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In this article we introduced partial square sum processes. Let {𝑋𝑛, 𝑛 = 1,2, . . } 

be a sequence of independent and non-negative random variables and let G(x) be 

the distribution function of X. Then {Xn, n = 1,2, … }  is called a partial square 

sum process, if the distribution function of 𝑋𝑛+1 is 𝐺(𝛽𝑛
2𝑥) (𝑛 = 1,2, … )  where      

βn
2 > 0 are constants and 𝛽𝑛

2 = 𝛽1
2 + 𝛽2

2 + ⋯ + 𝛽𝑛−1
2 .  We study some properties 

of partial square sum process.  

Keywords: geometric process, partial product process, partial square sum 

process. 

 

 

1. Introduction 

A stochastic process {Xn, n = 1,2, … } is said to be a Geometric process, if there exists a real 

β0 > 0 such that {β0
n−1Xn, n = 1,2, … } forms a renewal process. The positive number β0 is 

called the ratio of the G.P. A Geometric process is stochastically increasing if the ratio 0 <
β0 ≤ 1. It is stochastically decreasing if the ratio β0 > 1. A Geometric process will become a 

renewal process if the ratio            β0 = 1. Therefore Geometric process is a simple monotone 

process and is a generalization of the renewal process. Assume that {Xn, n = 1,2, … } is a 

Geometric process with ratio β0. Let the Distribution function and density function of X1 be 

G and g respectively and denote E(X1) = λ and Var(X1) = σ2. Then E(Xn) =
λ

β0
2n−1 and 

Var(Xn) =
σ2

β0
2n. Thus β0, λ and σ2 are three important parameters of a Geometric process. Let 

{Xn, n = 1,2, . . } be a sequence of non-negative independent random variables and let G(x) be 

the distribution function of X1. Then {Xn, n = 1,2, … }  is called a partial product process, if 
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the distribution function of Xi+1 is G(βkx) (k = 1,2, … )  where βk > 0 are constants and βk =
β0β1β2 … βk−1. 

 

2. Partial square sum process 

Let {Xn, n = 1,2, . . } be a sequence of independent and non-negative random variables and let 

G(x) be the distribution function of X. Then {Xn, n = 1,2, … }  is called a partial square sum 

process, if the distribution function of Xn+1 is G(βn
2x) (n = 1,2, … )  where βn

2 > 0 are 

constants and βn
2 = β1

2 + β2
2 + ⋯ + βn−1

2 . 

Lemma 2.1. βn
2 = β0

2 + β1
2 + ⋯ + βn−1

2  show that βn
2 = 2n−1β0

2 

Proof. When n = 1, β1
2 = β0

2. Thus, the result is true for n = 1.  

Assume that the result is true for n = k.  

βk
2 = 2k−1β0

2 … (1) 

Then we have to prove that the result is true for n = k + 1. 

βk+1
2 = β0

2 + β1
2 + ⋯ + βk−1

2 + βk
2 

= βk
2 + βk

2 [From(1)] 

= 2 βk
2 

= 2 × 2k−1β0
2 

βk+1
2 = 2k+1−1 β0

2 = 2kβ0
2  

Thus, the result is true for n = k + 1 also. 

βn
2 = 2n−1β0

2;  n = 1,2,3, … 

Remark 2.2. By Lemma 2.1, the distribution function of Xk+1 is G(2n−1β0
2x) for 

 n = 1,2, … the term β0
2 as the ratio of the partial square sum process. 

Lemma 2.3. The partial square sum process {Xn, n = 1,2, … } is 

(i) Stochastically decreasing if β0
2 > 1 

(ii) Stochastically increasing if 0 < β0
2 < 1. 

