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In this paper, we discuss the existence of solutions for the Initial Value Problem of Variable
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1. Introduction

This paper induces the existence of solutions for the Initial Value Problem (IVVP) of variable
fractional order functional differential equations with infinite delay of the form

D*®y(t) = f(t,u,), foreacht e A= (0,1], 0 < a(t) <1
(1.1)

u(t) = @(t),t € (—,0] (1.2)

where D*® js the standard Riemann-Liouville’s variable order fractional derivative,

f: A x B - R is a given function, ¢ € B, f(0, ¢) = 0 thatis ¢(0) = 0 and B is called a Phase
space [4], which is defined in section 2.

Also, for any function u(t) defined on (—, 1] and any t € A, we denote the element of B
as uy, which is defined as

u(t) =u(t+ 1), TE (—00,0]
(1.3)

in which u.(t) represents the history of the state from the time —oo to the present time t.
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In section 4, we discuss the existence of variable order fractional neutral functional differential
equations with infinite delay of the form

DO yu(t) — g(t,uy)] = f(t,u,), foreacht € A= (0,1], 0 < a(t) <1 (1.4)

u(t) = @(t), t € (=0, 0] (1.5)

where fand ¢ are defined as in (1.1) and (1.2), and g: A X B = R is a given function,
@ € B,g(0,p) = 0 thatis ¢(0) = 0.

Here, the role of the Phase space B, plays an important role, which is a seminormed space
satisfying some axioms, which was introduced by J. Hale, J. Kato [4]. For the detailed
explanations on this topic we can refer the book [5]. Many authors discussed about the theory
of fractional order functional differential equations [9-13]. We can refer [1,2,7,8,14] for the
existence theory of fractional differential equations with infinite delay.

Our approach towards the existence of the solutions for (1.1), (1.2) and (1.4), (1.5) is based on
the Banach’s fixed point theorem and on the non-linear alternative of Leray-Schauder type [3].

2. Preliminaries

We introduce the preliminary definitions, facts and notations, which we are going to use in
this paper.

We consider R* = {u € R:u > 0}, CO(R*) the space of all continuous functions on R*.
Also, consider the space C°(R™) of all real functions on R} = {u € R:u > 0}, with the class
of all f € C°(R™) such that t“foll f(t) =f(0") € R.

We denote the Banach space of all continuous functions from A into R as C(A, R), with the
suitable complete norm on R as ||y|l = sup{|y(t)|:t € A}

Definition 2.1: The variable order fractional integral equation of a function f:R* - R, is
defined by
180f() = —

r'(a(b))

Jy (= $)4O71f(s)ds, 0 < a(t)
@.1)
Note that, if f € C°(R*) then I1*Vf € CO(R*), and more over I“Vf(0) = 0.

Definition 2.2: The variable order fractional derivative of a continuous function f: R* = R, is
defined by

d*®f(r) 1 d
dte® 7 r(1-a(t)) dt

[yt = )" Of(s)ds = =157V, 0 < a(®)

(2.2)
In this paper, we consider the state space (B, ||. ||g), which is a semi-normed linear space of a
functions that maps (—oo, 0] — R, satisfying the following fundamental axioms [4].
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[A]: If u: (—o0,1] - R, and u, € B, then for every 0 < t < 1 the following conditions hold:
() u €B,
(ii) lluells < K@sup{lu(s)]:0 < s < t} + M(Olluolls,
(iii) lu(®| < Hllugllp.
where H > 0 is a constant, K: [0,1] — [0, +o0) is a continuous function,
M: [0, +00) — [0, +0) is locally bounded and K, M are independent of u(t).
[A1]: For the function u in [A], u; is a B valued continuous function on [0,1].
[A2]: The space B is complete.

3. Variable fractional order functional differential equations with infinite delay
To get the solution of the IVP (1.1) and (1.2), we consider the space

Y = {u:(—o,1] > R /u; € Bfor — o0 < t < 0 and u; is continuous for 0 < t < 1] }
(3.1)

Definition 3.1: A function u € s is said to be the solution of (1.1) and (1.2), if u satisfies the
equation D®y(t) = f(t,u,), foreacht € A = (0,1], 0 < a(t) < 1 and u(t) = @(t),

t € (—o0,0]. i.e., if u satisfies (1.1) and (1.2).

We state the following Lemma to derive the existence results of (1.1) and (1.2).

