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In this article we propose to conduct a study on Bi conditional Cordial Labeling of Some special
graphs. A simple graph G(R,S) is said to be Bi conditional Cordial labeling if there exists a
mapping A: N = {0,1} such that for every a,b € R we find ab € S for which

1,if Aa) = A(b)

A(ab) = {0, ifA(a) # A(b) °
have proved the graphs are Bi Conditional Cordial Labeling graphs.

We introduce a combination of different graph structures and
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1. Introduction

For our discussion we consider simple finite graph G(R,S) with vertex set R having p vertices
and edge set S having q edges. In understanding the graph labeling concepts by the researchers
we found that various labeling techniques have been studied for different graphs and the types
of labeling and graphs is given by Gallian J. A[2}. Cahit[1] introduced the cordial labeling
technique for a graph and we find many more types of cordial labeling techniques. One among
them is Bi Conditional Cordial labeling introduced by Murali, Thirusangu K, Madura
Meenakshi [4] . Many researchers have carried out their research in proving various graphs
has Bi Conditional Cordial labeling and similarly other cordial labeling varieties. We in this
paper discuss Bi Conditional Cordial labeling for some special graphs where we combine the
comb graph with a cycle graph , combining path union of cycle graph with ladder graph. For
basic terminology we refer Harary .F [3]. Path union of graphs were discussed by P.Jeyanthi
et.al [5]. Rosa in his discussion on valuation of graphs is more specific and we have utilized
and have used the techniques.[6]

2. Preliminaries

Definition 2.1 : A simple graph G(R,S) is said to be Bi conditional Cordial labeling if there
exists a mapping A: N — {0,1} such that for every a,b € R we find ab € S for which
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. 1,if A(a) = A(b)
A (ab) = {o, ifA(a) # A(b)
Definition.2.2
Let G4, Gy, ..., Gy, n = 2 be copies of a graph G. Let v; be the vertices corresponding to the
vertex v € V(G) on the i copy of G;. We denote by P(n, GY) the graph obtained by adding
the edge vjvj;1 to Gj and Gj41, 1 <i<n—1 and we call P(n, G") the path union of n copies
of the graph G.

3. Main Results

Theorem 3.1 : Let r=>3 and n>2 be integers. The path union of Comb cycle
(P(n,Cp),Ky,) graph is Bi Conditional Cordial labeling graph where r = 4i, (i = 1,2,3,...)
and m is even

Proof: Consider G = (P(n, C.), K,), the path union of Comb cycle graph with vertex set R =

{ajr, 1<r< 4i}, {bll} where (i = 1,2,3,...,j = 1,2,3, ...) and edge set
S = {(ajia];Jr1 ),( Li_laLi )} U {(ajlb{()} where (k = 1,2,3, ..., m). Define a functionA: N —
{0,1} . Now let us label the vertices as follows

Mayi_3) =0

A(ail3) =0
A(ad3) =1

A(aﬂ_3) =1
YCHES |

A(ail3) =0
Magl) =1
r(ag ) =

1
Matizs) =1

A(ailT) =0
A(aﬂ_l) =1
7\(311.1—3) =1
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- 1lifk =1 (mod 2)
1Y)
A(bl) = {o ifk = 0 (mod 2)

Then we find the induced edge labeling as follows

i—3 4j— 1 ifi =1 (mod 2)
« [ .4j-3_4j-3\ _
A (ai Ai+1 ) = {Oifi =0 (mod 2)

i—2 4j— 0ifi=1(mod?2)
wf 4j—2 4j-2\ _
(e ayy") = {1 if i =0 (mod 2)

i—1 4j— 0 if i =1 (mod 2)
of AJ—1 _4j—1Y _
A Ca e {1 if i =0 (mod2)

_ (1 ifi=1(mod?2)
_{0 if i =0 (mod 2)

fort=4i—-34i—2and1<k<m

of 4] 4j
A (a’ail,
i 0if i =1 (mod 2)
sad iy —
A(a;bi) = {1 if i = 0 (mod 2)
i lifi=1(mod?2)
xe Iy —
A(aghy) = {O if i =0 (mod 2)
We find the induced edge labeling satisfies the condition namely |v;(1) — v,(0)] <1 and
lea(1) — e;(0)| < 1 as we find the following table

fort=4i—14i,and1<k<m

Number of Number of Number of Number of
Vertices Vertices Edges Labeled | Edges
Labeled with 1 | Labeled with 0 | with 1 Labeled with
0
For the cycle r r r r
Graph of 2 2 2
even degree
Forthe Path | - | - Number of Edges labeled with
attached to 1 is equal to Number of Edges
the Cycle labeled with or Number of
Edges Labeled with 0 is one
less than the Number of Edges
Labeled with 1
For K,, | = | e Number of Edges Labeled with
1 is equal to Number of Edges
Labeled with 0 as m is even.

