
Nanotechnology Perceptions   
ISSN 1660-6795  

www.nano-ntp.com  

Nanotechnology Perceptions 15 No. 3 (2019) 373-393 

  

Dual Phase-Lag Thermoelastic ModelingOf 

Rotating Orthotropic Viscothermoelastic 

Media With Two-Temperature And Hall 

Current Effects 
 

Sandeep Kumar1 and Rajneesh Kumar2 
 

1Department of Mathematics, Chaudhary Devi Lal University, Sirsa, Haryana, India 
2Department of Mathematics, Kurukshetra University, Kurukshetra, Haryana, India 

Corresponding author: 1goyat_sandeep30@yahoo.com,  2rajneesh_kuk@rediffmail.com 

 
This paper investigates the thermomechanical response of a rotating orthotropic 

viscothermoelastic medium incorporating dual-temperature and Hall current effects under 

mechanical and thermal loading conditions. The formulation is developed within the framework 

of Green–Naghdi type III thermoelasticity with dual phase-lag heat conduction, which accounts 

for finite thermal wave speeds and energy dissipation. The governing equations describing the 

coupled mechanical, thermal, and electromagnetic fields are solved using Laplace and Fourier 

transform techniques.To analyze the physical behavior, the bounding surface is subjected to both 

concentrated and linearly distributed mechanical and thermal sources. Analytical expressions for 

displacement components, stress distributions, conductive temperature, and current density are 

obtained in the transformed domain and subsequently inverted numerically to obtain solutions in 

the physical domain. Numerical simulations are presented to illustrate the influence of viscosity, 

rotation, and Hall current on the response characteristics. 

The results reveal that all field quantities exhibit oscillatory behavior with distance from the 

boundary, with their nature strongly dependent on the type of applied source. The inclusion of 

viscosity significantly enhances the magnitude of responses near the boundary while increasing 

attenuation, thereby reducing the spatial extent of oscillations. The proposed model generalizes 

several existing theories as limiting cases and provides a comprehensive framework for analyzing 

coupled thermo-mechanical and electromagnetic effects in advanced materials. 

 

Keywords: Green Nagdhi III; Viscothermoelastic; Orthotropic, Laplace and Fourier transform; 

Concentrated and distributed sources; Rotation; Hall current. 

 

1. Introduction 

In recent decades, considerable attention has been devoted to the development of generalized 

theories of thermoelasticity that account for the finite speed of thermal wave propagation. 

The classical theory of thermoelasticity, based on Fourier’s law of heat conduction, predicts 

an infinite speed of heat propagation, which contradicts experimental observations, 

particularly in problems involving high heat fluxes and very short time intervals. To 

overcome this limitation, generalized thermoelastic theories were introduced. The pioneering 

works of Lord and Shulman [1] and Green and Lindsay [2] incorporated thermal relaxation 

times into the governing equations, thereby modifying the classical heat conduction law and 

eliminating the paradox of infinite thermal wave speed. 

http://www.nano/
http://www.nano-ntp.com/
http://www.nano-ntp.com/
http://www.nano-ntp.com/
mailto:goyat_sandeep30@yahoo.com


374 Dual Phase-Lag Thermoelastic Modeling Of Rotating……. Sandeep Kumar et al. 

 

Nanotechnology Perceptions 15 No. 3 (2019) 373-393 

Subsequent developments led to hyperbolic formulations of thermoelasticity, which more 

accurately describe wave-type thermal propagation. A comprehensive review of such 

theories was presented by Chandrasekharaiah [46], emphasizing their importance in modern 

thermoelastic analysis. Green and Naghdi introduced a unified framework consisting of three 

distinct models (GN-I, GN-II, and GN-III) [3–5]. The GN-I model corresponds to classical 

thermoelasticity, while GN-II and GN-III allow for finite-speed thermal wave propagation 

without and with energy dissipation, respectively. These models have proven to be highly 

effective in analyzing dynamic thermoelastic phenomena. 

An important extension of thermoelastic theory involves the concept of two temperatures. 

The two-temperature theory, originally proposed by Chen and Gurtin [6–8], distinguishes 

between conductive temperature and thermodynamic temperature, providing a more realistic 

description of heat transfer in non-equilibrium situations. Wave propagation under this 

framework was investigated by Warren and Chen [9], while significant advancements were 

later made by Youssef and co-workers [10–14]. Further contributions to wave propagation 

and thermoelastic response in two-temperature media were provided by several researchers, 

including Ezzat and Awad [15], Kaushal et al. [16, 19], and Sharma and collaborators [17–

21], among others. 

The influence of anisotropy and material inhomogeneity has also been extensively studied in 

thermoelastic media. Abbas et al. [22] investigated thermoelastic responses in transversely 

isotropic materials, demonstrating the significance of considering realistic material 

properties. Additional studies have highlighted the role of heat sources and relaxation effects 

in such materials [23, 24]. 

The combined effects of rotation and magnetic fields on thermoelastic wave propagation 

have attracted considerable attention due to their applications in geophysics, engineering, 

and material sciences. Several authors, including Kumar and Rupender [25], Kumar and 

Devi [26], Mahmoud [27], and Das and Kanoria [28], have analyzed magneto-thermoelastic 

interactions in rotating media. The presence of a magnetic field introduces coupling between 

thermal, mechanical, and electromagnetic fields, significantly influencing wave propagation 

behavior. 

In realistic materials, viscoelastic effects must also be considered, as most solids exhibit 

time-dependent deformation under dynamic loading conditions. The importance of 

rheological behavior in thermal stress analysis was first emphasized by Freudenthal [29]. 