Lemma 3.2: [13] Let 0 < a(t) < 1 and f: (0,1] = R be continuous and

t1_1)rg1+ f(t) = f(0*) € R. Then, u(t) is the solution of the fractional order integral equation

1
I'(a(b)
if and only if u(t) is the solution of the initial value problem for the fractional differential
equation
D®y(t) = f(t),0 <t< 1
u(0)=0

Ig‘(t)f(t) = fot(t — 5)*®-1f(5)ds, a(t) > 0

(3.2)

Now, we give our first existence result of the IVP (1.1) and (1.2) based on the Banach’s
contraction principle.

Theorem 3.3: Let f: A X B = R, and assume the hypothesis
[H] there exists some 1 > 0 such that

|f(t,u) — f(t,v)| <I|ju — v||g for t € A and for every u,v € B.
(3.3)
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K, t*®]
T(a(D+1)

< 1, where K; = sup{|K(t)|:t € [0,1]},
(3.4)

then there exists a unique solution for the initial value problem (1.1) and (1.2) in the interval
(—OO, 1]

Proof: First we transform the equations (1.1) and (1.2) into a fixed point equations.
Consider the operator N: ¢ — 1, defined as

@(t) forte (—x,0]
Nuw)(@t) =] 1 a(t)—
(Nu)(®) {mfot(t— $)*®-1f(s u)ds fort e (0,1]

(3.5)
Let x: (—o, 1] — R be the function defined by
_( 0ifte(0,1]
5O ={ ) i € (o0
(3.6)

then xo = ¢. For each z € €([0, 1], R) with z(0) = 0, the function z is defined as

(2, if te (0,1]
40 _{0, if t € (—o,0]
3.7)

If u(t) satisfies the integral equation
u(t) = m f;(t — 5)®®O-1f(s,u.)ds, we can decompose u(t) as follows

ul®) =z (@) +x(t)=2z(t)+0=1z(t) forte (0,1]

(3.8)

which implies u; = z; + x; for t € (0,1]

(3.9
Therefore, by (3.8) z(t) satisfies the equation

1 t
z(t) = —f (t — 5)*O-1f(s z.)ds.
r(a®)Jo y

SetCy ={z € €([0,1],R) : zy = 0}.

(3.10)
Let [|z|l; = sup{|z(t)| : t € (0,1]},z € Cy.

(3.11)

C, is the Banach space with norm ||. ||1

Let the operator F: Cy — C¢ be defined as
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(Fz)(t) = m [yt = )*O71f(s,Z, + x,)ds, t € (0,1]
(3.12)

The operator N has a fixed point is equivalent to the fixed point in F. Hence; it is enough to
prove that F has a fixed point. We will show that F: Cy — C, is a contraction mapping. Then,
foreach t € (0,1] and z4,2, € Cy

|Fz(t) — Fz;(8)| < mfot(t — )07 (5,215 + x;) — f(5,Z25 + x,)|ds

1 et NaO-1y15 _ 5
Sr(a(t))fo(t s) |z — Zz5llpds

1 t
< _ a®-1 _
< Fa@y Jo & = )"0 sup l21() ~ zy(s)ll ds

K4 ft IK1t*®||zy — 2,4
< t— )01z, — z, || ds =
@) do "~ 1=zl T@®+ D
Therefore,

IK1t*®||z4 -z, |4

|IFzqy — Fz,|[; < @)

and hence F is a contraction mapping. Therefore, by Banach’s contraction principle, F has a
unique fixed point.

Next, we discuss an existence result for (1.1) and (1.2) based on the non-linear alternative of
Leray-Schauder type. For this, we state the generalization of Gronwall’s lemma for singular
kernel [6], which is an essential tool to prove the main result of this section.

Lemma 3.4: Let k: (0, 1] — [0, +0) be a real function and r(t) is a non negative and locally
integrable function on [0, 1], and there are constants a > 0,0 < a(t) < 1 such that

t k
k() <T() +a [y kg ds,

(3.13)
then, there exists a constantK = K (a(t)) such that

k() <7(0) + Ka [y o0

(3.14)
forevery t € (0,1].
Theorem 3.5: Assume that the following hypothesis holds.
H1: f is a continuous function,
H2: there exists p, g € C(A4, R") such that

If&w| <p®) +q@®|lullp
(3.15)
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foreachu € Band t € (0,1] and ||[I*®|| < co.

