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Abstract- The interacting boson model-1 has been used to calculate the reduced 

electric transition probability B(E2) ↓ of even-even 122-130Te (Tellurium) isotopes 

with even neutrons from N = 70 to 78. The three-three boson interactions are also 

formed in the Hamiltonian from Casimir invariant operators. The parameters of best 

fit to measure the data are used from the experimental value of B (E2; 21
+ → 01

+) for 

even-even 122-130Te isotopes. The theoretical values are good in agreement especially 

with the experimental ones. The branching ratios B (E2; 41
+ → 21

+) / B (E2; 21
+ → 

01
+) is less than 2 represents U (5) symmetry in 122-130Te isotopes.  

Key words: Interacting Boson Model-1, even-even Tellurium, reduce electric 

transition probabilities, three-three interactions. 

INTRODUCTION 

The interacting boson model is suitable for describing the heavy atomic nuclei. This model was 

introduced within which seems to be relevant for the reason of deformed nuclei showing 

triaxial features. Also, describing the various nuclear properties like spins, energies of lower 

level, emission of gamma rays and multiple moments. The interacting boson model-1 is an 

interactive model developed by Iachello and Arima.  

       The interacting boson model (IBM) is an approach that provides an additional explanation 

of nuclear collective excitation. It is algebraic in character and employs group theoretical 

approaches to exploit symmetry. In terms of creation and annihilation boson operators, its 

Hamiltonian is expressed in second quantized form.  

       The s-d IBM exhibits three dynamical symmetries in the three vertices of casten triangle, 

U (5), SU (3) and O (6) appropriate for vibrational nuclei with spherical form, an axially 

symmetric deformed prolate rotor and γ-unstable axially asymmetric rotor respectively. The 

relation between the geometric collective model and the IBM established on the basis of an 

intrinsic coherent state formalism. The nuclear shape phase transitions between the three 

dynamical limits of the IBM have gained much theoretical interest in terms of geometric 

collective model and IBM. 

      The main objective of this research is to investigate 122-130Te transitional nuclei for the 

calculations of B (E2) reduced transition probabilities within framework of IBM-1 with 

the help of Casimir invariant operators. 

THEORETICAL CONSIDERATION 

One assumes that low-lying collective quadrupole states can be generated as states of a system 

of N bosons able to occupy two levels, one with the angular momentum J = 0, called s, and one 

with angular momentum J = 2, called d. The number N is the total number of active nucleon 
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pairs. For calculate the properties of an even-even nucleus, one then needs to specify the 

appropriate operators.  

     Therefore, there are only two energies of this kind, namely ɛs and ɛd. If the bosons 

were independent of one another, a system of ns s-bosons and nd d-bosons would have 

the energy nsɛs + ndɛd. 

       The bosons are coupled symmetrically, allowed two bosons are s2 (L=0), sd (L=2) and d2 

(L=0, 2, 4). Since for n states with a given angular momentum, one has n (n + 1)/2 interactions, 

seven independent two body interactions are found; three for L = 0, three for L = 2, and one 

for L = 4. This analysis can be extended to higher-order interactions. 

       The three-body interactions (l1l2l3; LM|H3|l1
’l2’l3’; LM) allowed boson states are s3 (L=0), 

sd2 (L=2), s2d (L=0,2,4) and d3 (L=0,2,3,4,6), leading to 6+6+1+3+1=17 independent three-

body interactions for L = 0,2,3,4,6, respectively. 

A Hamiltonian that conserves the total number of bosons is of the generic for 

Ĥ = E0 + Ĥ (1) + Ĥ (2) + Ĥ (3) +…...                                                           (1)                               

Where, the index refers to the order of the interaction in the generators of U (6). The first 

term E0 is a constant which represents the binding energy of the core. 

