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Friedel oscillations are extensive spatial variations in electron density caused by impurities or
faults within a Fermi system. They encode essential information regarding the fundamental Fermi
surface, electronic dispersion, and scattering mechanisms. We explore the static desnity response
function for massive and massless Dirac system in all three dimensions within random phase ap-
proximation. Further, we evaluate the Friedel oscillation for the same system in all three dimensions
analytically. Our analytical results will be useful for exploring the use of massive Dirac materials
as electrostatically tunable materials.

I. INTRODUCTION

Friedel oscillations (FOs), first predicted by Jacques Friedel in 1958[1], exemplify quantum mechanical
interference among delocalized electrons caused by impurities and defects in materials, which are often
inevitable in solid-state systems[2-5]. Friedel oscillations were initially detected by Crommie et al. in 1993
on the surface of copper. Utilizing scanning tunneling microscopy (STM), they revealed standing wave
patterns arising from steps and point defects in the electrical local density of states[6-8]. By correlating the
oscillation wavelength with electron energy, the investigation of Friedel oscillations has emerged as a potent
method for elucidating the electronic band structures of novel and diverse materials[9-13].

FO result from the interference of electronic wavefunctions disrupted by impurities. Their wavelength
is determined by the Fermi wave vector kg, but their decay conveys information regarding dimensional-
ity and dispersion[14-18]. Friedel oscillations have been detected on several surfaces, including metals and
semiconductors, by the application of scanning tunneling microscopy (STM)[19-21]. Various fascinating
characteristics of Friedel oscillations, including an unusually high oscillation amplitude and anisotropic os-
cillation wavelength, have been observed on Be (0 0 0 1) in the direction parallel to the surface[22]. FOs
depend on the static density response of materials, which is analytically complex to compute. Despite the
significant progress in materials science, particularly with the discovery of graphene, topological insulators,
and Weyl semimetals, analytical formulations for the free energy in these systems remain limited and scarce.

In this paper, we study analytically the static density response functions for massive and massless Dirac
systems in all three dimesnions. These response functions are further used for evaluating the long range
desnity oscillations (FO) in the materials. As a begineer exercise, the static response function and FO for
Schrodinger systems are derived before moving to Dirac systems. The aim of this work is to illustrate the
key difference of the desnity oscillation on distance from the scatterer in one-, two-, and three dimesnional
massive Dirac systems.

This article is organized as follows: In Sec. II, we introduce the theoretical formulation for obtaining the
density response function of massive Dirac plamsa (MDP), and, parabolic dispersion systems. This allows
us to evaluate the static limit of the response function and furter the FO in all three dimensions for the
above-said systems. Next, using the above formalism, we calculate the FO for parabolic systems and MDP
in Sec. IIT and Sec. IV respectively. Finally we conclude our findings in Sec. V.
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II. THEORETICAL FORMULATION FROM RESPONSE THEORY

In the random phase approximations (RPA), the collective plasmon modes of an electron system manifest
as poles of the density-density response functions (also referred to as the polarization function or the Lindhard
function) and align with the zeros of the complex longitudinal ”dielectric function” e(q,w), while its density
oscillations induced by impurities are characterized by its static limit (w — 0). The dielectric function is
expressed as [23]

6(Q7W) = 60{1 - UqH(q’w)} =0, (1)

where v, is the Fourier transform of the Coulomb interaction, and II(g,w) is the total non-interacting
polarizibility of the system. The Fourier transform of the Coulomb interaction v(r) = e?/(kr), in the
appropriate d-dimensional space is given by

4re?
Vg = e d=3, (2a)
2
_ImE g, (2b)
Rq
2 2
- %KO(qa) d=1, (2¢)

where k is the background material dependent dielectric constant, and Ky denotes the zeroth order modified
Bessel function of the second kind. Note that in one dimension, the length scale a characterizes the lateral
confinement size (say radius of the 1d ribbon), and v, ~ —2e*In(ga)/k for ga < 1, while v, = €2?/(rkq%*a?)
for ga > 1.