Then the initial value problem (1.1) and (1.2) has atleast one solution on (—oo, 1].

Proof: Let the operator F: Cy — C, be defined as in (3.12). In this theorem, in step 1-3, we
prove that F is continuous and completely continuous, and in step 4 we prove that there exists
a fixed point for F as a consequence of the non-linear alternative of Leray-Schauder type [3].

Step 1: Here we prove that F is continuous

Let {z,,} be the sequence such that in Cy. Then,

|(F2a)(®) = (F2)(®) | < e Jo (& = )OS (5, Zns + %) = F (5.2, + x0)lds
since f is continuous (by H1), we have

IF(zn) — F(2)ll1 <

Therefore, F is continuous.

ta(t)

ra@in (8 Zns +x5) = f(5,Z5 + x9)ll > 0 @asn > o0

Step 2: In this, we prove that F maps bounded sets into bounded sets in Cy.

For this, it is enough to prove that for any § > 0, there exists a positive constant m > 0 such
that foreachz€ Bs ={z € Cy : ||z|ls < 6} and |F(z)||., < m. Letz € Bs. Since, f isa
continuous function, for every t € (0,1],

(PO < sy ot = 97O (5,2, + x0)lds
< e € = 9O p(s) + a1z, + x,lp1ds

t*Olpllee | t*Dliqlle 5
— I'(a(t)+1) TI(a(t)+1)

=m (say)

where

Iz + x5llp < l1Zsllp + llxsllp < K16 + M4ll@llp = 6" (say)

and

M, = sup{|M(t)| : t € (0,1]}.

Hence, ||F(2)|l < m.

Therefore, F maps bounded sets into bounded sets in Cy.

Step 3: Here, we prove that F maps bounded sets into equicontinuous sets in Cy.
To prove this, consider t4,t, € (0,1], t; < t,.

Let B ={z € Cy : ||z||5 < &} defined in step be a bounded set.

Letz € B, forevery t € (0, 1], we have

|(Fz)(tz) — (Fz)(t,)]
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[ty — )9 O-1f (5,7, + x;)ds

B _ 1
2(t, — §)*O-1f (5,7, + x,)ds GO

S F(a(t)) 0

(5]
(tl - S)a(t)_lf(sv zs + xs)ds

“|raw

F(a(t)) f (t; — )*O-1f(s, 7, + x;)ds

F(a(t)) f (t; — )*O-1f (5,7, + x;)ds

t, — ) O-1f(s,Z, + x;)ds

+r(a(t))f0 (£

— 5)*O-1f(5 7, + x,)ds

-1 51
8 ’r(a(t))fo (£

— 5)*O-1f(5 7+ x,)ds

1 (4
" I‘(a(t))f (t2

! ( — 5)*O-1f(5,Z; + x5)ds
" T(a®) ,1 g s

tZ - S)a(t)_lf(s' 2s + xs)ds

i@

ﬁaz—Q“WJ—a1—9“”4V®jy+%ﬁw
1
F(a(t)) t,

Iplle + llqlle 8™ a Iplle + llqlle 8
_ t) a(t) _ ¢ a(t) _ a(t)
r(a(t)+1) [(t2 — )" + 84 £ 0] + r(a()+1) [tz — £)*]

“Ire@)

( 2= $)*O7f(s,Zs + x5)ds

2(lplleotlqll06™) _ a(t)
=7 Ta@®+) (t2 —t1)

which — 0 as t; - t,.
Therefore, F maps bounded sets into equicontinuous sets in €

Hence, from step 1-3 and by Arzela-Ascoli’s theorem, we can conclude that F is continuous
and completely continuous.

Step 4: Here we will show that there exists an open set V< €y with z = AF(z) for 0 < A <
landz € oV.

Letze Cypandz = AF(z) for0 < A < 1.

Then for every0 < t < 1, we have
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2(6) = [m Jit - %O 1f(s 7, + xs)ds].
By the hypothesis H2

r(al(t)) fﬂt(t = )*O71p(s) + q($)IIZs + x,l1glds

lz(O)] <

t*O|ip|l e 1 ft(
~ ra®+1)  r(a(@)’o

t —5)*O1q(s)11Zs + x5/l pds
(3.16)
But,
Izs + x5l < 11Zslp + lIx5ll5
< K(t)supflz(s):s € [0,t]|} + M(D)lzollp + K(O)sup{|x(s):s € [0,t][} + M(D)lIxoll5

< Ky sup{|z(s):s € [0,t]|} + Mqllollg = () (say)
(3.17)

Therefore, (3.16) becomes

t“Dllp||oo 1t -1
(3.18)

By (3.18) and by the choice of r(t) we have,

K1t®Ollplleo |, Killglloo (e, _ ya(O)-1
r(t) < Mqllollg + Ty T 0 Jot—s) r(s)ds.