Later developments in thermoviscoelasticity were advanced through models such as Kelvin–

Voigt and Maxwell-type formulations by Ieşan and Scalia [30], Borrelli and Patria [31], and 

further studies on wave propagation and material behavior [32–38]. Additional contributions 

by Hilton [39], Al-Basyouni et al. [40], and Yadav et al. [41] extended these models to 

include fractional-order effects and complex thermal loading conditions. 

When the magnetic field is strong, the Hall current effect becomes important and alters the 

electrical conductivity of the medium. This effect induces currents perpendicular to both 

electric and magnetic fields. The influence of Hall current on thermoelastic interactions has 

been examined by various researchers such as Zakaria [42,44], Sarkar and Lahiri [43], and 

Kumar et al. [45], demonstrating its significant impact on magneto-thermoelastic coupling. 

Recent research has focused on the combined effects of Hall current, rotation, and phase-lag 

heat conduction in generalized thermoelastic media. Kumar et al. [47] studied the influence 

of Hall current and two-temperature theory in transversely isotropic media. Lata [48] 
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investigated thermoelastic responses under concentrated forces, while Ezzat and El-Bary 

[49] and Ezzat et al. [50] developed fractional and phase-lag thermoelastic models within the 

Green–Naghdi framework. Furthermore, Lata and Kaur [51] examined the effects of Hall 

current and rotation in magneto-thermoelastic media. 

Despite extensive research in generalized thermoelasticity, the combined effects of two-

temperature theory, viscoelasticity, rotation, and Hall current in orthotropic media remain 

largely unexplored. 

Motivated by this gap, the present study investigates the thermo-mechanical response of a 

rotating orthotropic viscothermoelastic medium within the framework of Green–Naghdi 

type-III theory, incorporating dual phase lags, two-temperature effects, and Hall current. The 

governing equations are formulated and solved using Laplace and Fourier transform 

techniques. Analytical expressions for displacement components, stress distributions, 

conductive temperature, and current density are obtained in the transformed domain. 

Numerical inversion methods, such as those proposed by Honig and Hirdes [54] and Press et 

al. [55], are employed to evaluate the physical behavior of the system under various loading 

conditions. 

The results provide significant insights into the coupled effects of viscosity, rotation, 

magnetic field, and two-temperature parameters, with potential applications in geophysics, 

nuclear engineering, and advanced material systems. 

 

2. Basic Equations 

The constitutive relations for a transversely isotropic thermoelastic medium are given by 

                                                tij = Cijklekl − βijT                                                     (1)                                           

Equation of motion for a transversely isotropic thermoelastic medium rotating uniformly 

with an angular velocity 𝛀 = Ωn, where n is a unit vector representing the direction of axis 

of rotation and taking into account Lorentz force 

                                    tij,j + Fi  =  ρ{üi + (Ω × (Ω × u))
i

+ (2Ω × u̇)i }         (2)       

 Following Chandrasekharaiah [46] and Youssef [10], The heat conduction equation with 

two temperature and with and without energy dissipation is given by  

                           Kij
∗ (1 +  τT  

∂

∂t
  ) φ,ij + Kijφ̇ij = (1 + τq  

∂

∂t
+

τq
2

2!

∂2

∂t2) (βijT0eij̈ + ρCET̈ ) (3)   

                                

The above equations are supplemented by generalized Ohm's law for media with finite 

conductivity and including the Hall current effect 

                                            𝐉 =
σ0

1+m2  (𝐄 + μ0 ( 𝐮̇ × 𝐇 −
1

ene
𝐉 × 𝐇0))                     (4)     

 and the strain displacement relations are 

                                               eij =
1

2
(ui,j + uj,i)           i, j = 1,2,3                                (5)          

 Here 

                    Fi = μ0(𝐉 × 𝐇0)i  , are the components of Lorentz force.  

                   βij = Cijklαij   and  T = φ − aijφ,ij 

                    βij = βiδij, Kij = Kiδij , Kij
∗ = Ki

∗δij ,  i is not summed 

Cijkl(Cijkl = Cklij = Cjikl = Cijlk) are elastic parameters, βij is the thermal tensor, T is the 

temperature, T0 is the reference temperature, tij are the components of stress tensor, ekl  are 
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the components of strain tensor,ui are the displacement components, ρ is the density, CE is 

the specific heat, Kij  is the thermal conductivity,  KIJ
∗ is the materialistic constant,  aij are the 

two temperature parameters, αij is the coefficient of linear thermal expansion, τT, τq  denote 

relaxation times,Ω is the angular velocity of the solid, H is the magnetic strength, 𝐮̇ is the 

velocity vector , E is the intensity vector of the electric field,  𝐉 is the current density vector, 

m(= ωete =
σ0μ0H0

ene 
) is the Hall parameter, te is the electron collision time, ωe =

eμ0H0

me
 is 

the electronic frequency, e is the charge of an electron, me is the mass  of the electron, σ0 =
e2tene

me 
 , is the electrical conductivity and ne is the number of density of electrons.         

