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Abstract

Let G be a connected graph. A set of vertices W in G is called an edge
Steiner global dominating set or simply a (ES, GD)-set if W is both a Steiner
set and a global dominating set of G. The minimum cardinality of a edge Steiner
global dominating set of G is its edge Steiner domination number and is denoted
by ¥,,(G). Some general properties satisfied by this concept are studied. The
detour monophonic global domination numbers of certain standard graphs are
determined. Connected graphs of order n with the edge Steiner global
domination number 2 or n are characterized. It is shown that for every two
integers a,b = 2 with 2 < a < b, there is a connected graph G such that
se(G) = aandy_,(G) = b, where se(G) is the edge Steiner number of a graph.
Keywords: edge Steiner global domination number, edge Steiner number,
domination number, global domination number, distance, Steiner distance.
AMS Subject Classification: 05C69, 05C12

1. Introduction

The undirected graph G = (V,E) discussed in this paper is simple and
connected. The order and size are denoted by n and m respectively. The neighbors of
a vertex x are the vertices that are adjacent to x, it is denoted by N (x). The degree of
a vertex x in a graph G is deg; (x)=|N(x)|. The minimum and maximum degree of
vertices in G are denoted by §(G) and A(G) respectively. A vertex x€V in a connected
graph G is said to be a universal vertex of G if deg;(x) = n — 1. For any set W of
vertices of G, the induced subgraph G[W] is the maximal subgraph of G with vertex
set. Thus the two vertices of W are adjacent G[W1] if and only if they are adjacent in
G. A vertex x € G is said to be extreme if the G[N(x)] is complete.

The u — v geodesic represents the shortest path between the vertices u and v in
G. The length of the shortest path between any two vertices u and v is the distance
betwe-
en the corresponding vertices and is represented as d (u, v). For a nonempty set W of
vertices in a connected graph G, the Steiner distance d (W) of W is the minimum size
of a connected subgraph of G containing W. Necessarily, each such subgraph is a tree
and is called a Steiner tree with respect to W or a Steiner W -tree. It is to be noted that
d(W) =d(u,v), when W = {u,v}. The set of all vertices of G that lie on some
Steiner W-tree is denoted by S(W). If S(W) =V, then W is called a Steiner set for
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G. A Steiner set of minimum cardinality is a minimum Steiner set or simply a s-set of
G and this cardinality is the Steiner number s(G) of G. Aset W € V(G) is called an
edge Steiner set of G if every edge of G is contained in a Steiner W-tree of G. The
edge Steiner number s,(G) of G is the minimum cardinality of its edge Steiner sets
and any edge Steiner set of cardinality s.(G) is a edge Steiner set of G. These
concepts were studied in [1,2,4-14]

A set D € 1 of vertices in a graph G is called a dominating set if every vertex
v € V is either an element of D or is adjacent to an element of D. A subset D € V' is
called a global dominating set in G if D is a dominating set of both G and G. The
global domination number y(G) is the minimum cardinality of a minimal global
dominating set in G. These concepts were studied in [3,15]. In this paper we studied
the concept of the edge Steiner domination number of a graph. The following
theorems are used in sequel.
Theorem 1.1. [12] Each extreme vertex of a connected graph G belongs to every edge
Steiner set of G.
Theorem 1.2. [12] For the complete graph G = K,,(n = 2),s.(G) = n.
Theorem 1.3. [12] For the complete bipartite graph G = K, ¢ (2 <1 < 5),5.(G) =
Tr
Theorem 1.4. [3] For the cycle G = C,(n = 6),y(C,) = E]
2. The Edge Steiner Global Domination Number of a Graph
Definition 2.1. Let G be a connected graph. A set of vertices W in G is called an edge
Steiner global dominating set or simply a (ES,)- set if W is both a Steiner set and a
global dominating set of G. The minimum cardinality of a edge Steiner global
dominating set of G is its edge Steiner domination number and is denoted by v (G)
. A (ES,GD) - setof size y_(G) issaid to beay  -set.
Example 2.2. For the graph G given in Figure 2.1, W = {v;,v,, V6, v} iIsa ¥y - set
of G sothaty (G) = 4.
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Figure 2.1

Observation 2.3.