The most general Hamiltonian containing one-, two-, and three-body terms can be written as 

H = ɛs N + (ɛd - ɛs) nd + ½ ∑J=0,2,4 CJ √ (2J + 1) [[d † × d †] (J) × [d~ × d~] (J)] (0) +  

             √(½) v2 ([[d † × d†] (2) × d~ s] (0) +  

         [s†d† × [d~ × d~] (2)] (0)) + ½ v0 ([[d † × d †] (0) × ss] (0) + [s†s† × [d~ × d~] (0)] (0)) + 

 u2 [d †s† × d~ s] (0) + ½ u0 [s
†s† × ss] (0) + √5/2 A2 ({[d† × d†] (2) × [d~ × d~] (2)} (0) × {[d† × d~] (2)} 

(0)) +  

 √5/2 B2 ({[d† × d†] (2) × [d~ × d~] (2)} (0) × {[s†s + ss†] (2)} (0)) + 

   p2 ({[d† × d†] (2) × [d~ × d~] (2)} (0) × {[d†s + s†d~] (2)} (0)) + 

  1/2 p0 [({[d† × d†] (2) × [s~ × s~] (2)} (0) × {[d†s] (2)} (0)) + ({[s† × s†] (2) × [d~ × d~] (2)} (0) × {[d~s†] 

(2)} (0))] + 

  q2 ({[d† × d†] (2) × [d~ × d~] (2)} (0) ×  

              {[s†s] (2)} (0)) +  

 √5 D2 ({[s† × s†] (2) × [s~ × s~] (2)} (0) × {[d† × d~] (2)} (0)) + 

  1/2 q0 {[s†s†s† × s~ s~ s~] (2)} (0) + r0 ({[s†s† × s~s~] (2)} (0) × {[s†d~ + d† s~] (2)} (0)) + 

  r2 [({[d† × d†] (2) × [s~ × s~] (2)} (0) × {[s†d~] (2)} (0)) + ({[s† × s†] (2) ×  

[d~ × d~] (2)} (0) × {[d†s~] (2)} (0))]                                                                               (2) 
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Now, the Hamilton expressed in terms of Casimir operators 

The number operator nd of d-bosons, the number operator N of all bosons and the total 

angular momentum operator J2 are written in the form of Casimir operator like as 

  nd = √5 [d† × d~] (0) = ∑μ d†
μ dμ,                                                                            (3)                                     

N = s†s + nd , 

J 2 = -√3.10 [[d† × d~] (1) × [d† × d~] (1)](0)                                                              (4)                            

 

The operator 

T 2 = nd (nd + 3) – 5. [d† × d†] (0) [d~ × d~] (0)                                                          (5)                          

It shows a certain relationship to the following operator 

R 2 = N (N + 4) - (√5. [d† × d†] (0) - s†s†) (√5[d~ × d~] (0) - ss).                              (6) 

R 2 is identical with CSO (6)  

Q 2 = √5. [Q × Q] (0) = ∑μ (-1) μ Qμ Q-μ 

  With Q μ  = d† μ s + s† d~ μ –  

             (√7/2) [d† × d~] (2)
μ                                                                                 (7) 

is related to the quadruple moment of the nucleus.  

Now we replace all components of the Hamilton operator (2) step by step by expressions 

constituted by the operators (3) up to (7). 

H = ɛsN + (ɛd - ɛs) nd + C0(1/10) [-T2 + nd (nd + 3)] + C2(1/14) [2nd
2 + 2T2 – 4nd – J2]  

       + C4(3/14) [(6/5) nd
2 – (12/5) nd – (1/5) T2 + (1/3) J2] 

       – v2(1/√70) [Q2 + (3/2) T2 – R2 – (1/8) J2 – (1/2) nd
2 – (5/2) nd]  

       – v0(1/√20) [ -R2 + T2 + 5N + 2Nnd – 2nd
2 – 4nd + u2(1/√5) [Nnd – nd

2]  

       + u0 (1/2) [N2 – 2Nnd - N + nd
2 + nd] + A2(1/√5) [nd

3 + 5nd
2 - ndT

2 + (1/4) J2nd]  

