>0. (1.1)
Where L(D) = D*» — a,_,D*»-1 — —a,,_,D%n-2 — ... — —q; D1
0<s;<s; < <sp<1l,a;>0forallj=12,..n—1and 7 > 0is a constant delay.
Also, D%i is the standard Riemann-Liouville fractional derivative and
f:10,1] x [0,+00) — [0, +00) is a given continuous function.
We provide the conditions for f and a;’s for which the equation (1.1) has a unique positive
solution. In addition to this we also prove that, if the condition a; > 0 is relaxed, then the equation
we have considered has a unique solution which may not necessarily be positive.
2. Preliminaries
Let B be a real Banach space with a cone K. K introduces a partial order < in B as follows [10]
a<bifb—a€K
Definition 2.1: For a, b € B, the order interval < a, b > is defined as [10]
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<ab>={c€B:a<c<b} (2.1)
Definition 2.2: A cone K is called normal, if there exists a positive constant & such that f,g € K
and 6 < f < g = Ifll < slgll (2.2)

where 6 denotes the zero element of K.

Theorem 2.1: [10] Let K be a normal cone in a partially ordered Banach space B. Let F be
increasing on the segment < x,, y, > into itself. That is,

Fxq = xoand Fy, < y,. (2.3)
Also, if we assume that F is compact and continuous, then F has atleast one fixed point

xX*E< Xp, Yo > .

Theorem 2.2: (Banach fixed point theorem) [10]. Let K be a closed subspace of a Banach space
B. Let F be a contraction mapping with Lipschitz constant k(< 1) from K to K itself. Then F has
a unique fixed point x* € K.

Moreover, if x, is an arbitrary point in K and {x,,} is defined by x,,,, = Fx,, where n = 0,1,2, ...

then lim x, = x* € K and d(x,,, x*) < %d(xl,xo).

n—-oo

Definition 2.3: The left sided Riemann-Liouville fractional integral [11,13&14] of a function f of
order « is defined as

1 x f(t)dt
14, f(x) = o fa Py ,a>0,x > a. (2.4)

Definition 2.4: The left sided Riemann-Liouville fractional derivative [11,13&14] of a function f
of order « is defined as

Dg+f(x)=;c—2[13;“f(x)], n—-1<a<nneN (2.5)
Here, we denote I, f(x) and D§, f(x) asI*f (x) and D*f (x). Also, I%, f(x) and DZ, f (x) refer
to I1¢f(x) and D& f (x).

If the fractional order derivative DZ f (x) is integrable, then [13]
(x_a)l—a

1§ OEFe) = P F@ - 17 r@| _ S=  o<p<a<t (2.6)
If £ is continuous on [a, b] then [I;_ﬁf(x)] =0 and equation (2.6) refers to
18 (DFfG) = I57Pf0) , 0<p<a<i (27)

3. Existence of Positive solution

Here we discuss the conditions under which the fractional order delay differential equation
mentioned below has a positive solution.

LD)y(t) = f(t,y(t),y(t —1)),y(0) =0,0< t < 1,7 >0, (3.1)
where L(D) = D — a,,_;D*"-1 — —q,,_,D*n-2 — ... — —q, D51

0<s;<s; < <sp,<1l,a;>0forallj=12,..n—1and 7 > 0is aconstant delay.

Also, D%i is the standard Riemann-Liouville fractional derivative and

f:10,1] x [0,+00) — [0, +00) is a given continuous function.

Let usdenote Y = C[0,1] the Banach space of all continuous functions on [0,1] endowed with the
super norm. That is

Iyllc = llyoll + llyll = llyll = sup{ly(®l:0<t <1}, yeY (3.2)
Let K bethecone K ={yeY:y(t) >0,0<t <1} (3.3)
By (2.6) and (2.7), equation (3.1) is equivalent to the integral equation

y(t) = XL a; I Siy(t) + I f (8, y (1), y(t — 1)) (3.4)
Lemma 3.1: The operator F: K — K defined as