By lemma 3.4, there exists K = K(a(t)) such that

K1t“Ollpll, | KKllqle
ra®+1 ' r(a®)

t
Ir(®] < Myllells + f (t — 5)*®-1 Rds
0

_ K1t"Olplle
where, P = M,||@||g + @O+ "
PKK4llqllo _
Hence, ”r”oo <P+ m =D (say)

t*Oplle

a(t)
Then (3.18) becomes ||zl|, < D|[I*®q]|_ + TP

= D* (say)

Set,V={z€ Cy: ||z|]| < D"+ 1}.

Also, F:V — C, is continuous and completely continuous. By the choice of V, thereisno z €
oVsuchthatz = AF(z) for0 <A < 1.

Therefore, by non-linear alternative of Leray-Schauder type [3], we can conclude that F has a
fixed pointz € V.
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4. Variable order neutral fractional functional differential equations
In this section, we discuss the existence results for the initial value problems (1.4) and (1.5).

Definition 4.1: A function u € v is said to be solution of (1.4) and (1.5) if it satisfies
D*O[u(t) — g(t,u,)] = f(t,u,), foreachte A= (0,1], 0 < a(t) < 1andu(t) =
@(b),

t € (—,0]. i.e., u satisfies (1.4) and (1.5).

In this section also, we provide the first existence result for the IVP (1.4) and (1.5) by means
of Banach’s contraction principle.

Theorem 4.2: Assume that the hypothesis [H] in theorem 3.3 holds and the assumption
[A] there exists a positive constant ¢; > 0, such that

lg(t,u) — g(t,v)| < cqllu—vlp,foreveryuveB
(4.1)

tu(t)l R R )
m] < 1, then there exists a unique solution for (1.4) and (1.5) on (—oo, 1].

If K, [cl +
Proof: Consider the operator N1: 9 — ¥, defined as

@(t) fort € (—»,0]
(Nqu)(t) = {g(t, u) + ﬁfot(t — $)4O-1f(s u)ds fort € (0,1]

(4.2)
In view of theorem 3.5, we consider the operator Fy: Cy — C, be defined as
0 forte (—x,0]

(F12)(t) = {g(t,z_t +x) + mfot(t _ §)@O-1f(s 7 4 x)ds for t € (0,1]
(4.3)
To prove that the operator F4 is a contraction, let z¢, z, € .
As discussed in theorem 3.3, we have
|F124(t) — F12,(t)|
<19(s,Z1; + x) — g(5,Z2¢ + x|

t
+ @fo (&= )OI (s, 235 + x5) = £(5, 725 + x5)\ds,

1 t
<cllzy,— 2z +—— | (t-s5)*O-1Yz,. — Z ds,
= Zally + s fo (t — %O 12,5 — Zpsls

< c1Kysup{|z(s) — z2(s)|: s € [0, t]}

1 t
+ —F(a(t)).[o (t — $)*O-1K . Isup{|z,(s) — z,(s)|: s € [0, t]}ds.
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[te®
I'a(t)+1)

which show that F is a contraction.

<K, [C1+ 1z, — Z,l.

Therefore, by Banach’s fixed point principle F4 has a fixed point.

Next, we provide the existence result for the initial value problem (1.4) and (1.5) based on the
non-linear alternative of Leray-Schauder.

Theorem 4.3: Assume that the conditions H1, H2 of theorem 3.5 holds along with

H3: the function g is continuous and completely continuous, and for any bounded set B in 1,
the set {t - g(t,u,): u € B} is equicontinuous in €((0, 1], R), and there exist constants

0 <Kjc; <1,c3 = 0suchthat
lg(t,y)| < cllyllg + c3,t € (0,1] and y € B.
Then, the initial value problem (1.4), (1.5) has atleast one solution in (—oo, 1].