       + B2(1/7) [2Nnd
2 – 2nd

3 – 9nd
2 + 10Nnd + 5nd – 2T2 N + 2T2 nd – T2 + (1/2) J2 N –  

           (1/2) J2nd + (1/4) J2] 

       + p2(1/35) [Rnd
2 + 5Rnd – T2R + (1/4) J2R + Tnd

2 + 5Tnd – T3 + (1/4) J2T] 

       + p0 (1/√5) [-R3 + RT2 + 2NndR + 4NR – 2nd
2R – 4ndR – TR2 + T3 + 2NndT +  

                 4NT – 2nd
2T – 4ndT] 

       + q2(2/7√5) [nd
2 + 5nd – T2 + (1/4) J2] + D2 [N

2nd + nd
3 – 2Nnd

2 – Nnd + nd
2] 

       + r0 [N
2 R + nd

2 – 2NndR – NR + Tnd + Rnd – TN – 2NndT + Tnd
2 + N2T] 
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       + q0(1/2) [N3 – nd
3 – 3N2nd + 3Nnd

2 – N2 – nd
2 + 2Nnd]                                       (8) 

We summarize 

H = ɛn N + ɛd’ nd + Vn N 2 + Vnd Nnd + Vd nd
2 + Vr R 2 + VtT 2 + Vj J 2 + VqQ 2 + Vnd

2 nd
3 +  

       VN N3 + VT T3 + VR R3 + Vnd1, T nd T2 + Vnd, J nd J
2 + VN, nd1 Nnd

2 + VT1, N T2N +  

       VJ, N J2N + VN, nd2 N
2nd + VR, nd2 Rnd

2 + VR, nd1 Rnd + VT, R1 T
2R + VJ, R J2R +  

       VT, nd2 Tnd
2 + VT, nd Tnd + VJ, T J2T + VN, nd, R NndR + VN1, R NR + VT, R2 TR2 +  

       VN, nd, T NndT + VT, N TN + VN2, R N2 R + VN2, T N2T                                          (9)               

The IBM-1 Hamiltonian (9) can be expressed as a linear combination of the U (6) and its 

subgroups linear and quadratic Casimir operators. 

H = a1 C1,U(5) + a1
ˈC2,U(5) + a2 C1,U(6) + a2

ˈC2,U(6) + a3 C1,U(6) C1,U(5) + a4 C2,SO(5) + a5 C2,SO(3) + a6   

C2,SO(6) + a7 C2,SU(3) + b1[C1,U(5)]
3 + b2 C2,SO(5) C1,U(5) + b2

ˈ C2,SO(3) C1,U(5) + b3 C2,U(6) C1,U(6) + b4 

C1,U(6) C2,U(5) + b5 C2,SO(5) C1,U(6) + b6 C2,SO(3) C1,U(6) + b7 [C1,U(6)]
3                            (10) 

The Casimir invariant operators of U (6) and its subgroups in the pattern are given below: 

C1, U (6) = N, C1, U (5) = nd, C2, U (5) = nd (nd + 4), C2, U (6) = N (N + 5),   

C2, SO (6) = N (N + 4) – {√5 [d† × d†] (0) - s†s†} {√5 [d~ × d~] (0) – ss} 

C2, SO (5) = nd (nd + 3) – 5 {[d† × d†] (0) [d~ × d~] (0)} 

C2, SO (3) = -10√3 {[d† × d~] (1) × [d† × d~] (1)} 

C2, SU (3) = ∑μ (-1) μ Qμ Q-μ, Where Qμ = {dμ
† s~ + s† dμ

~ - √7/2 [ d† × d~] μ
 (2)} 

Transition operators are associated with the IBM-calculated collective states. The number of 

bosons must be conserved because the BE (2) transition operator must be a Hermitian tensor 

of rank two. Because there are only two operators that can be used in the lowest order with 

these constraints, the general E2 operator can be written as 

Tm(E2) = α2 [s
† d~ + d† s] (2)

m + β2 [d
† × d~] (2)

m      (11)                                