Proof. Let β0
2 > 1. Note that for any γ ≥ 0 

G(γ) ≤ G(22β0γ)) ≤ G((22)2β0γ) ≤ ⋯ ≤ G((22)n−1β0γ) 

This implies 

P(X1 ≥ γ) ≥ P(X2 ≥ γ) ≥ P(X3 ≥ γ) … ≥ P(Xn ≥ γ) 

This implies that {Xn, n = 1,2, … } is Stochastically decreasing if β0
2 > 1 

Similarly we can prove that it is Stochastically increasing if 0 < β0
2 < 1. 
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Lemma 2.4. Let E(X1) = μ, Var(X1) = σ2. Then for n = 1,2, … 

E(Xn+1) =
μ

2n−1 β0
2 

, Var(Xn+1) =
σ2

22(n−1) β0
4 

 

Proof. By Lemma 2.3, for n = 1,2,3, … the density function of Xn+1 is 2n−1β0
2g(2n−1β0

2x) 

where g is the density function of X1. 

Now E(Xn+1) = ∫ x [2n−1 β0
2g(2n−1 β0

2x)]dx 

= 2n−1 β0
2 ∫ x [g(2n−1 β0

2x)]dx 

= 2n−1 β0
2 ∫ (

y

2n−1 β0
2)  g(y) 

dy

2n−1 β0
2               where y = 2n−1 β0

2  

=
1

2n−1β0
2  ∫ y g(y) dy 

=
1

2n−1β0
2  E(X1) 

Therefore E(Xn+1) =
μ

2n−1β0
2       

Now E(Xn+1
2 ) = ∫ x2 [2n−1 β0

2 g(2n−1 β0
2x)]dx 

                      = 2n−1 β0
2 ∫ x2 g(2n−1 β0

2x)dx 

                      = 2n−1 β0
2 ∫ (

y

2n−1 β0
2)

2
 g(y) 

dy

2n−1 β0
2               where y = 2n−1 β0

2  

=
1

(2n−1β0
2)2

 ∫ y2 g(y) dy 

=
1

22(n−1)β0
4  E(X1

2) 

=
E(X1

2)

22(n−1)β0
4 

Var(Xn+1) = E(Xk+1
2 ) − [E(Xk+1)]2 

=
E(X1

2)

22(n−1)β0
4 − [

E(X1)

2n−1β0
2]

2

=  
E(X1

2)

22(n−1)β0
4 −

[E(X1)]2

22(n−1)β0
4 

=
σ2

22(n−1) β0
4 

 

 

3. Properties of Partial Square Sum Process 

In this section we study some properties of partial square sum process. Let G and g be the 

distribution function and density function of X1 respectively. and denote E(X1) = μ,  and 

Var(X1) = σ2. Then by Lemma 2.4, for i = 1,2, …. We have 
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E(Xi+1) =
μ

2i−1β0
2 

and Var(Xi+1) =
σ2

22(i−1)β0
4 

Thus  β0
2, μ and σ2 are important three parameters of partial square sum process. 

Define u0 = 0 and un = ∑ Xi
n
i=1   

Let Gn = σ (X1, X2, … , Xn) be the σ-algebra generated by {Xi, i = 1,2, … n}.   

Theorem 3.1. If β0
2 > 1, the {Un, n = 1,2, … } is a nonnegative submartingale with respect to 

Gn = σ(X1, X2, … , Xn). 

Proof. Obviously {Un, n = 1,2, … }  is a sequence of increasing nonnegative random variables 

with 

E[Un+1|Gn] = Un + E[Xn+1] ≥ Un … (1) 

              Also Sup
n≥0

E[|Un|] = lim
n→∞

E[Un] 

= lim
n→∞

E [∑ Xi

n

i=1

] 

= lim
n→∞

∑ E[Xi]

n

i=1

 

= lim
n→∞

[μ + ∑
μ

2i−1β0
2

n

i=2

] 

= μ [1 + ∑
1

2i−1β0
2

n

i=2

] < ∞ … (2) 

Where eqn (2) is due to the fact that the series ∑
1

2i−1β0
2

n
i=2  is convergent by comparing it with 

geometric series if 
1

β0
2 < 1. Thus from eqn (1) and (2), by definition {Un, n = 1,2, … } is a 

nonnegative submartingale with respect to {Gn, n = 1,2, … } if β0
2 > 1. 

Theorem 3.2. If β0
2 > 1, there exist a random variable U such that the sequence  {Un} converges 

almost sure to U. 