(i) Each extreme vertex of a connected graph G belongs to every (ES,)-set of G.

(ii) Each universal vertex of a connected graph G belongs to every (ES,)-set of G.

(iii) If G is a connected graph of order n, then 2 < max{s,(G),y(G)} < ¥,,(G) <n.
(iv) For the complete graph G = K,,(n = 2),y_,(G) =n

(v) For the star graph ¢ = K1 ,_1(n =2 3), ¥,,(G) =n

Theorem 2.4. Let G be a connected graph of order n = 2. Then y_,(G) = 2 if and
only if there exist a (ES,GD) -set W = {u, v} of G such that d(u,v) < 3.
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Proof. Suppose v (G) = 2. Let W = {u,v} be a (ES,)-set of G. Suppose that
d(u,v) = 4. Then the diametrical path contains at least three internal vertices.
Therefore ¥, (G) = 3, this is a contradiction. Therefore d(u,v) < 3. The converse
is clear. [ ]

Theorem 2.5. If G is a connected graph of order n > 3 containing a vertex v of degree
n > 1, then all the neighbors of v belong to every edge Steiner set of G.

Proof. Let v be a vertex of degree n > 1 and vy, vy, ..., v,_; be the neighbors of v in
G. Let W be an edge Steiner set of G. Suppose v; € W. Then the edge vv, lies on a
Steiner W-tree of G, say T. Since v; € W, v, is not an end-vertex of T. Let T’ be a
tree obtained from T by removing the vertex v, in T and joining all the neighbors of
v, otherthan vin T to v. Then T' is a Steiner W-tree such that | V(T")| = [V(T)| — 1,
which is a contradiction to T a Steiner W -tree. ]

Theorem 2.6. Let G be a connected graph of order n > 3. If G contains a vertex of
degreen — 1, theny  (G) = n.

Proof. Let v be a vertex of degree n > 1. Then by Theorem 2.5, v is a subset of every
edge Steiner global dominating set of G. Let vy, v,, ..., v,_; be the neighbors of v in
G. Then by Theorem 2.5, vq,v,,...,v,_; belong to every edge Steiner global
dominating set of G. Hence it follows that V (G) is the unique edge Steiner set of G so
thaty  (G) = n.

|
Remark 2.7. The converse of Theorem 2.6 need not be true. For the graph G given
in Figure 2.2, W = {v;, v,, 13, V4, Us, Ve } IS an edge Steiner global dominating set of
G sothaty (G) = 6 =nand G has no vertex of degree n - 1.

171 UZ vg
176 v5 Uy
G
Figure 2.2

2] i
2ifn=230r4

Proof. Let B, be vy, vy, ...,v,. If n = 2,3 or 4, then {v,,v,} isa (ES,GD) - set of G
sothaty (G) = 2.Letn =5.LetW beay,-setof P,_,. Then W U {v;, v} isa

Y, -Setof G sothaty _ (G) = [”7_4] +2= [“T*Z _

Theorem 2.8. For the path G = B,(n = 2),y(G) = {

[ ]
Theorem 2.9. For the cycle G = C,,(n = 6),¥,,(Cy) = E]

Proof. For the cycle C,, (n = 6), every dominating set of G is a (ES, GD) - set of G
and so ¥, (C,) < y(Cy). Then it follows from Theorem 1.4, ¥ (C,) = y(C,) =

HE
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Theorem 2.10. For the fan graph ¢ = W, = K; + P,_4,(n =2 5), 7, (G) = n.
Proof: This follows from Theorem 2.6. |
Theorem 2.11. For the wheel G = W, = K; + C,,_1 (n = 4), v, (G) = n.

Proof: This follows from Theorem 2.6. [ ]
Theorem 2.12. For the complete bipartite graph ¢ = K, ;(G)(1 <7 <), ¥, (G) =
r+s

Proof.

Case(i). Letr = s = 1. Then G = K. By Observation 2.4 (iv), v, (G)=2.
Case(ii). Letr = 1,s = 2.Then G = Kais. By Observation 2.4 (v), v, (G) = r +
1.