Hence the graph path union of Comb cycle graph is Bi Conditional Cordial Labeling graph.
Hence the proof.
The following example illustrates the path union of Comb cycle graph
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Figure.3.1 : Graph path union of Comb cycle (P(3, 4,), K>)
3.2 Construction of Two Path Union of Graphs of Comb Cycle Graph

Now let us construct two path union of Comb Cycle (P(n,C,),K,,) where r = 4i, (i =
1,2,3,...)and m is even.

We construct a two path union of Comb Cycle (P(n, C,), K;,) from the path union of Comb
Cycle (P(n, C,), K;,,) by considering the following schema of vertices and edges. For the first
structure we have

={a1<sr< 4i} (b} where (i=123,..,j=123,.) and S'=

{(a’l {il (a4l 1a4l )} U {(a’lbﬂ)} where (k = 1,2,3, ..., m) and for the second structure
we have

={a’1<sr< 4i} {b/?}  where (i=123,..,j=123,.) and S%=
{(a]2 {fl ) (a4l 1“41 )} U {(a’zbjz)} where (k = 1,2,3, ..., m)
Now for the graph two path union of Comb Cycle (P(n, C,), K,,) that to be obtained is by
connecting the vertices of each K,,, of the first structure bi] ! to the vertices of each K, of the
second structure b,]c2 by edges . Let us consider the new edge set to be b,jclb,]cz. Since we have
considered m to be even we have on connecting even number of edges. Hence a new graph is
obtained and we call as two path union of Comb Cycle (P(n, C,), K;,).
Theorem.3.2 : Let r > 3 and n = 2, m be integers. The two path union of Comb Cycle
(P(n,C,),K,;,) graph is Bi Conditional Cordial labeling graph where r = 4i,(i =
1,2,3,...)and m is even.
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Proof: Let G be a graph two path union of Comb Cycle (P(n, C,.), K;;,) as constructed above.
Define a function A: N = {0,1} .Now let us label the vertices of the first structure as follows

Mag5" =0

A(afi57t) =0
A(afit) =1

A(af;l“ 3)1) 1
My =0

A(af;l“ 22)1) 0
1 (g-21) =
o )=
A(a4l ) 1
2 aff5) -
(4j-1)1
A(c(l(ff 12)1)) :
4i—1
( (4] 1)1) 1
A (aﬁ]);) =1
A (aﬁj)zl) =0
A (agf])ll) =0
(e =1

—_

0

1if k=1 (mod 2)

j1

Albe') = {o if k =0 (mod 2)

Let us label the vertices of the second structure in a similar way as like the first structure as
follows

4j—3)2
2@ =0

1(a¥797) = 0

4i—-2
A (a) -1
A(a97) =1

A(a(‘“ 2)2) 0

4i-3

(o7 =0
(o) = 1
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A(af;l“ 2)2) 1

A (az(;zu 31)2) =1
2 (67) -0
(a5 o
(a7 %) =1
A (aa(si);) =1
A (aﬁ])zz) =0
A (aﬁ])f) =0
yl (afﬁ])z) =1

i lif k=1 (mod 2)
J2y
A(by") = {o if k = 0 (mod 2)
Then we find the induced edge labeling as follows for the first structure
) { ifi=1(mod?2)

(4j-3)1_(4j-3)1
7 (a1 0if i = 0 (mod 2)

i+1
1 ( (4j-2)1  (4)- 2)1) _ {0 if i =1 (mod 2)
“ i1 1 if i =0 (mod2)
e ( (4j-1)1 (4j~ 1)1) { ifi=1(mod?2)
“ i 1if i =0 (mod 2)
@p1_@ap1) _ (1 if i =1(mod 2)
1 (al a; )_{0 lflEO(mod 2)
0if i =1 (mod?2) ) ]
* ]1 j1 _ _ B
e b ) = {1lfl_0(mod2)f"”—4l 34i—2and1<k<m
1if i =1 (mod 2) . ]
* ]1 j1 _ _
2 (alb/ = {Olfl=0(m0d2)frt—4l 140, and1 <k <m
Also we find the induced edge labeling for the second structure

) { if i=1(mod?2)
0if i =0 (mod 2)

(4j-3)2 _(4]-3)2
A ( Qi1

(4j-2)2 (4j-2)2 0 ifi=1(mod?2)
2 (af2aliT?) = { 1if i =0 (mod 2)
0 if i =1 (mod 2)

(4j-12 _(4j-1)2) _
7 (e} )_{1ifi50(mod2)
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" “4H2 4N\ _ 1 lfl =1 (mod 2)

7 (a"?af}; )‘{0 if i = 0 (mod 2)

0ifi=1(mod?2) . .