Fy(®) = Ei=t a1n =iy (6) + I°nf (£, y(0), y(t = D)) (3.5)
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is continuous and completely continuous.
Proof: It is trivial that in view of continuity of f, the operator F: K — K is continuous.
Lemma 3.2: Let G K be bounded. That is there exists a positive constant [ such that
lyll <l forally € G (3.6)
then F(G) is compact. i.e., F maps bounded sets into equicontinuous sets of K.
Proof:
Let L = max{1+ f(¢,y(t),y(t —1)):0<t<land0<y <[} (3.7)
For y € G we have by (3.5)
n-—1
FO@)] < Y al=sily(O] + 1 (6,0, y(t - D)

j=1
Sn—Sj

1 lajt
1 I'(sp—sj+1)

n-1
laj L
< z + gnsn-1
_1F(sn—sj+1) I'(s,+1)
]:

Hence, ||[F(y(®))|| < ’]?;11[ e B ] (3.8)

I'(sp—sj+1) I'(sp+1)
And so, F(G) is bounded.
Now, we show that F(G) is equicontinuous as follows.
Consider,
|[F(y(t1)) — Fy ()| = |Z7=_11 a; I°*"~5iy(ty)] + Isnf(t1:)’(t1);)’(t1 - T)) -
Yot a5y ()| + I f (b, y(8,), y (6, — D))

n—1
DNy
= (Sn_sj)

<Xjz

+ r(in) fot(t — )7t f(s,(s), y(s — 7))ds

ity

1(t1 — )5 SiTly((s)ds — | (t, —s)5nSi~ly((s)ds

t
0 0

+ ‘F(Sn) Otl(t1 — )1 f (5,(5), (s — 7))ds
S Otz(tz — )L (s, y(8), ¥(s — D)ds
< Zﬁ{fotl[(q — 5)SnSimh — (¢, — )T ds + :(tz - S)S"'Sf'ldS}
+ e { fo tl[(tl — 5)n7t — (ty — 5)*n ] f (s, y(s), ¥(s — 7))ds
+ :(tz =) f (s, y(5), ¥(s — T))dS}

[

n-—1
la; t
<y { [ 1t =9mort = 6 - 9ras + |- s)Sn-Sf-lds}
= F(Sn - S]) 0 t

{f 1[(151 —5)*n7t — (t; —s)*n]ds +

1
[
+

Integrating we get

ty
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a;(t, —t;) % 2L(t, — ty)5n
< ZIZ ]( 2 1) n ( 2 1)
I"(sn si+1) I'(sy)

< pSn—Sn—1 21 Z a; + 2L
N - 1F(Sn_sj+1) F(Sn)
| J=

<e€

where p = E(len 1r( aj ) ]sn Sn—1

Sn sj+1) F(sn)

Hence F(G) is equicontinuous. So, Arzela-Ascoli’s theorem implies that F(G) is compact.
Theorem 3.1: Let f:[0,1] x [0, +o) — [0, +) be continuous and

f(t,y(®),y(t — 1)) increasing for each 0 < t < 1. Let there exists vy, w,satisfying

L(D)v, < f(t, v (1), Ly (t — T)) (3.9)
L(D)w, = f(t, o (t), wy (t — T)) (3.10)
Then (3.1) has a positive solution.

Proof:

To prove this we need to consider the fixed point of the operator F. By Lemma 3.1 the operator
F:K—->Kis completely continuous. Let y;,y, € K,and y; < y,. As F is non-decreasing, we have

F()’1(t)) = i1 LIy () + Isnf(t y1(6), y1(t — T)) < F(Yz(t)) (3.11)
which implies F is an increasing operator.
Also, by our assumption Fuv, = v, and Fo, < @, (3.12)

Hence by lemma 3.1 and lemma 3.2, F: (v,, @y) = (vy, @) is completely continuous and a
compact operator. Also, we have K is a normal cone and F is compact and continuous. Therefore,
by theorem 2.1, F has a fixed point y* € (v,, @,) Which is the required positive solution of (3.1).
Theorem 3.2: Let f:[0,1] x [0, +o) — [0, +) be continuous and

f(t,y(®),y(t — 1)) increasing for each 0 < t < 1. If

0< yl_i)rlloof(t,y(t),y(t — 1)) < +oo, foreach0 <t <1 (3.13)

Then equation (3.1) has a positive solution.