Where, α2 plays the role of the effective boson charge and β2 = √7/2 α2. The BE (2) strength 

for the E2 transitions is given by 

B (E2; Li→Lf) = 1/ (2Li + 1)1/2 |< Lf || Tm(E2) ||Li>|2                         (12) 

       The solution of the Hamiltonian, in either the eq. (2) or the eq. (11) form, may be attempted 

either analytically or numerically. Using the underlying group theoretic characteristics of this 

system, Arima and Iachello were able to solve the Hamiltonian analytically in the three-limiting 

cases stated previously. The five components of the L = 2 d-boson state, one component of the 

L = 0 s-boson state, and ten components for three-three boson interactions all span a linear 

vector space that provides a framework for totally symmetric representations of the group U 

(6), the special unitary group in six dimensions.  

The reduced transition probabilities in IBM-1 are given for the limit U (5)-O (6). 
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  B (E2; L + 2 → L) ↓ = 1/4 α2
2 (L + 2) (2N – L)              (13) 

       Where, L is the state that nucleus translates to and N is the boson number, which is equal 

to half the number of valence nucleons. From the given experimental value of transition (2+ → 

0+), one can calculate the parameter α2
2 for each isotope, where α2

2 indicates the square of the 

effective charge. This value is used to calculate the transition 8+ to 6+, 6+ to 4+, 4+ to 2+ and 2+ 

to 0+. The value of B(E2) in units of e2 b2, is related to B(E2) in units of Weisskopf single 

particle transition (w.u). 

1 w.u = 5.94 × 10-6 × A4/3 × B (E2) e2 b2                     (14) 

Here e is the charge of electron and b (1 barn = 10-28 square meters) is the unit of area.  

RESULTS AND DISCUSSION 

Even-even nuclei with Z = 52 and N = 70-78 offer good chances to analyse the behaviour of 

total low-lying E2 strengths in the transitional region between deformed and spherical nuclei 

[15]. To determine the reduced transition probabilities strengths B (E2), the calculated absolute 

strengths B (E2) of the transitions within the ground state band can be fitted to the experimental 

ones. The vibrational limit U (5) has been used in IBM-1 to describe the Tellurium nuclei. 

Table 1 show the best fit values for the Hamiltonian parameters, as well as the estimated energy 

values for 122-130Te isotopes, which are compared to experimental data. The value of effective 

charge (α2) of IBM-1 was determined by normalizing the experimental data B (E2; 21
+ → 01

+) 

of each isotope using Eq. (13). From the given experimental value of transitions (21
+ → 01

+), 

we have calculated the value of the parameter α2
2 for each isotope and used this value to 

calculate the transitions from 4+ → 2+, 6+ → 4+, 8+ → 6+.  

  Table 1: The parameters which used in FBEM-code for 122-130Te Isotopes 

Various E2 reduced transition probabilities are examined experimentally. Theoretical and 

experimental data for proton charge are compared in Table-2 and Table-3. The theoretical B 

(E2) values agree with the experimental results within the specified errors.  

 

 

 

 

Isotopes N B (E2; 21
+→ 01

+) 

(e2 b2) 

E2SD       (e2 b2)    E2DD   (e2 b2) 

122Te 

124Te 

126Te 

128Te 

130Te 

7 

6 

5 

4 

3 

0.1331 

0.1416 

0.0994 

0.0770 

2.212 

0.1379 

0.1536 

0.1410 

0.1387 

1.226 

-0.095 

-0.107 

-0.0988 

-0.097 

-0.093 
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Table-2: Theoretical and experimental values of B(E2) for 122-126Te even-even isotopes. 

   Table-3: B (E2) values for 128-130Te isotopes. 