                                                                                                                                       

3. Formulation and Solution 

We consider a homogeneous perfectly conducting orthotropic magneto- viscothermoelastic 

with dual phase lag model of Green Nagdhi III which is rotating uniformly with an angular 

velocity 𝛀  initially at uniform temperature  T0 . The rectangular Cartesian co-ordinate 

system (u1, u2, u3) having origin on the surface (x3=0) with x3-axis pointing vertically into 

the medium is introduced. The surface of the half-space is subjected to thermomechanical 

sources. For two dimensional problem in x1 − x3 plane, we take  

                                            𝐮 = (u1, 0, u3).                                                         (6) 

We also assume that  

                                          E=0,   𝛀 = (0, Ω, 0).                                                  (7)  

The generalized Ohm's law  

                                         J2 = 0                                                                            (8) 

the current density components J1 and J3using (4) are given as  

 J1 =
σ0μ0H0

1+m2  (m
∂u1

∂t
−

∂u3

∂t
)                                              (9)                                                                                                                                                                                                               

 J3 =
σ0μ0H0

1+m2  (
∂u1

∂t
+ m

∂u3

∂t
)                                                         (10) 

 Following Slaughter [52], using appropriate transformations, on the set of equations (2) and 

(3) and with the aid of (6)-(10), we obtain the equations for   orthotropic thermoelastic solid 

as 

c11
∂2u1

∂x2 + c13
∂2u3

∂x1 ∂x3
+ c55 (

∂2u1

∂x3
2 +

∂2u3

∂x1 ∂x3
) − β1

∂

∂x1
{φ − (a1

∂2φ

∂x1
2 + a3

∂2φ

∂x3
2)} − μ0J3H0 =

ρ (
∂2u1

∂t2 − Ω2u1 + 2Ω
∂u3

∂t
)                                                                                                           

(11)                                                                                     

(c13 + c44)
∂2u1

∂x1 ∂x3
+ c55

∂2u3

∂x1
2 + c33

∂2u3

∂x3
2 − β3

∂

∂x3
{φ − (a1

∂2φ

∂x1
2 + a3

∂2φ

∂x3
2)} + μ0J1H0 =

ρ (
∂2u3

∂t2 − Ω2u3 − 2Ω
∂u1

∂t
)                                                                                                                             

(12)                                                            

(k1
∗(1 +  τT  

∂

∂t
  ) + k1

∂

∂t
)

∂2φ

∂x1
2 + (k3

∗(1 +  τT  
∂

∂t
  ) + k3

∂

∂t
)

∂2φ

∂x3
2 = (1 + τq  

∂

∂t
+

τq
2

2!

∂2

∂t2) [T0
∂2

∂t2 {β1
∂u1

∂x1
+ β3

∂u3

∂x3 
} + ρCET]̈                               (13)                    

      and 

                                       t11 = c11u1,1 + c13u3,3 − β1T                                                   (14)                    

                                       t33 = c13u1,1 + c33u3,3 − β3T                                                     (15)                   
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                                       t13 = 2c55u1,3                                                                                (16)                    

where 

                                      T = φ − (a1
∂2φ

∂x1
2 + a3

∂2φ

∂x3
2 )                      

                                    β1 = c11α1 + c13α3 ,       β3 = c13α1 + c33α3                                   

In the above equations we use the contracting subscript notations (1 → 11,2 → 22,3 →
33,4 → 23,5 → 31,6 → 12) to relate cijkl to cmn . 

To incorporate the damping characteristics of the medium, the material parameters are 

assumed to depend on the time differential operator D = 
∂

∂t
  .Under the assumption of a 

Voigt-type linear viscoelastic model (Kaliski[53]), the constitutive coefficients take the form 

cij(D)= cij
∗ (1+Qi D),                                                                                                    (17) 

where   Qi(i=1,2,3,4,5) are viscoelastic relaxation times.                                              

For the present formulation, we have 

c11 = c11
∗ (1 + Q1

∂

∂t
), c12 = c12

∗ (1 + Q2
∂

∂t
) , c13 = c13

∗ (1 + Q3
∂

∂t
)  , c33 =

c33
∗ (1 + Q4

∂

∂t
) 

c55 = c55
∗ (1 + Q5

∂

∂t
) .                                                                                                       (18) 

We assume that medium is initially at rest. The undisturbed state is maintained at reference 

temperature. Then we have the initial and regularity conditions are given by 

u1(x1, x3, 0) = 0 =  u1̇(x1, x3, 0)  

u3(x1, x3, 0) = 0 =  u3̇(x1, x3, 0)                                                                                                             

φ(x1, x3, 0) = 0 =  φ̇(x1, x3, 0)              For  x3 ≥ 0,    − ∞ < x1 < ∞                                      

u1(x1, x3, t) = u3(x1, x3, t) = φ(x1, x3, t) = 0 for t > 0 when x3 → ∞                            (19)                                                                 

                                       

To facilitate the solution, following dimensionless quantities are introduced: 

x1′ =
x1

L
 ,  x3′ =

x3

L
  ,  u1

′ =
ρc1

2

Lβ1T0
u1,  u3

′ =
ρc1

2

Lβ1T0
u3,  T′ =

T

T0
 , t′ =

c1

L
t , t11

′  =
t11

β1T0
 , J′ =

ρc1
2

β1T0
J, 

 t33
′ =

t33

β1T0
,  t31

′ =
t31

β1T0
  , φ′ =

φ

T0 
 , a1

′ =
a1

L2 , a3
′ =

a3

L2 ,   h′ =
h

H0
  ,M =

σ0μ0H0

ρc1L
 , Ω′ =

L

c1
Ω          

(20)                                                                                                              

Making use of (18) in equations (11)- (13), after suppressing the primes, yield   

  
∂2u1

∂x1
2 + δ4

∂2u3

∂x1 ∂x3
+ δ2 (

∂2u1

∂x3
2 +

∂2u3

∂x1 ∂x3
) −

∂

∂x1
{φ − (a1  

∂2φ

∂x1
2 + a3

∂2φ

∂x3
2)} −

M

1+m2 μ0 H0 (
∂u1

∂t
+ m

∂u3

∂t
) =

∂2u1

∂t2 − Ω2u1 +    2Ω
∂u3

∂t
                                                                                                               

(21)                                                                                                                                                                                                                                                                                              

