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Most of models have been proposed to explain dependence of yield strength on grain size in 

nanocrystalline materials. They have explained this only by extrapolating classical Hall-Petch 

equation [20, 21]. Also many of the models have certain limitations.  

An intergranular friction based model is proposed to explain the dependence of yield strength 

on grain size of nanocrystalline materials. In this model, we have considered that intergranular 

friction at the grain boundaries in nanocrystalline materials. The intergranular fiction based 

model shows good agreement with corresponding experimental data. 
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Introduction 

Nanocrystalline materials are the polycrystalline materials having grain size in nanometre (1 

to 100 nm) range. Nanocrystalline materials have several applications in wide range of fields 

because of their improved physical, mechanical and chemical properties as compared to course 

grained materials [3]. 

For polycrystalline materials, it is well known that as the grain size of the crystal decreases, 

the yield strength of the polycrystalline material increases based on classical Hall-Petch 

equation [1, 2]  

which can be expressed as 

                           σy = σ0 + k d-1/2                    (1)                                                                    

Where d is the average grain diameter, σy is the yield strength, σ0 is the friction stress below 

which dislocation can not move in the crystal and k is a constant called ‘locking parameter’ 

representing the relative hardening contribution of the grain boundary. 
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Experimental data available in literature [4, 8, 18] for the Nanocrystalline materials shows that 

the yield strength of Nanocrystalline material can no longer be described by classical Hall-

Petch equation and hence Hall-Petch equation is not useful as far as Nanocrystalline materials 

are concerned. 

At present there are many theoretical models explaining abnormal Hall-Petch effect and 

Inverse Hall-Petch effect in Nanocrystalline materials and claiming agreement with 

corresponding experimental data. Most of the models proposed to explain the Hall-Petch 

behaviour in nanocrystalline materials are based on following deformation mechanism 

1) Grain boundary sliding 2) Grain boundary diffusional creep [8] and 3) Dislocation [6, 7]. 

The models explaining Inverse Hall-Petch effect includes 1) Dislocation based models [9, 13] 

2) Diffusion based models [14, 15] 3) Grain boundary shearing models [18] and 4) Two phase 

based models [5].  

Many of the above mentioned models have certain limitations. In Malygin’s model [7], the 

stress calculated is not a yield stress. Also the dislocation based models are unable to explain 

the dependence yield stress at sufficiently small grain size and hence unable to explain 

abnormal Hall-Petch effect in Nanocrystalline materials properly. Also there are many models 

which explain only either Hall-Petch or Inverse Hall-Petch effect. Though the researchers 

trying to explain the phenomenon by proposing various models but the problem is yet unsolved 

and controversy still persist. Also because the Nanocrystalline materials shows complete 

deviation from classical Hall-Petch relation, then simply extrapolation of the classical Hall-

Petch equation can not be the solution to the problem.       

In the present paper we have proposed a model based on the new idea of intergranular friction 

which has no relation with classical assumption of dislocation based grain boundary 

deformation which forms the basis for Hall-Petch relation in coursed grained materials. 

Description of model: 

In the intergranular friction based model, we have assumed that grain posses very high surface 

roughness at grain boundaries. We know that the secret of inherent properties of 

nanocrystalline materials that differs it from bulk material lies in considerable increase in 

surface area to volume ratio. Again, for nanocrystalline materials, as grain size decreases there 

is considerable increase in number of grains per unit volume and hence the considerable 

increase in volume fraction of grain boundaries. Considering all this factors we can say that 

frictional force at grain boundaries per unit volume for nanocrystalline material must have to 

increase. Therefore more external force is required to deform the system and hence yield 

strength increases with decrease in grain size. 

By considering intergranular friction at grain boundaries for nanocrystalline material of unit 

volume, we have derived relation for yield strength of nanocrystalline material as below.  



3646   Intergranular Friction Based Model For …  Vivek M. Kale, et. al. 

 

Nanotechnology Perceptions 20 No. S16 (2024) 3644-3649 

Let ‘F’ be the total frictional force at grain boundaries inside nanocrystalline material of unit 

volume. Hence F is given by  

                  F = μ  g 
m(no.of grains)

volume 
˟ (surface area )

no.of grains 

volume
          (1) 

                  F= μ (ρ 
4

3
π r3) × (

1
4
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) × 4πr2 × (
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4

3
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)               (2) 

Where, m is mass of each grain. 

            g is acceleration due to gravity  

            μ is coefficient of friction 

             ρ is relative density of material and 

            r is grain radius. 