Proof: Let F;: Cy = C, is the function defined as in theorem 4.2. First we prove that the
operator F; is continuous and equicontinuous. By H3, it is enough to prove that operator
F,: Cy = C, defined by

(F,z)(t) = g(t, Z¢ + x) + ! ft(t 5)*O-1f(s, 72 + x)ds fort € (0,1]
VA == , Z X - < - ’ZS XS )
2 g t t F(O((t)) 0

is continuous and completely continuous, which was already proved in theorem 3.5.

Hence, we show that there exists an open set Vc Cy with z # AF;(z) forO <A <land z €
oV.

Letz € Cyandz = AF,(z) for0 <A < 1. Then, forevery 0 <t < 1, we have
z(t) =1 |gt zp + x0) + mfg(t — 5)*®~1f(s,Z; + x4)ds | fort € (0,1]

and

t*“Ollplleo 1t
T+ r(a(D) ING

|z(D] < callZe + x¢llg +dz + S)a(t)_lf(s,z_s + Xs)ds,

Thus,

1 K1 t*Oipllo Killalleo to Na®-1
r® < [2K1C3+ r(@(O+1) +(1—K1c2)1"(oc(t))f0(t s) r(s)ds

and so
P1K1ta(t)||q*||oo
Irllec <Py + = D; (say)
a- K1C2)F(0((t))
ar  — _ldlleo _ 1 K1 t*O||plloo
where ||q" || = AK.cp) and P, = 1Ko, [Zch3 + @O ]
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Then,

t“OlIplloo
T(a(t)+1)

Set, Vi = {y € Co: llyll <D;" + 1}
By the choice of Vy, there isno z € 0V, such that z = AF,(z) for0 < A < 1.

Izllo < coll0llg + 2¢5 + Dycy + +L[|1“Oq]||_ = D;" (say)

Therefore, by non-linear alternative of Leray-Schauder type [3], we can conclude that F, has
a fixed pointz € V;.

Hence, F; has a fixed point which is the solution of (1.4) and (1.5).

5. Example

Consider the variable order fractional functional differential equation

ke =Sty ||

a(t) — <& el
D*Pu(t) (et+e‘t)(1+||ut||)’t €(01]and0 < a(t) <1
(5.1)
(5.2)
_ (0.75,t€ (0,1]
where a(t) = {0_5’ t € (—o,0]
(5.3)

KM (a(®) = ko [, s“O~e~5ds, ko > 1 is a fixed constant.
Let & be a positive and real constant and

— _ R 89 Cote
Bs = {u € C(( 00, O],]R).ﬁl_l)r_noo e®’u(9), exists in R}.
The norm of Bgis given by

lulls = sup e®®lu(®)l.
—00<9=<0

Let u: (—oo,1] = R such that u, € Bg. Then,

GJm e¥%u,(9) = Jm eddu(t+9) = GJm ed-y9) = 7% GJim e%%u,(9) < oo.
Hence, u; € Bs.

Finally, we prove that ||u¢]ls < K(t)sup{|u(s)]: 0 < s <t} + M(t)||uolls,

where K=M = 1and H = 1. We have |u;(9)| = |u(t+ 9)|.

Ift+9 <0, we get

luc(9)] < supf{lu(s)|: —o <s < 0}.

Ift+9 > 0, we get
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|ug(9)] < sup{u(s)]:0 <s <t}

Thus, for all t +9 € (0,1], we get

[u ()| < supf{lu(s)|: —o0 <'s < 0} + supf{|u(s)|: 0 < s < t}.

Then, lulls < [luglls + sup{lu(s)]: 0 <'s < t}.

It is obvious that (Bg, |lu.lls) is @ Banach space. Hence, we can conclude that Bg is a Phase
space.

oSttty
Set f(t,X) = m, (t,X) (S (0,1] X Bs.

Let x,,x, € Bg. Then, we get

—8t+t X, X,
(6 x0) = (6 xp)] < k(et+eH[1+x;, 1+x,
~ oSt X, — X,
k(et+e )11 +x)(1+x5)
e Otet X3 — X,

<
“k(et+e™) (A +x)(1+xy)
ellxy — Xz llBs
k(et +e™t)
llx1 — X2llp,
~ k(et+e™)
lIx; —x; ”Bs
- k
Thus, the condition [H] of theorem 3.3 holds. Since, K = 1
ta(t)
——<
K (a(t) + 1)
Hence, by Theorem 3.3 there exists a unique solution for the equations (5.1), (5.2) on (0,1].

1.
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