δ1
∂2u1

∂x1 ∂x3
+ δ2

∂2u3

∂x1
2 + δ3

∂2u3

∂x3
2 −

β3

β1

∂

∂x3
{φ − (a1

∂2φ

∂x1
2 + a3

∂2φ

∂x3
2)   } +

M

1+m2  μ0H0  (m
∂u1

∂t
−

∂u3

∂t
) =

∂2u3

∂t2 − Ω2u3 − 2Ω
∂u1 

∂t
                                                                                                                                 

(22)                                                                                         ε1 (1 +
ε3

ε1

∂

∂t
)

∂2φ

∂x1
2 +
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ε2 (1 +
ε4

ε2

∂

∂t
)

∂2φ

∂x3
2 = (1 + τq  

∂

∂t
+

τq
2

2!

∂2

∂t2) [ε5β1
2 ∂2

∂t2 (
∂u1

∂x1
+

β3

β1

∂u3

∂x3
) + 

∂2

∂t2 ({φ − a1
∂2φ

∂x1
2 +

a3
∂2φ

∂x3
2})]                                                                                                          (23)                                                                     

δ1 =
(c13+c55)

c11
  , δ2 =

c55

c11
 , δ3 =

c33

c11
 ,  δ4 =

c13

c11
 ,  ε1 =

k1
∗(1+ τT 

∂

∂t
  )

ρCEc1
2  , ε2 =

k3
∗(1+ τT 

∂

∂t
 ) 

ρCEc1
2  ,  ε3 =

k1

LρCEc1
 ,     

ε4 =
k3

LρCEc1
 ,  ε5 =

T0

ρ2CEc1
2 .                                                                                                                                         

Apply Laplace and Fourier transforms defined by  

f(̅x1, x3, s) = ∫ f(
∞

0
x1, x3, t)e−stdt                        (24)                                                                               

f̂(ξ, x3, s) = ∫ f(̅x1, x3, s)eiξx1dx1
∞

−∞
                         (25)              

 on equations (21)-(23), we obtain a system of homogeneous equations in terms of  u1̃, u3̃ 

and  φ̃ which yield a non trivial solution if determinant of coefficient { u1̃, u3̃, φ̃} T vanishes 

and we obtain the following characteristic equation 

PD6 + QD4 + RD2 + S)(u1̃, u3̃ , φ̃) = 0                       (26)                                                                       

where, 

P, Q, R and S are given in appendix A  

The solution of the equation (26) satisfying the radiation condition that u1̃, u3̃, φ̃ → 0 as 

x3 → ∞, can be written as 

û1 = A1e−λ1x3 + A2e−λ2x3 + A3e−λ3x3                                     (27)                                                                   

 û3 = d1A1e−λ1x3 + d2A2e−λ2x3 + d3A3e−λ3x3                       (28)                                                                      

φ̂ = l1A1e−λ1x3 + l2A2e−λ2x3 + l3A3e−λ3x3                             (29) 

 where ±λi, (i =1,2,3), are the roots of (26) and di and li are given in appendix B 

 

4.  Boundary Conditions 

On the half-space surface (x3 = 0), a normal mechanical load and a thermal source are 

applied.  The corresponding boundary conditions are 

(i) t33 = −F1ψ1(x1, t)                                                                                                                     

(30) 

(ii) t31 = 0                                                                                                                                         

(31) 

(iii) 
∂φ

∂x3
= F2ψ2(x1, t)       at x3 =0                                                                                                    

(32)   

 where F1   is the magnitude of the force applied,  F2 is the constant temperature applied on 

the boundary,  

 

Two cases of source distribution are considered: 

i) a continuously applied concentrated load/source,  

ii) a continuously applied linearly distributed load/source. 

 

5.1   Concentrated Source 

For a continuous applied concentrated normal force and thermal source 
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                    ψi(x1,, t) = δ(x1)H(t),                i = 1,2                (33)                                       

In equations (30) and (32). Applying the Laplace and Fourier transform defined by (24)-(25) 

on the equation (33) gives 

                     ψ̂i(ξ, s) = 1/s    ,    i = 1,2                    (34)                                         

 Using (34) in (C.1) -(C.7), we obtain the components of displacement, stress and conductive 

temperature and current density components.  

 

5.2 Linearly Distributed Source 

For a continuopusly applied linearly distributed normal force/ thermal source over the 

interval   |x1| ≤ m0: 

                                      ψi(x1, t) = H(t) {
1 −

|x1|

m0
 if  |x1| ≤ m0

0 if |x1| > m0

                                     

,i = 1,2            (35)                                                                                                  

The corresponding Fourier- Laplace transforms are: 

                                                      ψ̂i(ξ, s) =
1

s
[
2 (1 − cos(ξm))

(m0ξ2)⁄ ],ξ ≠ 0, i = 1,2        (36) 

Substituting the values of û1, û3  and φ̂ in boundary conditions (30) –(32),and using (14)-

(16),(20),(24) and(25), we obtain the expressions for displacement, stresses and conductive 

temperature and current density components as given in Appendix C [Eqs.(C.1)-(C.7)] 

Using (34) in (C.1) -(C.7) , we obtain the corresponding expressions of field quantities or 

continuous applied concentrated normal force and thermal source. 