Spin Parity 

Ji
π → Jf

π 

52Te122 
52Te124 52Te126 

Experimental (e2 

b2) 

This work (e2 

b2) 

Experimental (e2 

b2) 
This work (e2 

b2) 
Experimental (e2 

b2) 
This work (e2 b2) 

21
+ → 01

+ 0.144 0.1331 0.1153 0.1416 0.098 0.0994 

21
+ → 02

+ 0.048 0.0443 0.038 0.047 0.0326 0.033 

22
+ → 02

+ 0.0078 0.0072 0.0094 0.0092 0.0076 0.0078 

23
+ → 03

+ 0.113 0.1116 0.1106 0.1036 0.0032 0.0033 

22
+ → 21

+ 0.35 0.23 0.299 0.16 0.14 0.126 

41
+→ 21

+ 0.196 0.2282 0.228 0.236 0.159 0.16 

42
+→ 22

+ 0.149 0.146 0.1462 0.1483 0.0955 0.0937 

42
+→ 23

+ 0.04 0.029 0.0152 0.0275 0.0086 0.0088 

61
+ → 41

+ 0.308 0.285 0.2306 0.2832 0.1764 0.1789 

81
+ → 61

+ 0.328 0.304 0.2306 0.2832 0.1568 0.1590 

Spin Parity 

Ji
π → Jf

π 

52Te128 
52Te130 

Experimental (e2 b2) This work       (e2 b2) Experimental    (e2 b2) This work       (e2 b2) 

21
+ → 01

+ 0.07 0.0770 2.569 2.212 

21
+ → 02

+ 0.023 0.256 0.856 0.737 

22
+ → 02

+ 0.00736 0.0075 0.642 0.553 

23
+ → 03

+ 0.0034 0.0032 0.428 0.368 

22
+ → 21

+ 0.049 0.04 0.584 0.553 

41
+→ 21

+ 0.116 0.1154 2.849 2.949 

42
+→ 22

+ 0.661 0.605 0.3248 0.2670 

42
+→ 23

+ 0.0077 0.0084 0.198 0.2136 

61
+ → 41 0.105 0.1155 2.569 2.211 

81
+ → 61

+ 0.07 0.077 0 0 
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The B (E2) values for the so-called cross-over 22
+ → 02

+ transition is well reproduced and they 

are very small. This indicates that in the theoretical B (E2) values, the particle and collective 

contributions are out of phase. Transitions from 22
+ → 21

+, B (E2) values are larger when 

compared to the ones in 22
+ → 02

+ transition for 122-130Te isotopes. This is due to the fact that 

both contributions are included in phase.  

     We have compared the ratio R = B (E2; 41
+ → 21

+) / B (E2; 21
+ → 01

+) of IBM-1 and the 

experimental values in the ground state bands as a function of angular momentum L. As a 

measure to quantify the evolution, it is shown that the results of R values increase with 

increasing the high spin states.  

The branching ratios B (E2; 41
+ → 21

+) / B (E2; 21
+ → 01

+) is less than 2 represents U (5) 

symmetry, less than 1.42 for O (6) symmetry and zero for SU (3) symmetry. We investigate U 

(5) symmetry as B (E2; 41
+ → 21

+) / B (E2; 21
+ → 01

+) = 1.71(e2 b2), 1.67(e2 b2), 1.61(e2 b2), 

1.49(e2 b2) and 1.33(e2 b2) of 52Te122, 52Te124, 52Te126, 52Te128 and 52Te130 respectively.     

CONCLUSION 

In nuclear structural physics, the phonon concept is useful for explaining the excitation of 

collective lower states in vibrational nuclei near spherical nuclei. One can show the two 

phonon excitations by close the energy level 02
+ from the twice value of the energy level 21

+ 

and the closest of the energy levels (41
+, 22

+ and 02
+). A quantitative comparison with 

experimental data is not possible because these small components are not stable enough 

against small changes in the model parameters. Also, the reduced transition probabilities 

between 4+ → 2+, 6+ → 4+, 8+ → 6+ of even-

even Te (Z = 52, N = 70 to 78) have been studied within the framework of interacting boson 

model-1. It is found that electric quadrupole reduced transition probability are in good 

agreement with the experimental results for 122-130Te. These results are extremely valuable for 

generating nuclear data tables, makes it a good resource. 
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