Proof:

Assume that, there exist non-negative constants A, B such that

f(t,y(®),y(t—1)) <Aforall0<t <1,y >B. (3.14)
Let C = max{f(t,y(t),y(t —7)):0<t<land0<y< B} (3.15)
Thenwe have f < A+ C forally = 0 (3.16)
Consider the equation

LD)a(t) =A+C,ov(0) =0,0<s;<s,<<s5,<1,0<t<1 (3.17)
where L(D) = D> — a,,_;D"-t—a,_,D*"-2 — ... — —q; D51 and

a; > 0 forall j = 1,2,..n — 1. Using (2.6) and (2.7) the solution of equation (3.17) is equivalent
to the solution of the following integral equation

a(t) = a,lsn‘sf a(t) + I'"(A+C) (3.18)
But a)(t) > Z L a I i a(t) + IPrf(t o(t), o(t — 1)) = F(o(t)) (3.19)
Now, for a(t) = 0, F(a)(t)) = ISnf(t, o(t), o(t — 1)) = o(t) (3.20)

Hence by theorem 3.1, equation (3.1) has a positive solution.
Theorem 3.3: The following fraction order differential equation has a non-negative solution.
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LD)y(t) =gy(t)+c, y(0) =0, 0<t<1landg,c=>0. (3.21)
where L(D) = D*» — a,,_4D*»t — —a,,_,D"n-2 — ... — —q, D"1
0<s;<s;<<s,<1,a;>0forallj=12,..n—1and D* is the standard Riemann-
Liouville fractional derivative and

Proof: Equation (3.21) is equivalent to the integral equation

y() = X1t a5y () + I (gy(t) + ¢) (3.22)
Let T: K —» K be defined as
T(y(t)) = XL a; I Siy(t) + In(gy(t) + ¢) (3.23)

Therefore by lemma 3.1, T is completely continuous.
Consider the case ¢ > 0. Let

Br = {y(® €€l0,81,y(®) 2 0: ||y - -5 < B (3.24)
be a convex bounded and closed subset of the Banach space C[0, §], where

| (BL(SntD\TGn—sn-1) (1 \TGn—sn-1)
6 < mini I(T) ’(E) l (3.25)
Where £ = 3= —L— 4 9 (3.26)

I'(sp—sj+1)  I'(sp+1)
Now, for all y € Bg, we have

n—-1
ctsn a; g
T(y(®) - —| <yl > o T o
| 0®) - r ol = l AT (sp— 55+ 1) I(sn + 1)
]=

S tSn—SjEtSn—Sj—l

. ctsn cssn
Since ”y” = I'(sp+1) T I'(sp+1) T I'(sp+1) +B
We get
— ctn ¢ Sn=Sn— l l —
IT(y(®)) | <k (r(sn+1) +B)§nn1 <IB+1B =B. (3.27)

So, we have T(Bgr)< Bg. Similar to the proof of Lemma 3.2, it can be seen that T(Bg) is
equicontinuous. Let {y,} be a bounded sequence in Bg. Then, {T (y,,) }cT(Bg). Hence, {T(y,) }
is equicontinuous. Since y,, € Cla, b], Arzela-Ascoli thorem [1,8&10] implies that {T'(y,,) } has a
convergent subsequence. Therefore, T: By = By is compact. Hence by Schauder fixed point
theorem [10] it has a fixed point, which is the required non-negative solution of (3.21).
As above we can prove the result for the case ¢ = 0.
Using theorem 3.1 and theorem 3.3 it is easy to prove the following existence theorem.
Theorem 3.4: Let f:[0,1] x [0,4) — [0,+0) be continuous and f(t,y(t),y(t —
7)) increasing for each 0 < t < 1. If
0 < lim max fEy®©yE-D) +00 (3.28)
y—o0 0st<1 y(t)
Then equation (3.1) has a positive solution.
Examples:
1. For f(t,y(t),y(t — r)) = t arctan(t — ) exists a positive solution since it satisfies the
condition required in theorem 3.2.
2. For f(t,y(t),y(t — r)) =t In(1+t — 1) exists a positive solution since it satisfies the
condition required in theorem 3.4.
4. Existence of unique solution