The expressions for displacement, stresses and conductive temperature and current density 

components can be obtained for continuous applied linearly distributed normal force and 

thermal source by replacing ψ̂1(ξ, s) and ψ̂2(ξ, s) from (36) respectively in equations (C.1) -

(C.7)  

 

5(a) Mechanical Force. 

 Taking F2 = 0 in equations (C.1) -(C.7), we obtain the components of displacement, normal 

stress, tangential stress, conductive temperature and current density components due to 

mechanical force. 

 

5(b) Thermal Source. 

Taking F1 = 0 in equations (C.1) -(C.7), we obtain the components of displacement, normal 

stress, tangential stress, conductive temperature and current density components due to 

thermal source. 

 

6. Particular cases 

 (i) If a1 = a3 = 0, then from (C.1) -(C.7), we obtain the corresponding expressions for 

displacements, stresses, conductive temperature and components of current density for 

orthotropic magneto- viscothermoelastic solid with dual phase lag GN-III formulation along 

with Hall current effect and rotation. 

(ii) If we take c11 = λ + 2μ = c33,  c12 = c13 = λ,  c55 = μ, β1 = β3= β, α1 = α3 = α, 

K1 = K3 = K in equations(C.1)-(C.7), we obtain the corresponding expressions for 

displacements,  stresses , conductive temperature components of current density in isotropic 
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magneto-thermoelastic solid with two temperature with dual phase lag GN-III model along 

with combined effects of Hall current and rotation. 

(iii) If m=0, in equations (C.1) -(C.7), we obtain the components of displacements, stresses, 

conductive temperature and components of current density   for orthotropic magneto-

thermoelastic with dual phase lag GN-III model and with two temperature along with 

rotation. 

(iv) If k1=k3 = 0 in equations (C.1) -(C.7), the corresponding results are recovered for 

orthotropic magneto- viscothermoelastic with rotation in case of dual phase lags GN II 

model. 

(v) If τT=τq=0 in equations (C.1) -(C.7), determine the results for orthotropic magneto-

viscothermoelastic with rotation in case of with and without energy dissipation for GN-III 

and GN-II model respectively. 

Our results are in agreement for all the particular cases, if we solve the problem directly. 

 

7. Inversion of the Transformation 

To obtain the solution of the problem in physical domain, we must invert the transforms in 

equations (C.1)-(C.7). Here the displacement components, normal and tangential stresses and 

conductive temperature are functions of  x3 ,  the parameters of Laplace and Fourier 

transforms s and ξ  respectively and hence are of the form f (ξ, x3, s). To obtain the function 

f(x1, x3, t)  in the physical domain, we first invert the Fourier transform using  

f(x1, x3, s)=
1

2π
∫ e−iξx1

∞

−∞
f̂(ξ, x3, s)dξ =

1

2π
∫ |cos(ξx) fe − isin(ξx)fo|

∞

−∞
dξ                       (37)       

Where fe and foare respectively the odd and even parts of  f̂ (ξ, x3, s).  Thus the expression 

(37) gives the Laplace transform f(x1, x3, s)  of the function f(x1, x3, , t). Following Honig 

and Hirdes [54], the Laplace transform function f(x1, x3, s) can be inverted to f(x1, x3, t). 
The last step is to calculate the integral in equation (37). The method for evaluating this 

integral is described in Press et al. [55] . It involves the use of Romberg’s integration with 

adaptive step size. This also uses the results from successive refinements of the extended 

trapezoidal rule followed by extrapolation of the results to the limit when the step size tends 

to zero. 

 

8. Numerical results and discussion 

For the purpose of numerical evaluation, cobalt material has been chosen following Dhaliwal 

and Singh [56], as  

c11 = 3.071 × 1011Nm−2, c33 = 3.581 × 1011Nm−2 , c13 = 1.027 × 1011Nm−2, c55 =
1.510 × 1011Nm−2, ρ = 8.836 × 103Kgm−3, T0 = 298°K, CE = 4.27 × 102JKg−1deg−1, 

K1 = .690 × 102wm−1deg−1, K3 = .690 × 102wm−1deg−1,  β1 = 7.04 ×
106Nm−2deg−1,  β3 = 6.90 × 106Nm−2deg−1, K1

∗ = 0.02 × 102Nsec−2deg−1, K3
∗ =

0.04 × 102Nsec−2deg−1, μ0 = 1.2571 × 10−6Hm−1 , H0 = 1Jm−1nb−1, ε0 =

8.838 × 10−12Fm−1 with non-dimensional parameter L=1 and  σ0 = 9.36 ×
105col2

Cal
. cm.sec, 

Ω=3, t0 = 0.02, M=3, m0 = 1, τT=0.02  , τq=0.04 

 and two temperature parameters are taken as a1=0.03 and a3=0.06 

Using the above values, the graphical representations of stress components, conductive 

temperature and current density components for orthotropic magneto-viscothermoelastic 
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have been investigated due to thermomechanical sources. Effect of viscosity on the various 

quantities with distance x has been shown.  

 For viscoelastic medium we take the values  Q1 = 0.5, Q2 = 0.75, Q3 = 1.0, Q4 =
1.5, Q5 = 2.0   and for without viscoelastic, we take Q1 = Q2 = Q3 = Q4 = Q5 = 0  .  

(i) Solid line represents the transversely isotropic magneto-thermoelastic with viscosity (VS) 

(ii) Solid line with centre symbol circle represents transversely isotropic magneto-

thermoelastic without viscosity (WVS) 

In the graphical results, the spatial coordinate x represents x1. 