 Proof. {Un, n = 1,2, … }  is a nonnegative sub martingale with respect to               {Gn, n =
1,2, … }   

                                  Sup
1≤n≤∞

E[|Un|] ≤ ∞ 

Then with probability 1, random variable 

                                     U = lim
n→∞

Un  and  E[|U|] < ∞ 

∴ the sequence {Un} converges almost sure to U. 
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Theorem 3.3. If β0
2 > 1, {Un, n = 1,2, … }  has a unique decomposition such that 

𝑈𝑛 = 𝑀𝑛 − 𝐵𝑛 … (3) 

Where {𝑀𝑛, 𝑛 = 1,2, … } is a martingale. {𝐵𝑛, 𝑛 = 1,2, … } is a decreasing with 𝐵1 = 0  

and 𝐵𝑛 ∈ 𝐺𝑛−1. 

Proof. Let 𝑀1 = 𝑈1 and 𝐵1 = 0 for 𝑛 ≥ 2 

We define 𝑀𝑛 = 𝑀𝑛−1 + (𝑈𝑛 − 𝐸[𝑈𝑛 | 𝐺𝑛−1]) … (4)          

𝐵𝑛 = 𝐵𝑛−1 + (𝑈𝑛−1 − 𝐸[𝑈𝑛 | 𝐺𝑛−1]) … (5) 

From eqn. (4) and (5) we have  

𝑀𝑛 − 𝐵𝑛 = ∑(𝑈𝑖 − 𝑈𝑖−1) + 𝑈1 − 𝐵1 = 𝑈𝑛

𝑛

𝑖=2

 

and (3) follows. It checks  {Mn, n = 1,2, … }  and {Bn, n = 1,2, … } satisfy the terms.  

Next to prove that a decomposition is unique. 

Suppose  Un = Mn
∗ − Bn

∗  is another decomposition. 

Then Mn = Mn
∗ = Bn − Bn

∗  

Since M2 = M2
∗ =  B2 − B2

∗  ∈ G1 

implies that M2 = M2
∗. Then by induction  

Hence Bn = Bn
∗ . 

Definition 3.4. Given a partial square sum process {Xj, j = 1,2,3, … } and if w(t) =

sup
j∈Z

{j: Vj  ≤ 1} , where Vj = ∑ Xj
j
i=1  the age at t is defined by A(t) = t − Uw(t) the residual life 

at t is defined by 

B(t) = Uw(t)+1 − t 

and the total life at t is defined by 

Xw(t)+1 =  Uw(t)+1 − Uw(t) 

= A(t) + B(t) 

Let Gj be the distribution function of Uj and Gj(x) = 1 − Uj(x). 

Theorem 3.5. If G is the distribution function of X1 and  G̅(x) = 1 − G(x).  

 Then 

 1. P(A(t) > x) = {
G̅(t) + ∑ ∫ G̅(2n−1β0

2(t − u)dGn(t), 0 < x < t 
t−x

0
∞
n=1

                                    0,                                x ≥ t
 

2. P(B(t) > x) = {
G̅(t + x) + ∑ ∫ G̅(2n−1β0

2(x + t − y) dGn(y), x > 0 
t

0
∞
n=1

                                  1,                              x ≤ 0
 



                                            On the Partial Square Sum Process in.... C. Subet Selin et al. 1204 
 

Nanotechnology Perceptions Vol. 20 No.7 (2024) 

3. P(XW(t)+1 > x) = {
G̅(t ∨ x) + ∑ ∫ G̅(2n−1β0

2(x ∨ t − y)dGn(y), x > 0 
t

0
∞
n=1

                      1,                               x ≤ 0
 

4. P(UW(t) ≤ x) = {
G̅(t) + ∑ ∫ G̅(2n−1β0

2(t − y)dGn(y), 0 ≤ x ≤ t
t−x

0
∞
n=1

                                1,                            x > t
 

Proof. 1. Assume 0 < x < t   

                P(A(t) > x) = P(UW(t) < t − x) 

= ∑ P(UW(t) < t − x, W(t) = j)

∞

j=0

 

= ∑ P(Uj < t − x, UW+1 > t)

∞

j=0

 

= G̅(t) + ∑ ∫  
t−x

0

P(Uj > t | Uj = x

∞

j=1

) dGj(x) 

= G̅(t) + ∑ ∫  
t−x

0

P(Xj+1 > t − x

∞

j=1

) dGj(x) 

= G̅(t) + ∑ ∫ G̅(2j−1β0
2(t − u)dGj(u)

t−x

0

∞

j=1

 

For x ≥ t, P(A(t) > x) = 0 is trivial. 