In general, the polarization function for massive Dirac material is given by

TlF(/\Ek) - TLF(/\/Ek/)
hw+ AEx — N Ey +in

H(gw) = &5 3" Fuv(kK) (3)

kAN

where kK’ = k + q, A\,\' = =£1 denotes the conduction (particle) and valence (hole) bands, Eyx =
hop|\/k? + (A/Rvp)?| with 2A being the energy gap, np(x) is the Fermi function and 2F) v (k, k') =
1+ Mk -k + A?/(ExEy) is the overlap function, with & = z/hvp. The factor g, (= 2) is the spin
degeneracy factor and g, is the valley (or pseudo spin) degeneracy factor (e.g. g, = 2 for graphene and
other Dirac materials with honeycomb lattice structure). Considering the relation II(g, —w) = II(¢,w)* and
the dependence of the polarization function solely on the absolute value of the Fermi energy eg, we restrict
our presentation to results for egp > 0 and w > 0. Additionally, we operate at absolute zero temperature,
allowing the substitution of Fermi functions with Heaviside step functions, specifically, ng(z) = ©(ep — z).

Based on the position of the Fermi energy ey, the polarization function can be divided into two components:
intrinsic polarization for ep < A and extrinsic polarization for ep > A.

II (q,w) = =X (q,w) + Xo (¢, w) + X2 (¢, w)

=1Io(q;w) +0(er — A) I (q,w) , (4)
where
+ _ 9s9v d 2 2 2
law) =~ [alk o - a2 —12) (5)
X<1ik-~k’—i-52> { Ex ¥ By
Ex By (hw +in)? — (Ex F By )?

Here the upper and lower signs correspond to intraband and interband electron-hole transitions respectively
and the parameter D defines the integration limits via the © function.

Once the non-interacting density-density response function is known, the collective density excitations
(plasmon modes) are given by the poles of the interacting density-density response function.
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The static limit of the polarization function II(g, 0) is useful for determining the screened Coulomb potential
of a charged impurity. The induced charge density in the system due to the potential of an impurity with
charge Ze located at a distance d infornt of the system is given by [24]

dd 1 -
on(r) = Ze Tﬁefqd L(%O) — 1] exp(iq - 7) (6)

where €(g,w) is the longitudnal di-electric constant. Upon integrating over the angular part we can write
the expression in Eq. (6) in compact form as

on(r) Z/OOC[ ! —1} Fa(qr)g?~'dq (7)

e(q,0)
where
Fy(z) = M’lp
T
_ JO x)’QD
27
_ sm(a:),SD .
x

In the next sections, we evaluate the Fridel oscillations for parabolic and Dirac systems from the theroy
developed above.

IIT. STATIC POLARIZATION FUNCTION AND FRIDEL OSCILLATION FOR PARABOLIC
DISPERSION

For parabolic dispersion with energy dispersion Ej, = h?k?/2m, in static limit (w = 0), Eq. (3) in all
three dimension reduces to where k¢ is the Fermi momentum. Plots for polarization function in all three

dimension II(q,0)
Ff log 9T2Fs

1D . log a2k
2_452

2D 1-6(g — 2kg) V2

2 2
1, 94k q—2k
3D 3t 8qkff 08 q+2kjfc

TABLE I: Expressions for II(g,0) for parabolic system in all three dimensions

dimensions shows that the Lindhard function is singular at ¢ = 2k;. For three and two dimensios the
singularity appears in the second and first derivative of II(g,0) respectively, whereas in one dimension the
function itself has a logrithmic divergence. The screened potential corresponding to Eq. (6) is given by

_ ddq eiqrv(q) —q
=2 [ G Gy " ©

where d is the distance above the plane where the charge is kept. For solving above integral in all dimension,
we will make use of Riemann—Lebesgue lemma, which states that if a function oscillates rapidly around
zero then the integral of this function is small and the principal contribution to the integral is determined
by the integrand behavior in the neighborhood of singular points. Since €(g,0) is singular at ¢ = 2k in all
dimensions, upon expanding the dielectric function around ¢ = 2k the integrand reduces to

1 ’ng‘fan(,‘i)
e(q,O) 60[1 - v2ka(2kf)]2

(9)
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substituting above expression in Eq. (8) we get,

6(r) = A(2k;) / OTI(k)S ()¢ (10)

pd—1,d  ,—2kgd
f 2k

where v%(g) is the Fourier transform of Coulumb potential in d dimension, A%(2k;) = Zee B st T2k
° 2k:f
is a dimension dependent constant, OII(k) = II(2ky + ) and S(k) is defined as
S(k) = sin(2ky + k)r
kf?”
2 —
_ meos{(2ks + K)r — m/4} 2D
\/ Zka
= cos(2ky + k)r,1D (11)

Using the above expressions the potential in all three dimensions are given as .

.3D

dimension o(r)
1D AI(Zkf)Trcos@kfr)
2D A2 (2ky) D
3D AP (2ky) ORI

TABLE II: Analytical expressions of ¢(r) for parabolic system in all three dimensions

In the next section, we use the theoretical formalism developed above to evaluate the FO in MDP in all
three dimensions.