 

8.1 Concentrated normal force 

Fig1. depicts variations of  t33 with distance  x. t33  exhibits an oscillatory variation with 

decreasing amplitude as the distance increases, indicating attenuation of the mechanical 

response away from the source. The presence of viscosity significantly increases the peak 

stress near the boundary while enhancing damping, resulting in faster decay of the response. 

Fig. 2 presents the variations of t31 with  x. t31 displays oscillatory behavior with 

diminishing amplitude, reflecting attenuation of shear effects with distance. Viscosity 

increases the peak values near the source and reduces the persistence of oscillations, 

highlighting its dissipative influence on the medium. 

Fig.3 exhibits variations of  φ  with  x. The magnitude of φ increases sharply in the near-

field region (0≤ x ≤2) due to strong thermo-mechanical coupling at the boundary, followed 

by oscillatory decay at larger distances. The inclusion of viscosity increases the temperature 

magnitude and smoothens the decay profile, indicating enhanced thermal diffusion. 

Fig 4.  shows the variation of current density component J1  with  x . The current density 

exhibits oscillatory variation with decreasing amplitude, indicating attenuation of the 

electromagnetic response. Viscosity increases the initial magnitude near the boundary and 

accelerates the decay, demonstrating its damping effect on coupled field interactions. 

Fig 5.  shows the variation of current density component  J3  with  x. The behavior is similar 

to that of J1   , confirming consistency in the electromagnetic response of the medium. 

However, differences in magnitude reflect the anisotropic nature of the material. The 

presence of viscosity enhances peak values while reducing the spatial extent of oscillations. 

 

8.2 Linearly distributed normal force 

Fig.6 shows variation of  t33 with  x. It is noticed that t33 exhibits an oscillatory behavior 

with gradually increasing amplitude in the near-field region due to the distributed loading. 

Compared to the concentrated case, the response is smoother and more spatially extended. 

The presence of viscosity increases the stress magnitude while moderating the rate of 

oscillatory variation, indicating enhanced damping and redistribution of mechanical energy. 

Fig.7 presents the variations of t31 with  x. t31  displays oscillatory behavior with increasing 

amplitude in the near region, reflecting the cumulative shear effect induced by distributed 

loading. Viscosity enhances the magnitude of stress while reducing the spatial extent of 

oscillations, demonstrating its dissipative influence. 

Fig8. exhibits variation of  φ  with  x. φ exhibits oscillatory behavior with decreasing 

amplitude over the entire domain, indicating attenuation of the thermal response. Compared 

to the concentrated case, the variation is smoother due to the distributed nature of the source. 
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Viscosity increases the temperature magnitude while reducing fluctuations, reflecting 

enhanced thermal diffusion. 

Fig 9 shows the variation of J1 with x.The current densityJ1  exhibits oscillatory variation 

with moderate amplitude, indicating coupled electromagnetic response. The inclusion of 

viscosity increases peak values near the boundary while reducing the spread of oscillations, 

demonstrating its damping effect. 

Fig.10 shows the variation of J3 with x.The behavior of J3 is similar to that of J1, confirming 

consistency in the electromagnetic response. Differences in magnitude arise due to 

anisotropic properties of the medium. Viscosity leads to higher peak values and enhanced 

attenuation of oscillations. 

 

8.3 Concentrated   thermal source 

Fig. 11 shows the variation of  t33 with  x.  t33 exhibits a pronounced increase in the vicinity 

of the source, followed by an oscillatory decay with distance. This behavior reflects the 

strong coupling between thermal loading and mechanical response near the boundary The 

inclusion of viscosity increases the peak stress magnitude while promoting faster attenuation, 

indicating enhanced dissipation of thermally induced stresses. 

Fig.12 presents the variation of  t31 with  x. t31 initially decreases sharply in the near-field 

region (0 ≤ x ≤ 2 )  and subsequently exhibits oscillatory behavior. This trend indicates 

rapid redistribution of thermally induced shear stresses. Viscosity amplifies the initial 

response and reduces the persistence of oscillations, highlighting its damping effect on shear 

deformation. 

Fig13. exhibits variation of  φ  with  x. φ increases rapidly near the source due to localized 

thermal input and then transitions into an oscillatory decay which indicates strong thermal 

gradients near the boundary. The presence of viscosity enhances the temperature magnitude 

and smoothens the spatial variation, reflecting increased thermal diffusion and energy 

dissipation. 

Fig. 14 describe the variations of  J1 with x. The response is characterized by a sharp increase 

near the source followed by oscillatory attenuation. Viscosity increases the peak current 

density and accelerates its decay, demonstrating its role in damping the coupled field 

response. 

Fig. 15 shows the variation of J3 with x. The variation of J3  follows a similar oscillatory 

pattern as J1 , with differences primarily in magnitude due to anisotropic effects. The 

presence of viscosity enhances the peak response while reducing the spatial extent of 

oscillations, further confirming its damping influence on the electromagnetic behavior. 

 

8.4 Linearly distributed thermal source 

Fig.16 shows variations of  t33 with  x The response exhibits an oscillatory pattern with 

increasing magnitude in the near-field region, which can be attributed to the cumulative 

effect of thermal loading distributed over a finite interval. The presence of viscosity 

significantly increases the stress magnitude near the boundary while reducing the intensity of 

oscillations, indicating enhanced energy dissipation and redistribution. 

Fig.17 presents the variations of  t31 with x. t31 exhibits oscillatory behavior with a gradual 

increase in magnitude in the near region. Viscosity enhances the magnitude of the stress 
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without significantly altering the overall trend, suggesting that viscous effects primarily 

influence damping rather than the fundamental deformation pattern. 