Therefore,  F =
3μρg

r
             (3) 

But, Yield stress = σ =  
F

A
     (4) 

Therefore,   σ =  
3μρg

r A
          (5) 

 Also we have assumed that the actual surface area of grain in contact with the surrounding 

grains is less than that of the surface area of grain. We have defined a factor which gives the 

fraction of actual surface area of grain in contact with the surrounding grains to the surface 

area of grain and we called it as ‘occupancy factor’. Therefore equation (5) is modified as   

σ = k
3μρg

rA
∗ P                   (6) 

 Where, ‘P’ is occupancy factor which is found to be function of ‘r’ as  

            P = f (r) = e− 
r0
r                  (7)          

In equation (6), K is material dependent constant and r0 is critical grain radius. 

and   μ is coefficient of friction which is found to the function of  grain size d as 

     μ =  e− 
0.2 x

d                    (8) 

In equation (3), x is height of surface roughness and is given by 
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                    x =
d1/3

10
                          (9) 

Equation (1) can be rewrite as, 

Yield strength  σ =
3μρg

rA
 k e− 

r0
r                      (10) 

Results and Discussion 

From equation (8) it is clear that, in nanocrystalline materials the coefficient of friction μ is not 

a material dependent but a function of grain size‘d’ only. The variation of coefficient of friction 

with grain size is as shown in fig. (1). 

 

From equation (7) it is clear that, what differ nanocrystalline materials from each other is 

occupancy factor P as is depends on critical grain radius r0which are material dependent. The 

variation of occupancy factor p with gain size d for Fe and Cu is as shown in fig (2) and fig 

(3) respectively. 
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Fig (2): Variation of occupancy factor p with gain size d for Fe. 

 

Fig (3): Variation of occupancy factor P with gain size d for Cu. 

 

Fig (4): Comparison of theoretical prediction of the model from equation (10) with 

experimental data [13] for Fe. 
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Fig (5): Comparison of theoretical prediction of the model from equation (10) with 

experimental data [22] for Cu. 

From Figure 4 and 5, it is clear that results obtained from model shows good agreement with 

the corresponding experimental data. It holds good in both abnormal Hall-Petch and Inverse 

Hall-Petch region.  

Conclusions 

The model herein assumes intergranular friction at grain boundaries in nanocrystalline 

materials. Model shows good agreement with the experimental data. It holds good in both 

abnormal Hall-Petch and Inverse Hall-Petch region. So it is conclude that the intergranular 

friction is behind the abnormal Hall-Petch behaviour in Nanocrystalline materials. 

References 

1) E. O. Hall, Proceeding of physical society B, 64 (1951) 747. 

2) N. J. Petch, Journal of Iron Steel Institute, 174 (1953) 25. 

3) X. Zhang, H. Wang, R.O. Scattergood, J. Narayan, C. C. Koch, A .V. Sergeeva, A. K. Mukhargee, Acta 

Materialia 50 (2002) 4823-4830. 

4) T.G. Nigh, J.G. Wang, Intermetallics, 13(2005) 377-385. 

5) Wei He, Sanjeev D. Bhole and DaoLun Chen, Science and technology of advance materials, 9 (2008) 01 

5003. 

6) C.S. Pande, R.A Masumura, In: C. Suryanarayana, J. Singh, F. H. Froes, editors, Processing and properties 

of nanocrystalline materials. Warrendale, PA: TMS; 1996 P.387. 

7) G. A. Malygin, Phys Solid State 1995; 37: 1248. 

8) A. H. Chokshi, A. Rosen, J. Karch, H. Gleiter, Scripta Metall 1989; 23: 1679. 

9) R.O. Scattergood, C. C. Koch, Scr Metall Mater 1992; 27; 1995. 

10) Yuru Gogotsi, U.G. Gogot, Nanomaterials Handbook, p. 536,517. 

11) M. J. Zehetbauer, Nanomaterials by severe plastic deformation, Wiley-VCH, 2002, p.3. 

12) M.A. Meyers, A. Mishra, D.J. Benson. Mechanical properties of nanocrystalline materials. Prog. Mater. Sci. 

51 (2006) 427. 

13) Lian B Buadelet, Nazarov A. Model for the prediction of the mechanical behavior of nanocrystalline 

materials. Mater Sci Eng A1993;172:23. 

0.00E+00

2.00E+08

4.00E+08

6.00E+08

8.00E+08

1.00E+09

1.20E+09

0 50 100 150

Y
ie

ld
 s

tr
es

s 
(P

a
)

Grain size (nm)

experimental

theretical



3650   Intergranular Friction Based Model For …  Vivek M. Kale, et. al. 

 

Nanotechnology Perceptions 20 No. S16 (2024) 3644-3649 

14) Masamura RA, Hazzledine PM, Liaw PK, Lavernia EJ. Yield stress of fine grained materials. Acta Metall 

13(1998) 4527. 

15) Conrad H, Narayan J. On the grain size softening in nanocrystalline   materials. Scr Mater 42(2000)1025. 

16) Van Swygenhoven H, Spaczer M, Caro A. Microscopic description of plasticity in computer generated 

metallic nanophase samples: a comparison between Cu and Ni. Acta Mater 47(1999)3117. 

17) Narayan J, Venkatesan R K and Kvit A 2002 J. Nanoparticle Res 4; 265. 

18) Sanders P.G., Eastman J.A., and Weertman J.R., Acta mater 1997; 45; 4019. 

19) R. A. Masumura , P. M. Hazzledine and C. S. Pande, Acta mater, 46 (1998) 4527-4534. 

20) Ali Shafiei Mohammadabadi and Kamran Dehghan, Journal of Materials Engineering and Performance, 17 

(2008) 662. 

21) H .H. Fu, D.J. Benson, M.A. Meyers, Acta Mater. 49 (2001) 2567. 