Nanotechnology Perceptions 20 No. S16 (2024 31-38



36 Dr.R. Rama EXISTENCE OF POSITIVE SOLUTIONS...

Here we give conditions for f and a;'s, which provides the unique positive solution to equation
(3.2)
Theorem 4.1: Let f:[0,1] x [0,+o0) — [0, +c0) be continuous and Lipschitz with respect to the
second variable with Lipschitz constant L. Let a;'s satisfy the following conditions:

() aj>0fora11j=12 n—1

n n—
(") 0< I'(sp+1) Z I"(sn—s]+1) <1
Then equation (3.1) has a unique positive solution.
Proof: As per the previous section equation (3.1) is equivalent to equation (3.4). Foru, v € K, we

have
|F(u(®) — Fw®)| < X1 a;In %1 [u(t) — v(©)] + LISt |u(t) — v(t)|

< _ r}—lL
< lu—vll {Z]=1 I(sn—sj+1) I(sp+1)
aj

1Fu = Foll < |22 s + i I = vl (4.)

By theorem 2.2, F has a unique fixed point in K, which is the unique positive solution of the
equation (3.1)

In the next theorem we exclude the condition that a; > 0 forallj = 1,2,..n — 1 and
study the equation (3.1). Using Banach fixed point theorem for F: C[0,1] - €[0,1], we can exhibit
the following result.

Theorem 4.2: Let f:[0,1] x [0,4+0) — [0, +c0) be continuous and Lipschitz with respect to the
second variable With Lipschitz constant L. Let a;’s satisfy the following condition:

n—
0< I'(sp+1) Z F(Sn—S]+1) <1

Then equation (3.1) has a unique solution which may not be necessarily positive.
Proof: By using equations (2.6) and (2.7), equation (3.1) is equivalent to the integral equation
y() = X0l a P Siy () + Inf (¢, y(0), y(t — 1))
We deflne the operator F:C[0,1] - C[0,1] as follows
F(y(®) = 2zt a;In=Siy(e) + I (¢, y (), y(t — 1))
Foru,v € C[0,1],
|a]|

_ n—
”Fu FU” = [Z I"(sn sj+1) F(sn+1)] |
Hence by theorem 2.2, F will have the unique fixed point in €[0,1], which is the unique solution
of equation (3.1) but which may not necessarily be a positive value.

tSn—Sj

tsn} where F is given in (3.5). Hence

lu —v|| .

Example 4.1:
Consider the equation
1 1
(p:—aD3)y =Ly(t -1 +et, y(0)=0,0<t<1. (4.2)

Casel:For0 <a < % 0<L< g the equation (4.2) satisfies the conditions required in theorem
4.1. The corresponding iterated sequence is given by
y, = J1/2pt
1 1
Y2 = aley, (8) + LIy, (t = 1) + 31.(0)

y3 = alsy,(t) + LIzy,(t — 1) + y,(t)
In general,
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1 1
Yn+1 =Yz = alsy, (t) + LIzy,(t — 1) + y,(t), n =123, ...

1
where [%y, = t*"2E s, a >0, y(t) = lim y,(t) is the unique non-negative solution.
’ 2 n—-oo

Case 2: For —g <a< % 0<L< § the equation (4.2) satisfies the conditions required in theorem

4.2. The corresponding iterated sequence is given by
y, = 11/2 t

Y, = a16y1 (t) + L12y1 (t—1)+y.(t)

Y3 = 16}’2(t) + leyz(t — 1D +y:(0)
In general,

1 1
Yne1 = Y2 = algy?(t) + LIzy,(t = 1) +y,(t), n=123,...

where %y, = t“+5E1a+;, a >0, y(t) = lim y,(t) is the unique solution which may not be
y 2 n—oo

positive.
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