 Fig.18 exhibits variation of  φ  vs x. φ exhibits smooth oscillatory behavior across the 

domain, indicating a more uniform thermal response compared to the concentrated source 

case. The distributed nature of the source reduces localized peaks and spreads the thermal 

effect. The inclusion of viscosity increases the temperature magnitude and suppresses 

fluctuations, reflecting enhanced thermal diffusion. 

 Fig19 describe the variations of  J1 vs x. J1 decreases with distance in an oscillatory manner, 

indicating attenuation of the electromagnetic response. Viscosity increases the initial 

magnitude while accelerating attenuation, demonstrating its role in dissipating coupled field 

effects. 

Fig20.  describe the variation of   J3 vs x. The behavior is similar to that of J1, confirming 

consistency in the electromagnetic response of the medium. However, differences in 

magnitude highlight the anisotropic characteristics of the material. The presence of viscosity 

leads to higher peak values and reduced oscillation range, emphasizing its damping 

influence. 

 

Conclusion 

This study presents a comprehensive analysis of the thermomechanical response of a rotating 

orthotropic viscothermoelastic medium incorporating dual-temperature and Hall current 

effects within the framework of Green–Naghdi type III theory with dual phase lag. The 

problem is solved using Laplace and Fourier transform techniques, enabling the evaluation 

of displacement, stress, temperature, and current density fields under mechanical and thermal 

loading conditions. 

The results demonstrate that all field quantities exhibit oscillatory behavior with distance 

from the boundary, with characteristics strongly dependent on the nature of the applied 

sources. Concentrated sources produce sharp variations near the boundary, whereas linearly 

distributed sources yield smoother and more spatially extended responses. 

A key finding is the significant role of viscosity, which increases the magnitude of field 

quantities near the boundary while enhancing attenuation, thereby reducing the spatial extent 

of oscillations. This confirms the damping nature of viscous effects in thermoelastic media. 

Furthermore, rotation and Hall current introduce strong coupling between mechanical, 

thermal, and electromagnetic fields, significantly influencing current density distribution, 

particularly under high magnetic field conditions. 

The proposed formulation is general and reduces to several known models as limiting cases. 

The results provide useful insights for the analysis of materials and systems subjected to 

coupled thermomechanical and electromagnetic effects, with potential applications in 

geophysical media, rotating structures, and magneto-thermoelastic environments. 
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Fig.1Variation of 𝐭𝟑𝟑  with   𝐱  

(concentrated normal force) 
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Fig.2.Variations of  𝐭𝟑𝟏  with  𝐱  

(concentrated normal force) 
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Fig.3.Variation of   𝛗 with   𝐱  

(concentrated normal force) 

0 2 4 6 8 10
distance x

-6

-4

-2

0

2

4

c
u

rr
e

n
t 
d

e
n

s
it
y
 c

o
m

p
o

n
e

n
t 
J

1

VS

W VS

Fig.4.Variation of  𝐉𝟏  with   𝐱 (concentrated 

normal force) 
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  Fig.5. Variation of . 𝐉𝟑  with   𝐱  

(concentrated normal force) 
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 Fig.6. Variation of  𝐭𝟑𝟑  with 𝐱  (linearly 

distributed normal force) 
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Fig.7. Variation of 𝐭𝟑𝟏with  𝐱  

(linearly distributed normal force) 

 

                                                           

Fig.8. Variation of  𝛗 with 𝐱  (linearly 

distributed  normal force) 
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Fig.9. Variation of 𝐉𝟏 with  𝐱  (linearly 

distributed normal force).                                                 
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Fig.10. Variation of. 𝐉𝟑  with 𝐱 (linearly 

distributed normal force). 
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Fig.11.Variation of 𝐭𝟑𝟑with 𝐱  

(concentrated thermal source) 
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Fig.12. Variation of  𝐭𝟑𝟏 with 𝐱  

(concentrated thermal source) 
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Fig.13. Variation of  𝛗 with 𝐱  

(concentrated thermal source) 
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 Fig. 14. Variation of   𝐉𝟏  with 𝐱  

(concentrated thermal source) 
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Fig.15 Variation of  𝐉𝟏 with 𝐱  

(concentrated thermal source) 
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 Fig.16. Variation of 𝐭𝟑𝟑  with 𝐱  (linearly 

distributed thermal source) 
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Fig.17 Variation of 𝐭𝟑𝟏with 𝐱  (linearly 

distributed thermal source)  
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Fig.18 Variation of  𝛗  with 𝐱 (linearly 

distributed thermal source) 
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Fig.19 Variation of  𝐉𝟏 with 𝐱  (linearly 

distributed thermal source) 

  

   
0 2 4 6 8 10

distance x

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

c
u

rr
e

n
t 

d
e
n

s
it
y
 c

o
m

p
o

n
e

n
t 
J

3

VS

W VS

      
Fig.20 Variation of  𝐉𝟑  with 𝐱  (linearly 

distributed thermal source) 
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Appendix A 