Solet2 <r <s.LetX={x1,x9, .., x,3andY = {y1,v,, ..., ¥}

be the two bipartite set of G. Then X,Y and V(G) are the only three edge Steiner
dominating sets of G. Let W beay_ (G)-setof G. If W = X, theny; (1 <j <5s)is
not dominated by any elements of W in G. If W =Y, then xi (1<i<r) is not dominated
by any elements of W in G. Therefore W is not a (ES,D) set of G. Hence it follow that
W=(G) is the unique ¥, (G)-setof Gsothat 'y (G)=r+s. m

Theorem 2.13. If G is a connected graph with A(G) < n — 2 such that it has a
minimum cut-set of G consisting of i independent vertices, then y_ (G) < p — L.
Proof. Since A(G) <n—2,G is non complete and G has no universal vertices.
Therefore 1 < k(G) < n — 2. LetU = {uy, uy, ..., u;} be aminimum cut set of G. Let
Gy, Gy, ..., G.(r = 2) be the components of G — U and let W =V (G) — U. Then
every vertex ug(1 < s <) is adjacent to at least one vertex of G; for every j(1 <
j < ). Therefore W is a dominating set of G. Since G has no universal vertices, W is
a dominating set of G. Hence W is a global dominating set of G. We prove that W is
an edge Steiner set of G. Let uv be any edge of G. If uv lies on one of the G, for any
(1 <t < r),say uv belongs to G,. Let T; be a spanning tree in G, that contains uv.
Now, let T; (2 < j <) be aspanning tree in G; (2 < j < r). Let T be the tree
obtained from T;,T,,Ts,..., T, by joining the edges u;v,, uw;jv,, uvs, ..., u;vy, for
some v, € V(Gy) (1 < k < r)and any u; belonging to U. Then clearly T is a
Steiner W -tree of G containing the edge uv. If uv is an edge that joins a vertex of U
toavertex of G; (1 < j < r) for convenience, let us assume that uv = w;v,, where
vy EV(Gy). Let Tj (1 < j < r)be aspanning tree in G;(1 < j < r).Let T’ be
the tree obtained from T;,T,,Ts,..., T, the edge w;v,, by joining the edges
UjVa, UjV3, ..., U1y, TOrsome vy, € V(G)(2 < k < 7). Thenclearly T' is a Steiner
W -tree of G containing the edge u;v,. Thus W is an edge Steiner set of G. Therefore
W is an edge Steiner global dominating set of ¢ and so ¥, (G) < |[V(G) —U | =
p— L [

Theorem 2.14. Let G be a connected graph of order n > 2. If every vertex of G is
either an extreme vertex or a universal vertex, then y__(G) = n.

Proof. The result follows from Observation 2.3 (i) and (ii). ]
Remark 2.15. The converse of Theorem 2.14 need be true. For the complete bipartite
graph ¢ = K5, (2 <7 <5),7y,,(G) = r+ s = n.Butthere is no vertex v such that
v is either an extreme vertex or a universal vertex of G.

Open Problem 2.16. Characterize connected graphs of order n > 2 with edge Steiner
global domination number n.

Theorem 2.17. There is no connected graph of order n > 4 with y_(G) =n — 1.
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Proof. Suppose that there exists a connected graph of order n > 4 with y_ (G) =
n—1.LetW =V(G) —{v} beay,-setof G. Then G[W] is connected. Then any
Steiner W- tree contains elements of W only. Let vx € E(G). Then the edge vx does
not lie in any Steiner W- tree of G. Which is a contradiction to W a 7y - set of G.
Therefore there is no connected graph of order n >4 with y_(G) =n— 1.
[ ]

Theorem 2.18. For every pair a,b of integers with 2 < a < b, there exists a
connected graph ¢ such that s, (G) = aand y_,(G) = b.

Proof. For a = b,let G = K,. Then by Theorem 1.2 and Observation 2.3 (iv),
Se(G) =¥,,(G) =a. So, let 2<a<b. Let G=K,;_,(2<a<b).Then by
Theorem 1.3, s.(G)=a and by Theorem 212, y_=a+b—a=bh.
]

3. Conclusion

In this paper, we defined the edge Steiner global domination number of a graph and
studied some of its general properties. We will extend this concept to minimal and
forcing concepts in graphs.
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