1if i = 0 (mod 2) fort=4i—34i—2and1<k<m

2, lifi=1(mod?2)

xr J2pJ2y _

(e b")_{OifiEO(modZ)

Also we find that the edges connecting the first structure with edges connecting the second
structure as

2@l =|

fort=4i—14i,and1 <k <m

A (b,{lbiz) = {f , Accordingly, we consider the vertices of b,{l, b,{z alternatively as 0 and 1.

Hence we find that the two path union of Comb Cycle (P(n, C,), K;,) satisfies the condition
[v2(1) —v,(0)] <1 and |e; (1) —e;(0)] < 1 and proves that the graph is Bi Conditional
Cordial labeling graph. Hence the proof.

The following example illustrates the two path union of Comb Cycle graph.

a
blll b121 b131
b112 b122 b133
a212 8.222 a232
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a1 0 a2 ) as*? ()

Figure: 3.2 : Two Path Union of Comb Cycle (P(3, C,), K,) graph

We now generalize the above structure and we can prove the following theorem from the
above schema of labeling of vertices.

Theorem.3.3 : Let r = 3 and n = 2, m be integers. The multi path union of Comb Cycle
(P(n,C,),K,;,) graph is Bi Conditional Cordial labeling graph where r = 4i,(i =
1,2,3,...)and m is even.

3.3 Construction of path union of Comb cycle ladder (P(n, (Cy, Lr))), K,,) graph.

In the procedure adopted in theorem .3.1 we construct on each vertex of a cycle a ladder graph
L, Then the vertex set of the new graph (P (n, (G, Lr))), K,,) so obtained is as follows

R = {ai, 1<r< 4i}, {bi]}, {ci]}, {di]} where (i = 1,2,3,...,j = 1,2,3, ...) and the edge set is as
follows S = {(ajal,, ), (aj;_,a3; )} u{(albj)}u{c/c].,} where (k =1,2,3,..,m). We
fuse the vertex of the cycle ai] with the vertex of the ladder graph ci] for which the cycle graph
vertex is labeled with 0 . We obtain the new graph.. On labeling as in theorem 3.1 the vertices
of the cycle graph and the vertices of K,,, and the new vertices of the ladder graph attached
in the order 0,0,1,1 for the vertices of cij and 1,0,0,1 for the vertices of d{ we find that the
vertices of the new graph is labeled. We can also find that the induced edge labeling of the

new edges formed by the ladder graph satisfies the Bi Conditional Cordial labeling condition
as we are considering even number of vertices for the ladder graph.

Theorem.3.4 : Letr > 3 and n = 2,m be integers. The path union of Comb cycle ladder
(P(n, (G, Lr))),Km) graph is Bi Conditional Cordial labeling graph where r = 4i, (i =
1,2,3,...) and m is even.

Proof: From the above schema of construction of the graph we can find that the graph path
union of Comb cycle ladder (P (n, (o Lr))), K,,) is Bi Conditional Cordial labeling graph.

We can generalize the structure by attaching a multi path to the path union of Comb cycle
ladder graph and the following theorem can be proved .

Theorem.3.5 : Let r = 3 and n > 2,m be integers. The multi path union of Comb cycle
ladder (P (n, (Cr, Ln))), K,,,,) graph is Bi Conditional Cordial labeling graph where r = 4i —
1,(i=1.23,..).

Conclusion: In this paper we study on Bi Conditional Cordial Labeling of path union of Comb
cycle (P(n, C,.), K;,) graph, two path union of Comb cycle (P(n, C,.), K;,) graph and extend
the same to multi path union of Comb cycle (P(n, C,), K;;;) graph. We also identify that on
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attaching a ladder graph of same size of the cycle graph to the vertex of the cycle of path union
of Comb cycle (P(n,C,),K,,) we obtain a new graph path union of Comb cycle ladder
(P (n, (G, Lr))), K,,) which is also satisfies the Bi Conditional Cordial labeling condition .
We extend the same to ta multi path union of Comb cycle ladder path union of Comb cycle
ladder (P(n, (Cr, Lr))), K,,). We further like to continue our study on identifying graphs
which are suitable for labeling so as to prove that the graphs as Bi Conditional Cordial labeling.
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