IV. FRIEDEL OSCILLATIONS IN MASSIVE AND MASSLESS DIRAC SYSTEM

In this section, we calculate and present the full analytical expression of the static polarization function
for massive Dirac sysems in one, two, and three dimensions. The expressions for static functions are further
used for the evaluation of FO in all systems.

A. 1D massive system

For 1d gapped Dirac materials, the static part of intrinsic polarization function is given by

() _ g[ ) 2A2 log \ @2 +4A2 — ¢ ] (12)
e T N T | |
m q\/ ¢* +4A2 \ @ +4A% + ¢

and the extrinsic part is given by

aa _ _g_ 2N ) ((q + 2kp)ﬂ1(kp))
" T q\/q® + 4A2 % \Jg—2kplB(—kr) ) |~ 13)

where 81 (kr) = krpq+2A2 + \/(k% + A?)(q% 4 4A2). Once again we can observe the logarithmic divergence

at ¢ = 2ky in extrinsic reponse function. The oscillations in potential due to the anomalies at ¢ = 2ky is

given by

A? cos(2kr)
r

(r) ~ A'(2ky) (14)
As evident from the above expression, the FO for massless (A = 0) systems vanishes in 1D which is a conse-
quence of the fact that perfect backscattering or mixing of different chirality fermions in one dimension is
forbidden.
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FIG. 1: (Color online) Comparison of the static polarization for massless and massive Dirac materials in
(a) 1D, where discontinuity appears in the static polarizatin itself (b) 2D, where discontinuity appears in
the first derivative of static polarization function (¢) 3D, where discontinuity appears in the second
derivative of static polarization function and
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FIG. 2: (Color online) Effective FO in potential vs the distance of the scatterer for a) 1D massive Dirac
system b) 2D massive and massless Dirac systems.

B. 2D massive and massless Dirac system

For two dimensional gapped system with linear dispersion, the static polarization function is given by [24]

- V@ -4k 2 4A2 /@ — 4k2
Hde)(q, 0) = el [1 —0(q— Qkf)( f_a—4a arctanf>} .
™

2q 4qp 24

The induced potential in this case is given by

sin 2k ¢r

o(r) ~ A3k p)a™ (15)

where a =

2 A2
2\}]? ( — kfuf ) One thing to be noted here that for gapless 2d system i,e graphene, @ — 0
5

and then the second order term from the expnasion of arctan(, /k;lﬁa) contributes. In that case the induced
potential is given by

MnA:mzA%%ﬂ@fﬂf (16)

r3
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C. 3D massive and massless Dirac Systems

For masless 3d Dirac system, the static polarization function is given by [24]
2
I(g,0) = -

ks 3¢2 q+ 2k ¢ 4k7 — ¢° ¢ A
1+ (1= J1og (L220F) - Lo jog [ L= )+ Lo1og (2
3 + 2q ( 4]{?) 8 (q—Zk‘f 8/<;]2c & q? +4k5]2c & q

where ) represents the large momentum cutoff. In this case the induced potential is given as

sin(2k¢r)
o(r) ~ A%(2hy)— 7= (17)
The analytical expressions for the static polarization function of massive Dirac system is beyound the scope

of this paper. However, numerical results are shown in the figure.

V. EXPERIMENTAL OBSERVATIONS AND COCLUSIONS

To summarize, we have calculated the exact one-loop static polariza- tion function for massive as well as
massless Dirac systems in 1d, 2d and 3d. The calculated polarization function is then used to obtain the
screened potential of a localized impurity. Additionally using the exact polarization function in the static
limit, we find that the Friedel oscillations in a massive Dirac system decay as r—2 and r—2 in 2d and 3d
respectively similar to the case of para- bolic dispersion and unlike the massless Dirac case where the corre-
sponding Friedel oscillations decay as r~2. STM and scanning tunneling spectroscopy (STS) provide direct
access to Friedel oscillations by imaging LDOS modulations around impurities. Quasiparticle interference
patterns in Fourier-transformed STM data reveal scattering vectors and Fermi surface geometry. For exam-
ple in graphene, STM studies confirmed the suppression of 2k backscattering.[25] instead of conventional
oscillations, weaker and faster-decaying modulations were observed.

We anticipate that our analytical findings on the polarization function, plasmon dispersion, and Friedel
oscillations will facilitate the investigation of the physics of both massive and massless Dirac electrons across
diverse experimental systems with varying dimensionality. An advantageous extension of our research will
involve incorporating finite temperature effects into the computation of the polarization function.
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