P = δ2δ3ζ7 + a3ε6δ2  

Q = ζ10ζ7δ3 + δ2ζ7ζ11 − δ3δ2ζ6−ε6β3
2ζ4δ2 − ζ3

2ζ7 − iξa3ζ3p3ε6β1
2 + ξ2a3ε6δ3β1

2 −

iξa3ε6β1β3ζ3 − ξ2a3ε6β1
2δ3  

 R =  ζ10ζ11ζ7 − ζ10δ3ζ6−ε6β3
2ζ10ζ4 − δ2ζ6ζ11 + ζ3

2ζ6 + ζ2
2ζ7 + p3ζ3ζ4ε6β1

2iξ +

iξζ3ζ4β1β3ε6 − ξ2a3ζ11β1
2ε6  

 S = −ζ10ζ11ζ6 − ζ2
2ζ6 + ξ2ζ11β1

2ζ4ε6 , 

 ζ1 = − (
M

1+m2 μ0H0s + s2) + Ω2 ,  ζ2 = −
M

1+m2 μ0H0ms − 2Ωs , ζ3 = (δ4 + δ2)iξ , ζ4 =

1 + a1ξ2,  

ζ6 = (ε1 + ε3ε7s)ξ2 + s2(1 + a1ξ2) , ζ7 = ε2ε7 + ε4s − a1s2 , ζ10 = ζ1 − ξ2, 

 ζ11 = ζ1 − δ2ξ2 ,ε6 =  
T0s2 ε7  

ρ2CEc1
2   ,   ε7 =  (1 + τq s +

τq
2

2!
s2)              

         

Appendix B 

di =
λi

2(ε6iξδ3−ζ3β3β1ξ  )−λi(ξβ1β3ζ2)+ε6iξζ11

λ1
4(δ3ζ7+a3ε6β3

2)+λ1
2(ζ7ζ11−δ3ζ6−β3

2ε6ζ4)−ζ6ζ11
   i = 1,2,3  

li =
−λi

3(ζ3ζ7+ε6iξζ5p3)−ζ2ζ7λi
2+(ζ3ζ6+ε6iξp3ζ4)λi+ζ6ζ2

λ1
4(δ3ζ7+a3ε6β3

2)+λ1
2(ζ7ζ11−δ3ζ6−β3

2ε6ζ4)−ζ6ζ11
   i = 1,2,3   

 

Appendix C 

û1 =
−F1ψ̂1(ξ,s) 

∆
(∆1e−λ1x3 + ∆2e−λ2x3 + ∆3e−λ3x3) +

F2ψ̂2(ξ,s)

∆
(∆1

∗e−λ1x3 + ∆2
∗ e−λ2x3 +

∆3
∗ e−λ3x3)(C.1)                                   

û3 =
−F1ψ̂1(ξ,s) 

∆
(d1∆1e−λ1x3 + d2∆2e−λ2x3 + d3∆3e−λ3x3) +

F2ψ̂2(ξ,s)

∆
(d1∆1

∗e−λ1x3 +

d2∆2
∗ e−λ2x3 + d3∆3

∗ e−λ3x3)                                                                                            (C.2)                                             

t̂33 =
−F1ψ̂1(ξ,s) 

∆
(∆11∆1e−λ1x3 + ∆12∆2e−λ2x3 + ∆13∆3e−λ3x3) +

F2ψ̂2(ξ,s)

∆
(∆11∆1

∗e−λ1x3 +

∆12∆2
∗ e−λ2x3 + ∆13∆3

∗ e−λ3x3)                                                                                    (C.3)                                       

c =
−F1ψ̂1(ξ,s) 

∆
(∆21∆1e−λ1x3 + ∆22∆2e−λ2x3 + ∆23∆3e−λ3x3) +

F2ψ̂2(ξ,s)

∆
(∆21∆1

∗e−λ1x3 +

∆22∆2
∗ e−λ2x3 + ∆23∆3

∗ e−λ3x3)                                                                                             (C.4)                                        

φ̂ =
−F1ψ̂1(ξ,s) 

∆
(∆31∆1e−λ1x3 + ∆32∆2e−λ2x3 + ∆33∆3e−λ3x3) + 

F2ψ̂2(ξ,s)

∆
(∆31∆1

∗e−λ1x3 +

∆32∆2
∗ e−λ2x3 +  ∆33∆3

∗ e−λ3x3)                                                                                                   (C.5)                                         

 Ĵ1 =
−F1ψ̂1(ξ,s) 

∆

c1σ0H0μ0

1+m2  ((m − d1)∆1e−λ1x3 + (m − d2)∆2e−λ2x3 + (m − d3)∆3e−λ3x3) +  

   
F2ψ̂2(ξ,s)

∆

c1σ0H0μ0

1+m2  ((m − d1)∆1
∗e−λ1x3 + (m − d2)∆2

∗ e−λ2x3 + (m − d3)∆3
∗ e−λ3x3)     (C.6)          

Ĵ3 =
−F1ψ̂1(ξ,s) 

∆

c1σ0H0μ0

1+m2  ((1 + md1)∆1e−λ1x3 + (1 + md2)∆2e−λ2x3 + (1 +

md3)∆3e−λ3x3) +
F2ψ̂2(ξ,s)

∆

c1σ0H0μ0

1+m2  ((1 + md1)∆1
∗e−λ1x3 + (1 + md2)∆2

∗ e−λ2x3 +

(1 + md3)∆3
∗ e−λ3x3)          (C.7)        
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where (∆22∆33 − ∆23∆32) = ∆1, (∆23∆31 − ∆21∆33) = ∆2, (∆21∆32 − ∆22∆31) = ∆3 

, √ξ2 +
c1

2

c2 s2 = λ4 

(∆12∆23 − ∆13∆22) = ∆1
∗ , (∆11∆23  − ∆13∆21) = ∆2

∗  , (∆11∆22 − ∆12∆21) = ∆3
∗   

∆1j=
c13

ρc1
2 iξ −

c33

ρc1
2 djλj −

β3

β1
lj +

β3

β1
a3ljλj

2 −  
β3

β1
lja1ξ2   j = 1,2,3  

∆2j= −λj + iξdj    j = 1,2,3 , 

 ∆3j= −λjlj,                j = 1,2,3   
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