Part (i) proof is completed. 

2. Assume x > 0 

                P(B(t) > x) = P(UW(t) > t + x) 

= ∑ P(UW(t)+1 > t + x, W(t) = j)

∞

j=0

 

= ∑ P(Uj+1 > t + x, Uj ≤ t)

∞

j=0

 

= G̅(t) + ∑ ∫  
t

0

P(Uj∓1 > t + x | Uj = y

∞

j=1

) dGj(y) 

= G̅(t + x) + ∑ ∫  
t

0

P(Xj+1 > t + x − y

∞

j=1

) dGj(y) 

= G̅(t + x) + ∑ ∫ G̅(2j−1β0
2(x + t − y)dGj(y)

t

0

∞

j=1
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For y ≤ 0,  P(B(t) > x) = 1 is trivial. 

Part (2) proof completed.  

3. Assume x > 0 

P(XW(t)+1 > x) = ∑ P(XW(t)+1 > x, W(t) = j)

∞

j=0

 

= ∑ ∫  
t

0

P(Xj+1 > x, Uj  ≤ t ≤ Uj+1| Uj = y

∞

j=1

) dGj(y) 

= ∑ ∫  
t

0

P(Xj+1 > max (x, t − y)

∞

j=1

 dGj(y) … (6) 

= G̅(t ∨ x) + ∑ ∫ G̅(2j−1β0
2(x ∨ (t − y))dGj(y)

t

0

∞

j=1

 

For x ≤ 0,  P(XW(t)+1 > x) = 1 is trivial. 

Part (3) proof completed.  

4. Assume 0 < x ≤ t 

P(UW(t)+1 ≤ x) = P(t − UW(t) ≤ x) 

= P(UW(t) ≥ t − x) 

= ∑ P(UW(t) ≥ t − x, W(t) = j)

∞

j=0

 

= ∑ P(Uj+1 > t − x, Uj+1 > t)

∞

j=0

 

= G̅(t) + ∑ ∫  
t

0

P(Uj∓1 > t | Uj = x

∞

j=1

) dGj(x) 

= G̅(t) + ∑ ∫  
t−2

0

P(Xj+1 > t − x

∞

j=1

) dGj(x) 

= G̅(t) + ∑ ∫ G̅(2j−1β0
2(t − u))dGj(u)

t−x

0

∞

j=1

 

For x ≥ t,  P(UW(t) ≤ x) = 1 is trivial. 

Part (4) proof completed.  

Limit Theorems for partial square sum process 

Theorem 3.6. Weld’s Equation for partial square sum process 
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Suppose {Xn, n = 1,2,3, … } forms a partial square sum process with ratio β0
2 with E(X1) =

μ < ∞ then for t > 0, we have 

E(UW(t)+1) = μE [1 + ∑
1

2n−2β0
2

W(t)+1

n=2

] 

Proof. Let IA be the indicator function of event A. Then I{Un−1≤t} = I{Wn+1≥n}  and Xn are 

independent. Consequently, for t > 0 we get 

E(UW(t)+1) = E [ ∑ Xn 

W(t)+1

n=1

] 

= ∑ E[XnI{Wn+1≥n}]

∞

n=1

 

= ∑ E(Xn)P(W(t)+1 ≥ n)

∞

n=1

 

= ∑ (∑ E(Xn)

j

n=1

) P(W(t)+1 = j)

∞

j=1

 

= E [E(X1) + ∑ E(Xn)

W(t)+1

n=2

] 

= μE [1 + ∑
1

2n−2β0
2

W(t)+1

n=2

] 
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